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Abstract

We consider for monotone Markov processes with partially ordered state space the
internal dependence structure with respect to concordance order and supermodular
order. For two processes to be oredered with respect to these orderings we obtain
for discrete time processes conditions on the one step transition probabilities and for
continuous time processes we obtain a criterion on the infinitesimal generator. We show
by examples that (complete) monotonicity is not necessary for ordering processes.

1 Introduction

A standard technique in analysis related to complicated functions is to use simpler functions
bounding them above or below. This requires to find a proper way to compare relevant
characteristics of the functions. One application of this idea is to bound distribution functions
for a class of probability measures on R¢ in which distributions have fixed one dimensional
marginal distributions. When two such measures concentrate their mass on finitely many
atoms, say that one is more concordant then the other if it can be obtained from it by a
finite number of mass transformations which add a fixed amount of mass at min(z,y) and
max(x,y) while subtracting it at = and y, x,y € RY so that large, resp. small, values
of selected coordinates are more often associated with large, resp. small, values of other
coordinates. Such a comparison leads to the problem of finding bounds on functionals f YdF
where F belongs to the Frechet class of distributions on R? in which distributions have
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fixed one dimensional marginal distributions and 1) belongs to some class possessing specific
monotonicity properties, for example being supermodular, or n-monotone (A—monotone).
The case of discrete distributions, d = 2, ¥(x1,x2) = x122 leads to the Hardy, Littlewood
and Polya [HLP52] rearrangement theorem based on Birkhoff’s theorem on extreme points
of the convex set of doubly stochastic matrices. The rearrangement result was extended
to arbitrary d and 1 supermodular by Lorentz [Lor53]. Independently, Hoeffding [Hoe40]
studied the case d = 2 and ¢(z1,23) = f(z1 — x2), for f convex. Whitt [Whi76] and
Tchen [Tch80] noted the connection between Hoeffding’s and Hardy, Littlewood and Polya’s
results. Riischendorf [Riis80] studied the case of arbitrary d and ¢ being A—monotone.
Functionals of the form [dF considered for ¢ in a specified cone of functions lead in a
natural way to stochastic orderings, for example we say that two distributions on R¢, F, G,
are supermodular stochastically ordered if [¢dF < [ dG for all supermodular ¢ for which
the integrals exist. If F), G’ are ordered in this ordering then necessarily they have equal one
dimensional marginal distributions, and ordered covariances between respective coordinates -
therefore this ordering is a dependence ordering. Upper and lower bounds in this ordering are
of interest in many contexts. For further refinements and review of research in this field we
refer to Miiller and Stoyan [MS02]. Most recent applications of this theory are for example
in modelling of multivariate portfolios and financial risks see eg. [Riis04] or in obtaining
Kolmogorov type, Hajek-Renyi inequalities for negatively associated random variables, see
eg. Christofides and Vaggelatou [CV04].

Application of the above described ideas to Markov chains leads to investigate the class of
stochastically monotone Markov chains introduced by Daley [Dal68]. Property of stochastic
monotonicity is very often the explanation underlying successful applications of comparison
techniques in specific problems for example in random walks, epidemic processes, genetics
processes or queueing processes. If the state space for such a process is a subset of the real
line then covariances decrease monotonically in time. We again refer to Miiller and Stoyan
[MS02] for stochastic monotonicity and related results.

A general question about comparison of stationary sequences of random variables has
been studied from different points of view, for example concerning variability, distance be-
tween two stationary sequences, maxima and minima, entropy or dependence. A special
interest in comparison of dependence in two stationary (ergodic) sequences is motivated by
examples where a stationary sequence represents an input to a complex system (eg. queueing
or reliability system) for which replacing an input by another one with the same one dimen-
sional stationary distribution but being more dependent results in a dramatic change of basic
performance measures of the system (see e.g. Szekli et al. [SDH94] for such an example in
a queueing system). A special case - stationary Markov chain with the state space being a
subset of the real line - was studied by Hu and Pan [HP00], where stochastic monotonicity of
the processes allows to obtain necessary and sufficient conditions for supermodular ordering
and concordance ordering for finite dimensional distributions of Markov chains in discrete
and continuous time. Dependence ordering of some derived stationary sequences is studied
in Kulik and Szekli [KS04].

For applications to complex systems with multidimensional or more general state space
the results of Hu and Pan are not adequat due to the restriction to linearly ordered (C R)
state space. The main aim of the present paper is to extend the results from Hu and Pan
[HPOO] to the context of arbitrary partially ordered Polish spaces. We further elaborate in
detail on the problem of necessity of monotonicity assumptions for the processes. Application
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of this theoretical development to queueing networks will be presented in forthcoming papers.
In section 2 we introduce preliminary facts, in section 3 we present results for discrete time
and than for continuous time processes.

2 Definitions and preliminary results

We shall consider probability measures on a partially ordered Polish space E endowed with a
closed partial order < and the Borel c—algebra £ denoted by (F, £, <) and random elements
X : (QF,P) — (E,E,<). In the following we shall always asssume that for all random
elements a common underlying probability space (2,F,P) is fixed.

We denote by Z* = Z*(FE) the set of all real valued increasing measurable bounded
functions on E (f increasing means: for all z,y, x < y implies f(z) < f(y)), and Z(E)
the set of all increasing sets (i.e. sets for which indicator functions are increasing). The
decreasing analogues are denoted by D*(E), and D(E), respectively.

For A C E we denote A" :={y € E:y >z for some x € A}, and A* :=={y € E : y <
z for some x € A}.

Further we define Z,(E) = {{z}": 2 € E} and Dy(E) = {{z}}: v € E}.

For (E, €&, <) which is a lattice (i.e. for any x,y € E there exist a largest lower bound
x Ay € E and a smallest upper bound z Vy € E uniquely determined) we denote by L, (FE)
the set of all real valued bounded measurable supermodular functions on F, i.e., functions
which fulfill for all z,y € FE

flxny)+ fxVvy) > f(z)+ fy)

For the product spaces we use the following notation, E(™ = FE, x ... x E,, for E;
partially ordered Polish spaces (i = 1,...,n). If E; = E for all 7 then we write E™ instead
of E™. Analogously we write £F(®) and E* for infinite products. Product spaces will be
considered with the product topology. Elements of E( will be denoted by 2™ = (z1,. .., x,),
of E(>) by (). For random elements we use capital letters in this notation. We denote the
coordinatewise ordering on E(™ by <".

Definition 2.1 We say that two random elements X,Y of (E,€,<) are strongly stochas-
tically ordered (and write X <4 Y orY =4 X) if Ef(X) < Ef(Y) for all f € T*(E), for
which the expectations exist.

We say that two random elements X,Y of (F,E,<) are supermodular stochastically
ordered (and write X <4 Y orY =g X) if Ef(X) < Ef(Y) for all f € Lsn(FE), for
which the expectations exist.

A simple sufficient criterion for <, order for E which is a discrete lattice is given as
follows.

Lemma 2.2 Let P, be a probability measure on a discrete lattice ordered space (E,E, <)
and assume that for points x,y € E we have Pi(xz) > « and Pi(y) > « for some a > 0.
Define a new probability measure P, on (E,&,<) by

Py(z) = Pi(z) — « PyzVvy)= P(zVy)+a«

Py(y) = Pi(y) — o Pz ANy)= Pz Ay)+ o

Py(z) = Pi(2) otherwise. (2.1)
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Then Py <sy Ps.
If some probability measure Py on (E,E,<) can be obtained from Py by a finite sequence of
transformations of the form (2.1), then P; <gp Ps.

Proof. If x < y or y < = we have P, = P,. Assume now, x and y are not comparable.
Then for any f € Ly, (E) the supermodularity of f yields

/EPg(dZ)f(Z) - / Pi(dz) f(z) = a(f(zAy)+ flzVy) = flz) = fly)) =2 0. (2.2)

E

The second statement follows because <, is transitive. ©)

Remark 2.3 If in Lemma 2.2 the state space F is the set of all subsets of a finite set (it is
a lattice under set inclusion) than the transformation described in (2.1) is called in [LXO00]
a pairwise g+ transform and our Lemma 2.2 specializes then to Proposition 5.5., [LX00].

We shall use the following dependence orderings.

Definition 2.4 For arbitrary random elements X,Y of (E,E, <) we say that X,Y are con-
cordant weakly stochastically ordered, and write X <ce_wr Y if

P(XeA)<P(YeA
for all A € T,k (E) and for all A € Dyr(E).
Another weaker ordering than <, can be defined on product spaces.

Definition 2.5 Let X™ Y be random elements of E™. We say that X™ and Y™ are
concordant stochastically ordered (written as X™ <7 Y™ or Y() »n X (1) 4f

Hfi(Xi) Hfz(Yz)

for all f; € T*(E;) and all f; € D*(E;), 1i=1,...,n, such that the expectations exist.

E <E (2.3)

Note that concordant ordering is defined only for product spaces while concordant weak
ordering is defined on arbitrary partially ordered spaces. Definitions of concordant orderings
do not require lattice structure on the space, which in turn is required for supermodular
ordering.

On product lattices Lemma 2.2 recuces to the concept of concordance order investigated
by Joe and can be illustrated as follows (see [Joe90][Ex. 2.2]). Let (E,&, <) be a finite
lattice and P; and P, probability measures on E?. Let z,y € E? be two points which are
not comparable under coordinate-wise ordering. If P, is obtained from P, by adding the
probability mass o > 0 at points x A y and x V y and by subtracting the probability mass
a > 0 at points z,y, then P, <%, P,. We can drop the assumption that E is a lattice, and
obtain the following.

Corollary 2.6 Let Py be a probability measure on E?, where (E,E, <) 1is a discrete partially
ordered space. Assume that for a,b,c,d € E we have a < ¢ and b < d such that (a,d) € E?
and (c,b) € E? are not comparable in the coordinate-wise ordering on E?. Assume that we
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have Pi((a,d)) > a and Pi((c,b)) > « for some a > 0.
Define a new probability measure P, on E? by

Py(a,d) = Pi(a,d) — « Py(a,b) = Pi(a,b) + «
Py(c,b) = Pi(c,b) — Py(c,d) = Pi(c,d) + «
Py(z,y) = Pi(z,y) otherwise. (2.4)

Then P, <2, P;.
If some probability measure P, on E? can be obtained from P, by a finite sequence of trans-
formations of the form that of (2.4), then P, <2, P;.

In the special case of product spaces (E™, <") concordant weak ordering is characterized
in the following way: X ™ <" Y™ iff

cc—wk

P(X,€A,....X,€A4,)<PY1eA,. .. Y, eA)

for all A; € Ty(F;) and for all A; € Dyp(E;), i = 1,...,n. Since Z,x(E;) C Z(FE;) and
Dui(E;) C D(E;), i =1,...,n it is clear that <7 implies <7._, .. For products of linearly
ordered sets the above inclusion relations can be replaced by equalities and therefore <7,
and <" are equivalent then.

cc—wk

In the next example we show that in general <7

cc—wk

does not imply <7.

Example 2.7 If we consider E = {(0,0), (0,1), (1,0), (1,1)} with the usual partial ordering
(0,0) < (0,1) < (1,1) and (0,0) < (1,0) < (1,1) and P ({(1,1)}) = P,({(0,0)}) = 1/2,
P,({(0,1)}) = P,({(1,0)}) = 1/2 then directly from the definition we obtain on E? for
product measures P, x P, <2 P, x Py but not P, x P, <2, P, X P,.

cc—wk

The proof of the following lemma can be given utilizing similar arguments as Lindqvist
[Lin88][Theorem 3.1].

Lemma 2.8 The following conditions are equivalent for random elements X™ Y™ of E™).
1. X <n y®)

2. P(X1€A,....X,€A,)<PY1eA,....Y,eA)
for all A; € I(E;) and for oll A; € D(E;) i=1,...,n,

3. P(X1€A,....X,€¢A,)<PY1eA,....Y,eA)
for all closed sets A; € Z(E;) and for all closed sets A; € D(E;), i=1,...,n,

4. P(Xi1€A,.... X €A)<PYeA,. .. Y, eA)
for all compact generated sets (for definition see [Lin88]) A; € T(E;) and for all com-
pact generated sets A; € D(E;), i =1,...,n,

If in addition E; are normally ordered (see [Lin88]) then X™ < Y™ iff (2.3) holds with
fi which are in addition continuous.

The following basic example shows how for concordance orderings products structures
can be connected with lattice - non product structures in a natural way.
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Example 2.9 Suppose the state space E is the set of all subsets of a finite set {e1,...,e,}-
E is a lattice under the set inclusion <:=C. Let P;, P, be probability measures on F such
that Py <cc_wk P». It is natural to define on E the following random vector

5(14) = (]A(el), I ,]A(en)), AekFE.

This is a random vector with n coordinates (d1,...,0,) taking on values 0 or 1, indicating
which elements belong to A. Denote by P’ = P! and P{ = P,6~! the distributions of §
on R™ with respect to P; and P,, accordingly. We consider on R" the usual coordinate-wise
ordering <. It follows than from definitions that P, <. P iff P} <" PJ. The ordering
Py <._wr P> for two probability measures on E can be defined by two orderings defined in
[LX00][Definition 5.1], that is by majorization of Py by P, from the roots and by majorization
of P, by P, from the leaves.

We shall now proceed to state without proof (usual arguments can be used) the standard
properties of dependence orderings for <, (for the case of real valued random vectors see
[MS02][Theorem 3.8.7]). We skip the superscript n in the notation <%, here.

Proposition 2.10 Let X™ Y™ be random elements of E™. Then the following properties
hold.

P 1 (bivariate concordance): X™ <, Y™ implies that for any pair of indices 1 <
i < j < n the bivariate marginal vectors fulfill (X;, X;) <2, (Yi,Y;), and therefore
Cov(f(Xi),9(X;)) < Cov(f(Yi),g(Y;)) for each pair f € T*(E;), g € T*(Ej).

P 2 (transitivity): X™ <, Y™ and Y™ <. Z( implies X™ <. Z™.

P 3 (reflexivity): X™ <, X®.

P 4 (antisymmetry): For E; for which increasing sets are measure determining classes ,
XM <. Y and Y <. X® implies that the distributions of X™ and Y™ are
equal.

P 5 (weak convergence): Let (X,gn), Y}C(n), k € N), be a sequence of random elements of E™.

If E™ s normally ordered then for weak convergence denoted by —— on E™:
X" <. Y™ for all k € N, and X" Lrpee X® V™ s 0 Y™ implies
XM <, Y,

P 6 (invariance with respect to permutation of indices): X ) <. YO implies X™™ =
(Xa@)s - -2 Xam) <ce Yr@)s -3 Yem)) = Y™™ for all permutations 7 of {1,2,...,n}.

P 7 (invariance with respect to increasing transforms): X™ <. Y™ implies

(fl(Xl)a R fn(Xn)) <ece (fl(}/i)a ey fn(Yn))
for all increasing (decreasing) functions f; : E; — FE;,i=1,...,n .

P 8 (closure under marginalization): If X(™ <. Y™ then for any marginal vectors X, =
(X;:i€ M), Yy = Y;:ie M) with M C{1,...,n} it follows Xas <! Yas.
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P9 (equality of one dimensional marginals): X <. Y™ implies that for alli =1,...,n,
the distributions of the respective coordinates X; and Y; are equal.

P10 (closure under identical concatenation): X ™ <, Y™ implies for all K, L C {1,...,n}
(Xx, X1) < (i vy). Here KN L # 0 is allowed.

P11 (closure under independent concatenation): Let X](") <ece Yj("), for 3 = 1,2, and
assume that X\™ is independent of X\, and Y™ is independent of Y,™. Then
(1, X57) <ee (V17 57)

Note that for a completely regular ordered space [Nac65][p. 54] the set formed of the open
decreasing and open increasing subsets is a subbase of the topology [Nac65][Proposition 6].
Then the increasing subsets of E; are measure determining.

3 Main results
The relevant general definition we use to compare stochastic processes is as follows.

Definition 3.1 Let T C IR be an index set for stochastic processes X = (Xy :t € T) and
Y=Y,:teT), Xs,Ys: (QF,P)— (E,E,<), t € T. We say that X andY are concordant
stochastically ordered (and write X <. Y) if for alln > 2 and all t; < ty < ...t,, we have
on E"

(Xtys o5 Xt,) <ee Yayy---5 Y3,)-

Ifin addition E is a lattice, we say that X andY are supermodular stochastically ordered (and
write X =g, Y), if for alln > 2 and all ty <ty < ...t,, we have on E™, (Xy,, ..., Xy,) <0,
(Yy,..., Y.

3.1 Discrete time Markov processes

Recall that a stochastic kernel K : E x & — [0, 1] is strongly stochastically monotone if
| f(z)K(s,dz) is increasing (decreasing) in s for each increasing (decreasing) function f.
Let X =(Xy:teZ)andY =Yt € Z), Xy, Yy : (Q,F,P) — (E,E, <), be stationary
homogeneous Markov processes. Assume that 7 is an invariant (stationary) one-dimensional
marginal distribution common for both X and Y, and denote the 1-step transition kernels
for X and Y, by KX : Ex & — [0,1], and KY : E x £ — [0, 1], respectively. Denote the

respective transition kernels for the time reversed processes X, Y by KX, KY.

Theorem 3.2 If either K¥ and KX are strongly stochastically monotone, or KX and KY
are strongly stochastically monotone then

X =<e Y iff (Xo,X1) <% (Yo, Y1). (3.1)

Proof. We consider the case of KX and KY being monotone. We proceed by induction in
n. For n =1 (3.1) is the required relation. Suppose for n—1 > 0 we have (Xg, ..., X, 1) <cc
(}/E): ] Ynfl)-
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Then for f; : E - R € I*(E), i = 0,...,n, (f; : E = IR € D*(E), i = 0,...,n),
denoting the joint distribution of (Xo,...,X,) by PXo%n (and using similar notation for
conditional distributions)

Er Hfz(Xz)]
i=0

Il
—

n—1
PXO"“’X”_I(d(.T(), . ;xn—l)) H fz(ajz) / PXn|Xn_1:$n—1 (dl‘n)fn(-fn)
=0 E

n

n—1
PXO’""Xn_I(d(.'L'(), - $n71)) H fz(mz) / KX(.’L'nfla dmn)fn(l'n)
i—0 JE o~

vV
increasing (decreasing) in z,_1 because KX is monotone

n—1
f)YO"“’Yn_1 (d(xﬂa .. axnfl)) H fl(xz)/ KX(‘,Enfl’ dxn)fn(xn)
i=0 B

Il
—

n

n

[l INE
T s

PY(dan) [

En—1

n—1
PYO,...,Yn—Q\Yn—lzmn—1 (d(xo, L ;xn—Z)) H fz(xz)/ KX(SUn—l, dxn)fn(xn)
i=0 E

n

= W(dxnl)/EKX(xnladxn) H fi(zi)

p

=PXn-1Xn(g(g,. 1,1,))

n—2
/E 1 pYo,---,Yn_z\Yn—lzzn_l(d(xo’ o ,$n—2)) H fz(SEz)
" i=0

-

Vv
increasing (decreasing) in z,_1 because KY is monotone

@) n n—2
< / Pyt (d(2 1y, 2,)) H fi(zi) / A ([C Iy ) Hfz(fﬁz)
K2 i=n—1 Er—t 1=0

[]5()

1=0

= FE,

(1) (2)
Here < follows from the induction hypotheses and < follows from stationarity and (3.1). )

Theorem 3.3 Assume that the state space E is linearly ordered. If either KY and KX are
strongly stochastically monotone, or KX and KY are strongly stochastically monotone then

X <om Y iff (X0, X1) <2, (Yo, V1). (3.2)

sm

Proof. Analoguously to the case E = R, see Theorem 3.2 in [HP00].

A natural question is whether the monotonicity assumptions on the kernels arising in the
above theorems are necessary. The following example indicates that this assumption is not
necessary in order to obtain concordance ordering for finite sequences.
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Example 3.4 Consider two homogeneous Markov chains X,Y on a finite state space E
with a common invariant distribution 7 Denote by P = [p(i,j)], and Q = [q(3,j], the
transition matrices of X, and Y, respectively. Assume that for a,b,c,d € E we have
a < cand b < d such that (a,d) € E? and (c,b) € E? are not comparable, and that
for PXoX1((4, 7)) := mp(i,7), and PYY1((4,5)) := mq(i,7) defined for all (i,j) € E?, we
have PXoX1((a,d)) > o, PXoX1((c,b)) > a for some a > 0.

Assume moreover that PYo:Y1 and PXoX1 are related by PYoY1((a,b)) = PXoX1((a,b)) + o,
PYoYi((¢,d)) = PXoX1((c,d)) + a, and PY%Y((a,d)) = PXX1((a,d)) — o, PYi((c, b)) =
PXoX1((¢, b)) — o, and PYoY1((u,v)) = PXoX1((u,v)) for all other (u,v) € E? (see Corollary
2.6). Then the one-dimensional marginal distributions of (X, X;) and (Yp, Y;) are 7, and
the transition matrix Q@ = (¢(z,y) : z,y € E) isrelated to P = (p(x,y) : x,y € E) as follows:

Q(aad):p(a’d)_%ﬂ Q(Cﬂb) :p(c,b)—%
a(a,b) = plad) + o, ale,d) = plesd) + 5
q(u,v) = p(u,v) otherwise. (3.3)

If £ = {1,2,3,4}, <:=< (natural ordering), (a,d) = (2,4), (¢,b) = (4,2) and o = 75 then

for the transition matrix
18 0 18 0

1 6 12 6 12
36 7 11 7 11
o 13 o5 13,

the rows P(i,-),i = 1,2, 3, 4 treated as distributions on E fulfill

P =

P(1,-) <4 P(3:) <4 P(2,") <g P(4,")

and especially P(2,-) is not equal to P(3,-), so P is not stochastically monotone.
Because P is doubly stochastic, its unique invariant vector is 7 = (2, i, i, i), and the time

o 4 2
reversal X of X has transition matrix P = PT:

18 6 7 5

p— 1 [0 12 11 13
36 18 6 7 5
0 12 11 13

The rows P(i,-),i = 1,2,3,4 of this matrix treated as distributions on E fulfill
P(1,-) = P(3:) <s P(2,-) = P(4,")

and in particular P(2,-) is not equal to P(3,-). So P is not stochastically monotone.
The stationary two dimensional distribution PX*%*1 of (X,, X)) is given by

18 0 18 0
1 |6 12 6 12
a7 117 11

5 13 5 13

(PR (4 5)) =1t =
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The distribution PYo:Yt of (Yp,Y)) is given by
Yo, Yi((; +))]. . -
[P (& J)]ij=1,...a sl 7 11 7 11

with transition matrix () given by

which is not stochastically monotone, but doubly stochastic. It can be checked that the time
reversal ) of () is not monotone as well. By a direct (lengthy) computation we see that for
any triple of functions f;,7 =0, 1,2, we have

R:= E[HfZ ]—E[Hfz

= a(fa(d) — falb ( [chxfo ]_fl() Zpaﬂ?fo )
+ et i (50 [ Zrarsen] -0 b )

Now with (a,d) = (2,4), (¢,b) = (4,2) we obtain

= a(f2(4) — f2(2 ( [ZP (4,2) fo(z ] - f1(2) [Z;ﬁ(lx)fo(m))])

zeE zeE

+ a(fo(4) — fo(2 ( [ZP (4,7) fo(x ] - f1(2) [ZP(27$)f2(x))]> .

zeE r€ER

Recalling that ) B
P(27 ) = P(4')7 P(27 ) <st P(4’ )

we conclude that for functions f;,2 = 0,1, 2, which are monotone in the same direction we
have R > 0, therefore (Xo, X1, X) <2, (Yo, Y1, Y2).

Proceeding in a similar way and applying Corollary 2.6 to the pair of states (a,d) =
(2,3), (c,b) = (3,2) we find that in this case R > 0 does not hold for general f;,i = 0,1,2,
which are monotone in the same direction. So we do not have (X;, X1, Xo) <2, (Yp, Y1, Ys),
although for two dimensional marginal distributions we have (Xo, X;) <. (Yp,Y1) and
(X1, Xs) <c (Y1,Y5). A closer look reveals that the essential properties are:

P(2,-) < 15(4-), P(2,-) <4 P(4,-)
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in the first case, and B B
P(Sa ) Sst P(2)7 P(37 ) Sst P(27 )

in the second case and while in the first case we shift the probability mass « in a direction
which is comonotone with the inherent stochastic monotonicity of P and P, in the second
case we shift the probability mass « in a direction which is converse to the inherent stochastic
monotonicity of P and P.

The next example indicates that total monotonicity assumptions are not necessary in
order to obtain supermodular ordering for finite Markov sequences.

Example 3.5 Let E be a discrete lattice ordered space with partial order < and assume
that for a,b € E,a # b, we have b < a. Let X = (X,, : n = 0,1,2) be a stationary
homogeneous Markov chain with state space £ and with transition matrix P, transition
matrix P for the time reversal X of X, and with one-dimensional stationary distribution 7.
We assume that for the rows of P treated as distributions on E

P(b,-) <4 P(a,”) and P(b,-) <4 P(a,") (3.4)
and that
PEoX) (g b) >, PXoX1)(ha) >«
for some o > 0. We compare X with stationary homogeneous Markov chain Y = (Y, : n =
0,1,2) with transition matrix ) obtained by:

Q(aﬂ b) :p(a, b) - -

Q(bv a’) = p(b, a’) YZRY

m(a)’ m(b)
q(a,a) :p(a:a)"{_@a q(b,b) Zp(b,b)—i—%
q(u,v) = p(u,v) otherwise. (3.5)

Note that Y has invariant distribution 7 as well. Let f : (E3,<®) — IR be a bounded
supermodular function. Direct computation yields

(Ex[f (Yo, Y1, Y2)] — Ex[f(Xo, X1, X5)]) = (3.6)
ZEﬁ(a, zo)[f (2o, a,a) — f(x0,0a,b)] — w;f(b’ zo)[f (20, b, a) — f(z0,b,0)] (3.7)
+ mz:;p(a, z2)[f(a, a,22) — f(b,a, z2)] — ze:Ep(b, z2)[f(a,b,x2) — f(b,b,22)] (3.8)
+ %[ f(a,a,a) — f(a,a,b) — £(b,a,a) + £(b,a,b)] (3.9)
+ %[f(b, b,b) — £(b,b,a) — f(a,b,a) + f(a,b,a)]. (3.10)

If we assume now that f € L, (E), then from supermodularity (3.9) and (3.10) are nonneg-
ative. Utilizing the increasing differences property (which follows from supermodularity), for
a fixed in the second coordinate f(zo,a,a) — f(zo,a,b) is increasing in zy, and for b in the
second coordinate fixed, f(zo,b,a) — f(xo,b,b) is increasing in z,, and further for z, fixed
f(zo,a,a) — f(xo,a,b) > f(xo,b,a) — f(20,b,b). So P(b,-) <4 P(a,-) implies that (3.7) is
nonnegative. With similar arguments and P(b,-) < P(a,-) we obtain that (3.8) is nonneg-
ative. Because this holds for any f € L, (E), we conclude (Xo, X1, X2) <sm (Yo, Y1, Y2).
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3.2 Continuous time Markov processes

Let X = (Xy:teR)and Y = (Y, : t € R), X;,Y; : (O, F,P) = (E,&,<), be stationary
homogeneous Markov processes. Assume that 7 is an invariant distribution common for
both X and Y. Denote the corresponding families of transition kernels of X, and Y, by
KX = (K : Ex& = [0,1]] : t >0), and K¥ = (K} : Ex& — [0,1] : t > 0),
respectively, and the respective transition kernels for the time reversed processes X, Y by
KX=(KX:Ex&—10,1]:t>0),and K¥ = (K} : Ex & — [0,1] : t > 0), respectively.
Recall that K* (KY) is strongly stochastically monotone if for each ¢ > 0, K;* (K}) is
strongly stochastically monotone.
Utilizing similar argument as in the proof of Theorem 3.2 we have

Theorem 3.6 If either K¥ and KX are strongly stochastically monotone, or KX and KY
are strongly stochastically monotone then

X < Y iff (Xo, Xy) <% (Yo,Y:) for allt > 0. (3.11)

We will now show sufficient and necessary conditions for the concordance ordering in
terms of infinitesimal characteristics beginning with countable state spaces.

3.2.1 Countable state space
Let us assume that the Markov processes under consideration have countable state space
(E,&,<), and £ = 2F.

Theorem 3.7 Suppose that (E,&, <) is countable and chains X and Y have bounded in-
tensity matrices Qx and Qy, respectively. If either KX and KY are strongly stochastically
monotone, or K¥ and KX are strongly stochastically monotone then the following properties
are equivalent

1. X <. Y,
2. (Xo, Xy) <% (Yo,Y3) Vt>0,

3. for each comonotone (either both increasing or both decreasing) pair of bounded func-
tions f, g

Y m@)f(2) Y Ox(@y)g(y) < Y m(@)f(z) Y Qv(z,y)9(y),

zeE yeER z€eFE yek

4. for each comonotone pair of sets F,G C FE

Y (@)Y Qx(z,y) <Y w(2) Y Qv(zy)

TEF yeG TEF yeG

Proof. That 1. and 2. are equivalent follows from the statement of Theorem 3.6. That 2.
implies 3. follows from the statement of Theorem 3.8 below. That 3. and 4. are equivalent
follows by standard approximation arguments. In order to finish the proof it is sufficient to
show that 3. implies 2. We consider the case f,g € Z*(E) and KX and K being strongly
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stochastically monotone kernels and shall utilize the representation (which follows from as-
suming bounded intensity matrices)

K (5, {y}) = lim (1+ %Qx)”(a:, Y), zy€b, (3.12)

where 1 is the identity operator, and similarly for KY .
We first show by induction that for sufficiently small n > 0 we have

Y m(@)f @) > (M +1Qx)" (@, »)gy) <> m(@)f(@) > (L +nQv) (=, y)g(y). (3.13)

zeE yek zeE yek

For n = 1 this is immediate from 3., so assume we have proved (3.13) for all m < n. Then
substitute in (3.13)

g(z) ==Y (1 +nQx)(x,y)g(y) = (1 +1Qx)g(x),

yeE

which is an increasing function in x because 1 + n@)x is a monotone operator as defined
in Massey [Mas87] (and by induction that (1 + nQx)")(g) is an increasing function.) We
obtain

Y om@)f(x) Y (L +nQx)" (2,y)9(y)

TelE yeE

D (@) f(x) D (1 +nQx)"(x,y) [Z(Il +nQx) (Y, 2)9(2)]

el yek z2€E

D (@) fx)d (1 +nQy)"(z,y) [Z(ll +nQx)(y, Z)g(z)]

Tz€E yeE z€EE

—~
INE
G

Y omy) [ (M +0Qx)(, 2)9(2)] > @f(«’r)(]l +1Qy)"(2,y)

yekE z€E TEE 7r(y)
N

-’

=M% cp(L+nQyv)"(y,2) f(z)

= > 7)) @+nQy)"(y,2)f(z) | D1 +nQx)(y, z)g(z)]

yekE TEE | 2€EF

23 ) S+ Q) () () | S0+ Qv ) Z)g(Z)]

yekE zeE | 2€F

= > 1wy Z(—‘;)(n +nQv)"(z,y) f (x)

yeE zeE ( )

= > w@)f(@) YD (1 +nQy)"(z,y) (1 +nQy)(y, 2)9(2)

zeE z2€FE yeE

= ) w(@)f@) > (1 +nQy)" (z,y)9(y)

T€EE yekrE

> (1 +1Qy) (v, 2)9(2)]

z€E



Daduna, Szekli: Dependence ordering of Markov processes  March 2, 2005 14

(1)
Here < follows from the induction hypothesis (3.13) and the monotonicity of (1 +nQx)g(z).

(2
The inequality < is obtained by applying 3. with the substitution

Fla) =) (1 +nQy)" (=, y) f(y).

yer

which is an increasing function. The equality (x) follows by direct computations from (note:
B =1):

A1+ 1@ 0) = Y () (0)Q . 0),

and 7(2)Q% (2, y) = 3,cp Qv (2, 2)m(2)QY ' (2, y).
Put now in (3.13) n := t/n and insert into

nh_}ngoz z (1 + QX) (z,y)9(y) < 7}5&2 Z (1 + QY) (z,9)9(y)

T€EE yekrE T€EE yer

Since 7(z) f(x),z € E is a counting density of a finite measure on E, and the sequences of
functions - (1 + 2Qx)"(2,y)g(y),n € IN, resp. >° (1 + 2 Qy)"(z,y)9(y),n € IN, are
bounded and uniformly convergent to the bounded functions Y- ., K*(t; 2, {y})g(y),n €
IN, resp. Y. KV (t;2,{y})g(y),n € IN, so by interchanging limit and integration we
obtain 2 in the form

/E PO (d(,0)) F(u)g(v) < [E PO (d(u, ) F(u)g(v), Vg € T"(E).

For decreasing functions we repeat the above argument. ©)

3.2.2 General state space

Assume that X and Y are Feller processes on a normally ordered space (E,&, <) with
corresponding semigroups TX = (TX : Cy(E) — Co(E) : t > 0), resp. TY = (T} : C(E) —
Co(E) : t > 0) on Cy(E), (the space of real valued bounded continuous functions) possesing
infinitesimal generators respectively AX with the domain Dx C Cy(E) and AY with the
domain D v C Cy(E). We assume Ty = Ty = 1 (identity operator). The corresponding
families of transition kernels of X, and YV, are KX = (KX : E x £ — [0,1] : t > 0), and
KY=(KY:Ex&—10,1]:t> O) respectively.

Theorem 3.8 If for X and Y described above KX and KY are monotone and D 4x N D v
is dense in Cy(E) then

(i)
X < Y (3.14)

implies

(ii) for each comonotone pair of functions f € Cy(E), and g € D x N Dyv it holds

[E r(de) f(2)AXg(z) < [ m(da)f(x)AY g(c). (3.15)

E
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Proof. X <. Y implies (Xp, X;) <% (Y5, Y;) for all ¢ > 0, therefore for all comonotone
pairs f € C(,(E), g € Dyx N Dy,

/E r(dz) f (z) /E KX (2, dy)g(y) < /E r(dz) f () /E KY (o, dy)gy).  (3.16)

—(TX (@) —(T7 9)(a)
Hence for all h > 0
[ o f@y (1 -1 g0) < [ r@o) @)y 1Y -1ge@. @D
E E

For any € > 0 there exists some sufficiently small h(e) such that for all b < h(e), ||+ [T;¥ — 1] g—
AXg|| < € holds (with the uniform norm). It follows

| / (d2) (@) [T~ 1] o(a) - /E r(dz) f (z) (A% g)(z)|
< / w(d) |1l 7 [T~ 1] g — A%l < 1] -«

Therefore we may take A — 0 in (3.17) and interchange integration to obtain (3.15). ()

4 Conclusion

Comparison of random elements having fixed marginals with respect to internal dependence
structure has has found much interest in the literature and is useful for determing bounds
for complex performance measures in applied probability. The results of Hu and Pan [HP0O]
and others recently opened the way to compare stationary Markov processes with common
equlibrium over an infinite horizon with respect to supermodular and concordance ordering.
A drawback of their results is that the state spaces of their systems needed to be subsets of
R to prove the respective theorems.

We have shown in this paper that this restriction can be weakened considerably. Our
theorems cover the cases of queueing networks or reliability networks with multistate com-
ponents, applications will be provided in a forthcoming paper.

We further studied the question how strong the necessity of having monotone processes
is to obtain the respective dependence order. Our result is that weakening in this direction
may be possible but this is part of our still ongoing research.
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