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Introduction

Goppa codes (more properly, geometric Goppa codes, for the earliest codes
introduced by Goppa were still associated with rational functions on the
line) provide a fertile area of interaction between coding theory and al-
gebraic geometry, specifically algebraic curves over finite fields. Goppa’s
original idea is based on the explicit representation of the space of sections
of a line bundle over the curve, and deep issues regarding ‘curves with many
points’ and asymptotic bounds on the genus and ramification of towers of
curves have been brought up in view of this application, cf. [9] for a brief
survey. More recently, rank-2 vector bundles over the curve have been in-
terpreted as error-correcting devices* %12 but not so explicitly. Their line
subbundles of highest possible degree are of particular interest for decoding,
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and our goal in this small note is to initiate a study of these objects in the
finite field setting.

Higher-rank vector bundles (meaning higher than 1, for line bundles are
quite different and better-known objects) come with a concept of “max-
imal subbundle” for which we refer to the paper [15] although it made
earlier appearances (Corrado Segre 1889), since degrees of subbundles can
be be related to the self-intersection numbers of sections of the bundle pro-
jectivized fiberwise into a ruled surface. We restrict attention to rank-2
bundles, and for these, a maximal subbundle is a line subbundle of largest
possible degree. There has been enormous activity on the topic of maxi-
mal subbundles in algebraic geometry, which we do not reference here, and
this prompts our proposed line of research. On one hand, the results of
[15] are given over an algebraically closed field of characteristic zero. Even
from the pure viewpoint of algebraic geometry, it would be worth extending
the study to any characteristic, and in addition, restricting the analysis to
finite fields. In the same vein as counting (rational) points on curves and
points of Brill-Noether loci, we propose to count the number of maximal
subbundles. Here we give but one example. We decided to use the Klein
curve X as a test case, in part because it is so full of beautiful unique
properties among curves of genus 3 (small enough yet highly non-trivial),
and partly because its large number of automorphisms has already made
it popular in coding theory. Over the finite field Fg the Klein quartic has
24 points, hence it attains Serre’s improvement of the Hasse-Weil bound,
#X(F,) — (g + 1)] < g[2/3)-

As regards the link with error-correcting, a weakness might be that the
bundles which correspond to correctable messages are unstable, hence their
maximal subbundles have very large degree, too large, roughly speaking, to
be interesting in algebraic geometry (except perhaps for the suggestions of
[12], to the effect of blowing up unstable strata). Our present result concerns
bundles whose maximal subbundles have degree zero, yet we regard it as
work towards a potential link with coding theory, for example pursuing the
suggestion in [12], that is to look at stable points whose lack of correctability
(exceeding the distance from a unique codeword) is not too large, so that
error-correction is possible in practice (“For practical purposes this would
be almost as good as unique decoding (...) one is then interested in maximal
sublinebundles”). Other potential uses of stable bundles are discussed in
Section 1.

We adopt three approaches which we believe to be new. The first uses
the ideas of [15] to construct all rank-2 bundles with largest-dimensional



Goppa codes and Tschirnhausen modules

varieties of subbundles; part of this approach is the study of quotients of
the curve by an automorphism, which was done relatively recently.?! The
second approach pertains to one of the constructions of [15], and it consists
in determining the rank-2 bundle that presents the curve as a triple cover;
this approach has the advantage of bringing in another higher-rank bundle,
very natural to the situation and proposed by Miranda in [17], the Tschirn-
hausen module. In the third approach, we formulate Goppa codes in terms
of adeles and pseudo-differentials. Adeles provide another way of looking
at the rank-2 bundles that appear in connection to codes on curves, a fact
used in [6] to investigate an aspect of code construction. For practical im-
plementation of a (de-)coding algorithm, which is one goal of our program,
the first step will necessitate an explicit criterion for (maximal) subbundles
in terms of adeles. Then, turning to varieties of maximal subbundles, the
Tschirnhausen module will provide the multiplicative structure of the cov-
ering curve, thus we believe that determining this bundle is the next step
in the direction of the ultimate goal.

1. Goppa Codes and rank-2 Vector Bundles

In this section we review the role of vector bundles in error-correction for
Goppa codes.

Let X be a smooth projective curve of genus g defined over a finite
field k, with a set of k-rational points denoted Q, Py, Ps, ..., P,. Define the
divisor D = P; +- - -+ P, and choose an integer m so that n > m > 2g — 2.

The one-point Goppa code

CL(D,mQ) ={(f(P1),..., f(Pn)) : f € L(mQ)}

has dimension {(m@) = m — g + 1 by the Riemann-Roch theorem. Its
minimum distance is at least n — m, since any non-zero f € L(m@) can
vanish at no more than m of the points P;.

The space of message functions can be taken more generally as £L(G) for
an arbitrary divisor G of degree m supported by k-rational points outside
the support of D. However, one-point codes (i.e., G a multiple of a single
point) are used in practice to maximize the length n of the code and to
simplify the construction of a basis for £(G).

The dual code to Cr(D,m@Q) is also a Goppa code, often described in
a more convenient form by defining

CQ(Da mQ) = {(R68P1 (w)a cee ReSpn (W)) tweE QX(mQ - D)} .
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The fact that Cr(D,mQ) and Cq(D,mQ) are dual codes is a conse-
quence of the residue theorem, which states the sum of residues of a differ-
ential over all points is zero.

Requiring m > 2¢g — 2 makes computing the dimension of £(m@) and
hence of the code Cf(D,mQ) a simple application of the Riemann-Roch
theorem. We actually want m > 2g so that the rational map ¢ : X — P™79
determined by the complete linear system |m@)| is guaranteed to be an

embedding.
Since the rows of a generator matrix for Cp, (D, m@) are obtained by
evaluating the functions of a basis for £(m@Q) at Pi,..., P,, we can view

the columns as points ¢(F;) on the curve in P™~9. These columns are parity
checks for the dual code Cq (D, m@Q), so a corrupted codeword of the dual
is in effect a linear combination of some of the points ¢(P;), namely those
points at which errors occurred. More explicitly, if H denotes the parity
check matrix and y = (c+e) a received word, with codeword ¢ € Cq (D, mQ)
and error vector e, then Hy = H(c + e) = He, and the received word
y=-e1-o(P1)+- - +en-@(P,) can be viewed as a point in the j-secant
variety of the curve in P79, where j = |{i : ¢; # 0}

We call A = Zeﬁéo P; the error divisor. The received word y = c + e is
said to be correctable if deg A < (d —1)/2, where d = m — 2g + 2 is a lower
bound on the mimimum distance, since in this case the received word is
closer to the transmitted codeword c¢ than to any other codeword.

We also consider an error vector (e) as a point in H(X, Qc(mQ — D))*,
and then identify it with the isomorphism class of a rank-2 extension F of
the form

0—-0x > FE—Ox(D—mQ)—0
in a standard way through

H(X,Q(mQ — D))" = H'(X,0x(mQ — D))
> FExto, (Ox,0x(mQ — D))
~ Fato, (Ox(D —mQ), Ox).

Lange and Narasimhan'® showed that s(FE)(:=degE — 2max(deglL),
where L is a subbundle of F) is determined by the smallest integer j such
that (e) is contained in the j-secant variety of the curve. Applying their
results to our situation and with our notation, we get that A is the error
divisor for a correctable word if and only if Ox (D —m@ — A) is the unique
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maximal subbundle of E. This abstract connection between decoding and
maximal subbundles of rank-2 extensions was first noticed by Johnsen.!?

A decoding algorithm based on this idea would determine the rank-2
bundle F corresponding to the syndrome He = Hy of the received word
y = ¢+ e, in concrete form for instance as a transition matrix, and then
compute its unique maximal subbundle Ox (D —m@ — A). One might then
expect to extract the error divisor A and so obtain the error positions
(and then the actual error values via simple linear algebra), but with a
caveat: we cannot distinguish Ox (D — mQ — A) from Ox (D —mQ@Q — A')
when A ~ A’, so the most that can be guaranteed about the error divisor
computed by such an algorithm without additional assumptions (such as
the number of errors being less than the gonality of the curve) is that it is
linearly equivalent to the true error divisor.

We note that for correctable words, the associated bundle E is neces-
sarily unstable.!? Still, computing maximal subbundles of stable E’s in our
extension space may be useful for decoding. If the number of errors in a
word y exceeds the error correction capacity of the code, it may happen
that there are several codewords of precisely equal Hamming distance from
y. In that case, finding maximal subbundles amounts to producing a small
list of candidate error divisors, though the issue of linear equivalence dis-
cussed above applies here as well. There is a vast coding theory literature
on list decoding, as it is called.

The study of stable rank-2 bundles on curves with many maximal sub-
bundles defined over a finite field may, in addition to its inherent interest,
have a coding theory application, since for particular code parameters the
maximum possible number of closest codewords to a given (uncorrectable)
word may not be known. This point was discussed in [4], where it was also
observed that the recent discovery of families of Goppa codes with exponen-
tially many minimum weight codewords! is somewhat related: this result
says that for a certain code there is a Hamming sphere of radius d centered
at 0 with a huge number of codewords on its boundary; a stable bundle with
many maximal subbundles (over the base field) would describe a Hamming
sphere of radius greater than d centered at an uncorrectable word with a
huge number of codewords on its boundary. One possible way to find rank-2
bundles with lots of maximal subbundles over a finite field is to construct
examples with infinitely many in the algebraic closure and then count the
ones defined over the base field. We turn to this construction next.
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2. The Klein Curve as Cover

In this section, which is composed of old-and-new facts about the Klein
curve, we recall some results that were given in characteristic zero in the
original references; however, they hold in our more general situation pro-
vided the characteristic of the base field k is not 2, 3 or 7 (the divisors of
168 which is the order of AutX in any other characteristic), and provided
k contains a seventh root of unity, as noted in the text, because the results
we use are obtained by algebraic operations defined over the integers.

The two most familiar ways (for a third one cf. 2.4) to write an algebraic
equation for Klein’s curve X are:

sT=t(1—1)%,

3 3 3
122 + x50 + THT1 = 0.

Klein, already in his original definition!* of the unique curve of genus
3 that has the maximal number of automorphisms, presented it at first as
a modular curve, then as a (canonical) plane quartic. This double feature
already exhibits the curve as a cover, on one hand, a (7 : 1) cover of P!,
on the other, true of every non-hyperelliptic curve of genus 3, as a (3 :
1) trigonal cover in a 1-dimensional manifold way. More surprisingly, [3,
VIIL.75] shows that the Jacobian of the curve is isomorphic as a complex
manifold (without principal polarization) to the product of three elliptic
curves; more precisely, using the (7 : 1) cover, Baker computes the period
matrix

_103VTo 1 VT3 4 AT
S S W

— 1 71 1 71 1 7%
Z = T4 T4 3T —17 73
_§+\/?¢_1_\/?¢ 1+3\/?¢

8 8 4 4 8 8

As observed in [22], all entries lie in the field generated (over the field k of
definition of the curve, k = Q, e.g.) by the character of the representation
induced on the differentials of the first kind by the automorphism group
of the curve. But another interesting phenomenon occurs: Jac(X) = C3/A,
where A is the lattice corresponding to [/ Z], is actually isomorphic to the
product of 3 elliptic curves. Indeed, Baker shows that it can be brought by
an integral (but not unimodular) transformation into diagonal form:

100 /T 0
010 0 24T
001 0 0 217
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He also remarks that this transformation does not give us an algebraic map
from X to an elliptic curve; for that we use recent work,?! which gives a
bit more: the three elliptic curves are isomorphic as opposed to 2-isogenous
as in Baker’s decomposition.

We recall some notation and standard facts from [21]. The following
three elements generate the automorphism group of X, which is isomor-
phic to PSLy(F7): o(xo,x1,22) = (x1,x2,70) of order 3, 7(xg,z1,22) =

r1 + pixe + M—ixo,mxl + txg + xo, txl 4+ x9 + p1xo) of order 2 and
e(zo,x1,72) = (z0,C21,(%T2) Of order 7, where ¢ is a primitive 7th root
of 1 and we let p; = ¢* + ¢

Proposition 2.1.%! The quotient of X by o', i = 0,1,2 gives three (canon-
ically isomorphic) elliptic curves T; with Weierstrass equations:

Ty +3CHay + Py =2 — 2¢¥e —3¢%, 1 =0,1,2,
with the (3 : 1)-morphisms X — T; given by ¢;(x1,x2) = (—w;, v;) where

w; = x+<6il +<4¢£7 v = y_’_CGil _’_sz‘f.
Y € T Y
Given that the above result is algebraic, we can simply replace Q[¢] by a
finite field that contains a seventh root of unity, and keep the notation ¢ for a
primitive one. In fact, it is quite interesting and non-tivial to find AutX over
an algebraically closed field of any characteristic. This was accomplished in
[30-32]: if the characteristic is p # 3,7 the group is again GL(3,2). For
p = 3 (resp. p = 7), the group properly contains GL(3,2) and is of order
6048 (resp. 672). It is thus not true (as had also been observed earlier) that
the Hurwitz bound 84(g — 1) holds for the number of automorphisms of a
curve of genus g (> 1), if the characteristic is not zero; a bound does exist,
modified by the contribution of wild ramification in the Riemann-Hurwitz
formula, has degree 4 in g, and it is known which curves attain it.
Our program is now the study of maximal subbundles in positive char-
acteristic. Following the seminal article [15], for a rank-2 (algebraic) vector
bundle over a curve X of genus g, we define the numerical invariant:

s(F) = degFE — 2max(deglL),

where L is a line-subbundle of E. By definition, the degree of E and s(FE)
have the same parity. It is known that s(E) < g, and the study in [15]
addresses the case s(E) > 0 (equivalent to E being a stable bundle) or
s(E) > 0 (semi-stable). The relevant geometric object then is M (E), the
subvariety of maximal subbundles. This variety can be identified canonically
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with the space of minimal sections of the ruled surface P(F), minimal in
the sense of having smallest self-intersection number. Let us also denote
by M (d) the moduli space of stable bundles of rank 2 and degree d over a
curve X of genus g > 2, and by M (d, s) its stratification into locally closed
subsets according to the value of the invariant s(E). For generic F, M(E) is
smooth and projective and its dimension is described in terms of the rank
and degree of E and the genus of X. It has exactly the Chern numbers
of an étale cover of the symmetric product S™X, where n = dim M (E).%°
In particular, for the general bundle, s(E) = ¢ if the degree of E has the
same parity as the genus, and s(FE) = g — 1 otherwise. When s(E) = g,
the variety of maximal subbundles of F is a curve, but when s(E) = g — 1,
it is generically a finite number of points. It is this number that in the
case of positive characteristic could conceivably be smaller, in the case
the field is not algebraically closed and the subbundle as a variety is not
rational over the field of definition, or perhaps larger, as is the case for
the number of automorphisms, due to the wild-ramification contribution in
the Riemann-Hurwitz formula, in view of the fact that in [15] a manifold of
maximal line subbundles are identified by using covering maps. The number
of subbundles does have a topological-degree significance, because of the
cited result?® which computes it as a Chern number, 29 times a Castelnuovo
number, but so does the number of inflections of a plane curve; in point of
fact, the Klein curve is the “funny curve” in characteristic 3, and all of its
points are inflections [11, Exercise IV.2.4]. Tt is also interesting to note that
the dimension of M (F) can jump, as in the following example [20, Remark
1.5]: the general bundle E with trivial determinant on a curve of genus 3
has a finite number of maximal subbundles, 2° = 8, since s(E) = g — 1
as we recalled. But M(FE) is isomorphic to the curve for the 64 bundles
E = k7' ®V, where & is a theta characteristic and V is the unique stable
rank-2 bundle whose determinant is the canonical bundle, and whose space
of sections has the maximal possible dimH°(X,V) = 3. In fact, in this
programmatic note we focus on such ‘richest’ case only, namely s(E) =
g — 1(= 2 in our case) and dimM (EF)=1, strictly larger than for general
E. In [15] it is determined exactly which E have this property, providing a
negative answer to a conjecture of M. Maruyama, to the effect of dimM (FE)
being zero for all, not merely general, bundles that have s(F) < g — 1.

Proposition 2.2 (after 15, Theorem 5.1). Every degree-2 cover X —
T of an elliptic curve gives a g-dimensional subvariety of M(d,2), where
d is an even number, for all of whose points E, dimM (E) = 1. If X is of
genus 3, any trigonality of X gives a 3-dimensional subvariety of M(d,2)
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for all of whose points E, dimM (E) = 1. For any other E € M(d,2),
dimM (E) = 0.

We also record the construction of the rank-2 bundles that have a non-
generic dimM (E):

Lemma 2.1 (after 15, Section 5). (i) If 7 : X — T is a (2 : 1) elliptic
cover and g(X) > 3 then to every L € Pic9T where g = g(X) there is
associated a vector bundle E € M(2,2) on X with dimM (E) = 1. Varying
L € Pic!T and twisting the associated E by a line bundle of degree % on
X yields other elements of M (d,2), while ‘factoring’ by the one-dimensional
families of their mazimal subbundles finally gives a g-dimensional algebraic
family in M (d,2). (ii) To any trigonality ™ : X — P! of a curve of genus 3
there is associated in a canonical way a vector bundle E € M(2,2) on X.

Proof. (i) Pulling back any rank-2 bundle F' on the elliptic curve with
s(F) = 1 as well as the family of line subbundles of appropriate degree
gives the examples. They can be described geometrically: the embedding
HT,L) — HY(X,7*L) (which is of codimension 1) defines a point in
P9 = P(H°(X,7*L) which is not on the image of X. This point can be
interpreted as a non-split exact sequence on X whose central element is a
vector bundle of rank 2 with s(E) = 2 and detE = n*L ® K, where Kx
is the canonical divisor of X. Projection from the point has degree 2 on
the image of X and represents the 2-secants of X through that point, so
the maximal subbundles are represented by the points of the elliptic curve
embedded in the hyperplane covered by the projection, except possibly the
projection of the singular point of the image of X . (ii) Here the bundle F is
the middle term of the extension given by the embedding H°(P!, Op:(2)) —
HO(X,7*Op(2)) so detF = 7°Op1(2) ® Ky and again the 3-dimensional
family of bundles is parametrized by Pic?=2/2X plus the trigonalities minus
1 for the maximal subbundles, which correspond to the trisecant lines of
the embedded curve in P2 which go through the extension point. O

This lemma together with the proof (which we do not produce) that no
other bundle exhibits the jump phenomenon, proves Proposition 2.2.

We are next faced with the task of giving (in an algebraic and explicit
way) a (2 : 1) elliptic subcover of X or a trigonal rationality. We begin
with the latter. Rather than take the approach of [7] and determine the
quotient of the Klein curve under all cyclic subgroups of automorphisms,
we use the interesting analysis proposed in [18], by addressing the additional
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question: given a trigonality obtained by projecting a smooth plane quartic
to a line from a point on it, when is this cover Galois? We take this point
of view because we find it potentially interesting to give an addendum to
Kowalevski’s early result: she proved that a plane quartic is a (2 : 1) cover
of an elliptic curve if and only if four of its 28 bitangents are concurrent,
as we recall in Prop. 2.4.

The gonality of a curve is the smallest possible degree of the function
field of the curve over a rational field of one variable. We now adapt state-
ments from [18], which assumes the field of definition k to be algebraically
closed of characteristic zero. For our purposes we assume that all maps are
defined over k in case k isn’t algebraically closed (such as a finite field). The
Klein curve is not hyperelliptic, hence it is trigonal. For a plane smooth m-
gonal curve of degree d the gonality is d — 1 and any extension K/k(t),
where K is the function field of the curve and k(t) is any rational field of
degree 1, corresponds to an (m : 1) projection from a point of the curve
onto a line.'® In [18], the authors determine the following objects pertaining
to a smooth quartic (such as our Klein curve — in fact, their worked-out
example is the Fermat curve, whose automorphism group3? has order 96):
for P € X, the projection of X from P to a line is a degree-3 cover, and the
Galois group as well as the genus of the corresponding cover are calculated,
together with the (finite) number of points P for which the cover is Galois.

Proposition 2.3 (after 18, Theorem 2.1). For any smooth plane quar-
tic X and any point P € X, the projection from P to a line corresponds to
a field extension that does not depend on the line, and if we call g(P) the
genus of the smooth curve whose function field is the Galois closure of the
field extension corresponding to the projection and P a Galois point when
the extension is Galois, then: g(P)=3,6,7,8,9, or 10, with g(P) =10 for the
general point, with Galois group isomorphic to S3. The number of Galois
points can be 0,1, or 4, and it is zero for a general quartic.

In [18], part of the criterion for P to be a Galois point is that P be a
2-inflection point. In particular, for the Klein curve, none exists, since the
inflections are all distinct and comprise the 24 Weierstrass points, so none
of the trigonal covers is Galois.

Similar issues are treated in [18] for the case P ¢ X, there being more
cases to analyze and slightly less complete results. The Klein curve does
admit a double cover to an elliptic curve. Indeed, as noted in [14], there
are 21 subgroups of order 2 of AutX, each corresponding to a collineation;
the centers of projection give (4 : 1) maps of X to a line which factor
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through an elliptic curve, the ramification given by the four bitangents to

X through the center (each bitangent contains three centers so that there

21x4
3

given by projection from P ¢ X of the Klein (unlike the Fermat!) quartic
are Galois either; the 21 elliptic subfields of K (X) fixed by involutions are
one orbit under AutX.1°

It seems worth recalling Kowalevski’s criterion for a smooth plane quar-

are = 28 bitangents). We note however that none of the 4-gonal covers

tic to be a (2 : 1) elliptic cover, which again is proved in characteristic zero.
Her proof was analytic, a contribution to the theory of reduction, part of
her dissertation supervised by Weierstrass. An algebraic proof is given in
[8], as part of the properties of Weierstrass points of curves with involution.

Proposition 2.4 (Chap. III, Art. 71, 72, 76 in [3]). A  canonically
embedded plane curve of genus 8 admits a (2 : 1) cover to an elliptic curve
if and only if four of its bitangents are concurrent, equivalently in suitable
coordinates it has an equation:

(2% = $2)* = day(az + by)(cz + dy),

with ¢o a homogeneous for of degree 2 in x,y.

Here the bitangents are patently represented by the linear forms x, y, ax+by
and cz + dy, whose cross-ratio is an invariant of the elliptic curve. Note the
analogy with genus one: an elliptic curve is the Fermat curve if and only
if it can be represented as a plane cubic with three concurrent bitangents,
the projection from their common point being Galois. As recalled above,
Klein’s curve can be written in this way by virtue of its automorphisms of
order two. An actual geometric model of the elliptic curve together with
the (2 : 1) projection can be found by embedding X in P via the divisor of
degree 6 that pulls back an L € Pic3T, precisely as in Lemma 2.1, obtaining
an extension E to be viewed as a point in P3 and projecting the image of
X from that point to a plane; Baker (loc. cit. in Prop. 2.4) states this fact
concretely presenting the image of X as a space sextic with equations:

22— g =wt, at* = dy(ax + by)(cx + dy),

as obtained by sending [z, vy, 2] — [z,y, 2,t] ~ [1,y/z, z/x, (22 — ¢2)/2?] by
the pole-divisor map of 3P; + 3P, P; and P, being the points of contact
of the bitangent = = 0.

Remark. One subtle issue that we do not address in this note is the fol-
lowing. A classical result reprised and refined in [13] says that if an abelian
surface has more than two elliptic subgroups, then it has infinitely many;
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[13] shows also that it has finitely many ones for each bounded degree (the
degree can be taken to be the intersection number with any fixed ample
divisor). In our case, we would ask how many genuinely distinct (ellip-
tic) subcovers the Klein curve has, in particular over each finite field. We
note that much current work is devoted to classifying subcovers of Her-
mitian curves (of key interest in the area of Goppa codes), for example
in [7] a classification is given of the quotients of Hermitian curves by all
prime-order automorphisms. For the genus-2 case, an explicit detection of
isogenous/isomorphic degree-2 and degree-3 subcovers, as well as partial
results for higher degree, is given in [24-27].

Summary. Let X be the Klein curve. For each fixed determinant, the
rank-2 bundles E € M (2,2) with dimM (E) = 1 correspond to a given
elliptic-hyperelliptic map or trigonality. The 64 points E' mentioned above
that exhibit the jump phenomenon as regards dimM (E)?° have fixed (even-
degree) determinant. It follows from the above construction that each map
gives rise to one bundle; the 21 subgroups of order 2 of AutX come with
three maps each (each group of 4 concurrent bitangents gives an ellip-
tic curve and each bitangent contains three centers), so we recover the
64 = 21 x 3 + [one trigonality] bundles of [20], on which AutX acts by
permutations. To compute the number of these bundles over a finite field
Fg, one of our goals, first we fix a determinant of degree d that is an el-
ement of Pic? X (F,) (there exists one for each degree, and the number of
distinct ones is independent of the degree [19, Chap. 3]), then there are
as many bundles (semistable and with that determinant), with ‘too many
subbundles’, as there are points of order 2 in Pic" X (F,), found'? (since the
Jacobian splits) by splitting the characteristic p in Z[v/=7].

Example. Consider the Klein curve X defined by z5zs + 320 + 2321 = 0
over Fg = F2[3]/(3%+ 3 +1). Since the characteristic is 2, we cannot expect
the same situation as in characteristic zero, in fact there are no odd theta-
characteristics since the tangent line at any point is an inflectionary tangent.
However, the maximal-subbundle geometry survives. Fix coordinates so
that on the line at infinity z = 0, parametrized as [a, b], Ps = [1,0] and let
7 : X — P! be the projection from Q3 = [0,0,1] to the line at infinity, so
that 2P, pulls back to 6Q1, where @1 = [1,0,0].

Let ¢ : P! — P2 denote the embedding [a,b] — [1,a/b,a?/b?]. The
divisor map ¢gq, : X — P? that makes the following diagram commute is
given by [a, b, c] — [1,a/b,a®/b?, ab/c?].

The injection HY(P!,2P.) 5 H°(X,6Q1) corresponds to the point
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(e) =[0,0,0,1] € P3. The projection p in the commutative diagram

P3 — {e} X P2
w6, 1 T
x I opt

is [a, b, ¢, d] LN [a,b,c]. The points p(P!) parametrize the trisecant lines of
w6, (X) containing (e).

Choose a point @ = [a, 1] on the projective line, a € Fg*. Then the three
points [a, 1, %] € 7~1(Q) are mapped by ¢* to a trisecant line containing (e).
Any two of these points determine a maximal subbundle of F, the rank-2
bundle corresponding to (e). We can compute

7 Q) ={la,1,a°B], [a,1,a*%], [a, 1,a®3"]}

and it follows that E has 7 - (g) = 21 maximal subbundles that are rational
over Fg, namely those of the form

OX([%LG'Bﬁi] + [a71’a3ﬁj])
where a € Fs* and (4, 5) € {(1,2), (1,4), (2,4)}.

3. The Tschirnhausen Module of the Cover

In [17], the author sets out to “develop the foundations of the theory of
triple coverings in algebraic geometry”, working on an algebraically closed
field of characteristic unequal to 2 or 3; his result in summary:

A triple cover of an irreducible variety Y is determined by a locally free
rank-2 Oy -module E and a map ® : S?E — N?E, and conversely.

It may be worthwhile to determine this rank-2 bundle in our situation,
in view of what we described above, even when the cover does not pertain
to one of the exceptional rank-2 bundles over the Klein curve. We believe
that the object introduced by Miranda has not yet been widely used while
being potentially useful in coding theory. We restrict attention to one of
the above triple covers X — T, where X is the Klein curve, or one of the
trigonalities X — P!; we denote the target by Y in either case.

Definition 3.1. FE is the Tschirnhausen module of Ox over Oy, namely
the direct summand in Ox = Oy @& E consisting of the functions a €
Ox\Oy whose minimal polynomial over Oy has trace zero.

The name given by Miranda to the module refers to the T'schirnhausen
transformation,?? used in several instances of reduction of degree of alge-
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braic equations; another important example, the quintic equation, is also re-
lated to curves.'® The conventional way to perform a Tschirnhausen trans-
formation is to allow a substitution y = 2™ 4+ rp_12™ ' 4+ ... + riz + 70,
in order to simultaneously eliminate (by using the r’s as free parameters)
intermediate terms of any nth- (say) degree equation®. In the case of a
quintic, to bring it to Bring-Jerrard form: x°® + ax + b, with y = E?:o ajzd
one has to solve three equations of degrees 1, 2, and 3 in the coefficients of
the original equation. In this case'® it is possible to intersect suitable hy-
persurfaces in P4 and find solutions by solving equations of degree at most
four. Bring’s curve is then of genus four and can be explicitly uniformized
as it possesses sufficiently many automorphisms, in particular a (12 : 1)
(Galois) cover to an elliptic curve. This provides a solution to the general
quintic in terms of modular forms of weight —2.

With this motivation, Miranda defines the Tschirnhausen module of the
triple cover X — Y to be the submodule E in the decomposition of local
k-algebras (where k is an algebraically closed field of characteristic unequal
to 2 or 3), or sheaves, Ox = Oy @ E counsisting of the elements a € Ox\Oy
whose minimal polynomial is trace free.

In our situation, for the map in Prop. 2.1 given explicitly as above, the
module consists of the elements %a —a’ — a"g, for all @ in the function field
of X that are not o-invariant; is is enough to take a = z, y to span the
module and the map o is given explicitly: x +— y +— 2z +— x so x projects to
%x —y—zand y to %y — z —x. This would provide actual equations for the
corresponding divisor; however, we give a more theoretic way to identify it.

Miranda computes the ramification and branch locus of the triple
cover: the branch locus in Y is a divisor whose associated line bun-
dle is (A2E)~2 so by the Riemann-Hurwitz formula (which has no iner-
tia components under the assumptions we made on the characteristic),
29(X) — 2 = 3(29(Y) — 2) + degree(A?E). In conclusion, in our case F
has degree 4. Atiyah? gave a description of all the semistable bundles over
an elliptic curve, but we are further restricted in our situation: the cover is
by construction a Galois cover, and Miranda shows that E splits into the
sum of two eigenline bundles: f,Ox = Oy L' M, E=L"'o M,
where L™, M~! are the eigenspaces for o, ¢2. Since there are exactly two
o-fixed points on X, namely p; = [1,¢,¢?] and pa = [1,€2, €] where € is a
primitive third root of 1, the bundles L and M are O(—2p;).

aWe acknowledge this clear and clever exemplification due to Titus Pierzas III posted
on the web: A New Way To Derive The Bring-Jerrard Quintic in Radicals,
www.geocities.com/titus_ piezas/Tschirnhausen.pdf.
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The trigonality, however, is never Galois as we saw. To compute the
Tschirnhausen module which, being a rank-2 bundle over P!, decomposes
into O(n) ® O(m), we refer to [17, Section 9] for an argument, essentially
based on the Riemann-Hurwitz formula, yielding n = —2 and m = —3.

Summary. The Tschirnhausen module for the possible triple covers of the
Klein curve to the elliptic curve T' that admits multiplication by a primitive
root of 7 as an endomorphism, or to the projective line, are respectively

OE(—Qpl) &) 0]3(-2])2), Oﬂ:ul(—2) (&%) OPI(—B).

4. Goppa Codes and Adeles

We observe in this section that Goppa codes can also be formulated in terms
of adeles and pseudo-differentials, and in this setting the duality between
CrL(D,mQ) and Cq(D,mQ) can be established without direct appeal to
the residue theorem or the analogous result for pseudo-differentials.

An introduction to adeles and pseudo-differentials can be found in the
chapters on the Riemann-Roch theorem in the books by Moreno [19, Chap.
2] and Stichtenoth [28, Chap. 1.5]. Basic definitions and results needed for
our purposes are reviewed below.

4.1. Adeles and pseudo-differentials

Let K denote the function field of the curve X, and k the field of
constants. In this subsection, D denotes an arbitrary divisor. As usual,
(D) = dimg £(D), where £(D) is the Riemann-Roch space of D. By
Riemann’s theorem, {(D) > degD — g + 1, and the index of specialty is
i(D)=1(D)—degD+g— 1.

An adele® is a mapping o : X — K that associates a function ap to
every point P € X in such a way that ap € Op for all but finitely many
points P. It is convenient to define the order of an adele « at a point P by
ordp(a) = ordp(ap).

The set A of all adeles is called the adele space. We can add adeles
componentwise: the P-component of a+ ¢’ is (o + ') p = ap + &p, which
is again an adele. Componentwise multiplication also makes sense, turning
A into a ring. More to the point for our purposes, it is a vector space over

bPSome authors use the term repartition or pre-adele for what is here called an adele,
reserving the term adele for when the functions ap are allowed to lie in the completion
of K with respect to the valuation ordp.
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k, and the k-subspace A(D) for a divisor D is defined in analogy to £(D),
AD) ={a € A:ordp(a) + ordp(D) > 0 for every P € X}.

An embedding K — A is obtained by identifying f € K with the adele
whose every component is equal to f. In particular, let f/Q for @ € X
denote the adele « € A defined by

[ f:P=Q.
aP_{O:P;AQ.

For a divisor D, A(D) + K is an infinite dimensional k-subspace of A,
but the quotient space A/ (A(D) + K) is finite dimensional, in fact equal
to the index of specialty (D) of D. This fact is implied by the canonical
isomorphism (see [23, Prop. I1.3], for example)

A

H'Y(C,0x(D)) = AD)+ K

and can also be established directly, without cohomological arguments.!?
The next proposition records this fact for ease of reference below.

Proposition 4.1. With the given notation, dimy A/ (A(D) + K) = i(D).

A pseudo-differential (also called a Weil differential) is a k-linear map
w : A — k vanishing on A(D) 4+ K for some divisor D. Note that if w;
vanishes on A(D;) + K (i = 1,2) then wy + wy vanishes on A(D) + K for
any divisor D with D < D; (i = 1,2). With scalar multiplication defined
in the obvious way, the space of all pseudo-differentials becomes a vector
space over k, which we denote by 3, Ik following Moreno.'? The subspace

%/k(D) ={we Qi(/k : w vanishes on A(D) + K}

has dimension 4(D) by Prop. 4.1. Stichtenoth works out in full detail the cor-
respondence between differentials and pseudo-differentials [28, Chap. IV].
Here we note only that for a given pseudo-differential w there is a unique
divisor W of smallest possible degree with the following property: if w van-
ishes on A(F) + K for some divisor F', then F' < W. As expected, W is
also the divisor of the corresponding differential.

4.2. Goppa codes and adeles

As in subsection 4.1, let D = P; + --- + P,, where the P; are k-rational
points. Fix another k-rational point @ (Q # P;) and an integer m with
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n>m>2g—2.Letn’ =n+g—1and D; =D — P, for 1 < ¢ < n. Choose
fi € L(n'Q — D;) so that

1:i=j.
0:14# 7.
Such functions f; exist since I(n'Q — D;) > 1. Also, I(n’Q) = n and the

fi are linearly independent, so they form a basis for £L(n'Q). Now consider
the linear code

e = { 1)

C=A{(c1,...,cy)) €k" :ordg(crfi + -+ +cnfn) > —m}.

The distance and dimension of C' are easy to compute. Choose a non-zero
codeword (c1,...,¢,) and let f = " ¢;f;. Define I C {1,...,n} so that
¢i = 0 < i € I, and note that f(P;) = 0 for every ¢ € I. Now since
ordg(f) > —m, we know that f has at most m zeros. This means that
|[I] < m, so (c1,...,¢y) is non-zero in at least n — m positions. As for the
dimension, f € L(m@Q) by definition, so dimy C =1(mQ) =m — g + 1.

In fact, C' = C(D, mQ). To see this, note that for f = . ¢; f; € L(mQ)
we have f(P;) = ¢;- fi(P;) = ¢;. In other words, a codeword (¢, ...,¢,) € C
is obtained by evaluating some f € £(m(@) at the points P;.

Fix a local parameter t at ). Expanding each f; around @), we can write

(o)
fi= > cijt
=

with uniquely determined coefficients ¢; ; € k. A parity check matrix H
for the code can be constructed using these coefficients: the i-th column is
the vector of coefficients in the expansion of f; up to (and including) the
t~(m+1) term. The kernel of this matrix consists of linear combinations of
the functions f; with at most m poles at @, that is to say, codewords.

We now proceed to interpret the parity check matrix H in terms of
pseudo-differentials by way of the following two lemmas.

Lemma 4.1. Letting t denote a local parameter at Q, the set B= {t=%/Q :
m <i<n'} is a basis for A/ (A(mQ — D) + K) as a vector space over k.

Proof. Consider first an arbitrary adele a. By the Strong Approximation
Theorem,?® there is a function g € K satisfying ordp, (o — g) > 0 for each
point P; in the support of D, and ordp(a — g) > 0 for every other point
of the curve except Q. It follows that o = (ag — ¢)/Q modulo A(mQ —
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D)+ K. In particular, A/ (A(m@Q — D) + K) has a basis consisting of adeles
everywhere zero except at Q.

If the pole order of f € K at Q) is at most m, then f/Q € A(mQ — D).
On the other hand, if f has more that n’ poles at @, say r poles, there is a
non-zero g € L(rQ—D) with ordg(f—g) > —r, and f/Q—g € A(mQ—D).
This implies that if f/Q # 0 then —n < ordg(f) < —m.

We have established that there is a basis for A/(A(mQ — D) + K)
consisting of adeles of the form f/Q with —n < ordg(f) < —m. The basis
has size i(mQ@Q — D) = |B| by Prop. 4.1, and we clearly can obtain B from
it by a linear transformation. O

Lemma 4.2. With the functions f; as defined in (1), we have 1/P; = f;/Q
mod A(m@Q — D)+ K for1<i<n.

Proof. Define o; € A(m@ — D) by

0: P=Q.
(ai)P: fl—l—lP:Pl
fi : otherwise.

Then «; — f; = 1/P, — f;/Q, so 1/P; = f;/Q as claimed. O
A pseudo-differential w € Q3 /k(mQ — D) is determined by a vector

a= (a'm+17am+27 .- -van’) S

describing the action of w on elements of B; i.e., w : t7¢/Q +— a;. In par-
ticular, w(1/P;) can be computed as the inner product of & and the i-th
column of H, the parity check matrix for Cr (D, m@). And since a parity
check matrix of a code is a generator matrix for its dual, we can define the
dual code to Cr (D, mQ) purely in terms of adeles by

C(D,mQ)* = { W(1/Pr),....w(1/Pu)  w € Vi (mQ - D) }

We close the circle by noting that from the correspondence between pseudo-
differentials and differentials it can be shown that an arbitrary pseudo-
differential maps the adele 1/P (for any P € X) to the residue at P
of the corresponding differential. Consequently, Co(D,mQ) as defined in
the first section is dual to Cr(D,m@), which we have established using
the theory of adeles and pseudo-differentials and without appeal to the
residue theorem. As noted earlier, since our extension space is isomor-
phic to H'(X,Ox(mQ — D)), it can be identified with the adelic space
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A/(A(mQ — D) + K). One angle from which we propose to study rank-2
extensions and their maximal subbundles over finite fields is through this
connection to adeles. We showed that every adele is equivalent, modulo
A(m@Q — D) + K, to an adele of the form f/Q; in fact, each such f deter-

mines a transition function for a rank-2 bundle in our space of extensions.
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