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ON WHITEHEAD PRECOVERS

PAUL C. EKLOF AND SAHARON SHELAH

ABSTRACT. It is proved consistent with ZFC + GCH that for every White-
head group A of infinite rank, there is a Whitehead group H4 such that
Ext(Ha,A) # 0. This is a strong generalization of the consistency of the ex-
istence of non-free Whitehead groups. A consequence is that it is undecidable
in ZFC + GCH whether every Z-module has a *{Z}-precover.

Let F be a class of R-modules of the form
L0 ={A:Ext(A,C) =0 for all C € C}

for some class C.

A homomorphism ¢ € Hom(A4, M) with A € F is called an F-precover of M if
the induced map Hom(A', A) — Hom(A', M) is surjective for all A’ € F. (See [9]
or [20].)

The first author and Jan Trlifaj proved [7] that a sufficient condition for every
module M to have an F-precover is that there is a module B such that F+ =
{B}*(= {A : Ext(B,A) = 0}). In [8], generalizing a method used by Enochs
[1] to prove the Flat Cover Conjecture, it is proved that this sufficient condition
holds whenever C is a class of pure-injective modules; moreover, for R a Dedekind
domain, the sufficient condition holds whenever C is a class of cotorsion modules.
The following is also proved in [8]:

Theorem 1. It is consistent with ZFC + GCH that for any hereditary ring R and
any R-module N, there is an R-module B such that (1{N})1 = {B}* and hence
every R-module has a ~{N}-precover.

This is a generalization of a result proved by the second author for the class W
of all Whitehead groups ( = +{Z}):

Theorem 2. It is consistent with ZFC + GCH that W+ = {B}* where B is any
free abelian group.

PrOOF. The second author proved that Godel’s Axiom of Constructibility (V =
L) implies that W is exactly the class of free groups. (See [12] or [4].) Under this
hypothesis (which implies GCH), W+ is the class of all groups; if we take B to be
any free group, then {B}* is also the class of all groups. I

Our main result here is that the conclusions of Theorem 1 are not provable in
ZFC + GCH for N =Z = R:

Theorem 3. It is consistent with ZFC' + GCH that Q does not have a W-precover.
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An immediate consequence is:

Theorem 4. It is consistent with ZFC + GCH that there is no abelian group B
such that W+ = {B}+.

Theorem 3 follows easily from the following:

Theorem 5. It is consistent with ZFC + GCH that for every Whitehead group B
there is an uncountable Whitehead group G = Gp such that every homomorphism
from G to B has finitely-generated range.

Proof of Theorem 3 from Theorem 5. Suppose that f : B — Q is a W-
precover of Q. Let G be as in Theorem 5 for this B. Since Q is injective and G
has infinite rank, there is a surjective homomorphism g : G — Q. But then clearly
there isno h : G — B such that foh=g. 1

We get the hypothesis of Theorem 5 from the following;:

Theorem 6. Assume GCH. Suppose that for every Whitehead group A of infinite
rank, there is a Whitehead group H 4 of cardinality < |A|* such that Ext(Ha, A) #
0. Then for every Whitehead group B there is an uncountable Whitehead group G
such that every homomorphism from G to B has finitely-generated range.

PROOF. Let A = u* where p > |B| + X;. Then ¢, holds, by GCH (cf. [11], [15]);
we will use it to construct the group structure on a set G of size \. We can write
G = UV <A G, as the union of a continuous chain of sets such that for all v < A,
|Gy4+1 — Gy| = u. Now {y gives us a family {h, : v € A} of functions h, : G, = B
such that for every function f: G — B, {v € A: f | G, = h, } is stationary.

Suppose that the group structure on G, has been defined and consider h,; if
the range of h, is of finite rank, define the group structure on G,41 in any way
which extends that on G,. Otherwise, let A be the range of h, and let Hy be
as in the hypothesis. Without loss of generality, |H4| = p; write Hq4 = F/K
where F' is a free group of rank p. By a standard homological argument, there is a
homomorphism ¢ : K — A which does not extend to a homomorphism ¢ : F' — A.
Since K is free and h, : G, = B is onto A, there is a homomorphism 8 : K — G,
such that h, o @ = ¢. Now form the pushout

F — Gu+1
t )
K 4 q,

to define the group structure on Guy1 (cf. [7, proof of Theorem 2]). Then
Gui1/Gy =2 F/K = Hy4 so it is Whitehead. Moreover, h, does not extend to
a homomorphism from G,41 into A, else ¥ extends to a homomorphism on F.
This completes the definition of G. Notice that G is a Whitehead group since all
quotients G41/G, are isomorphic to F//K and hence Whitehead (cf. [7, Lemma
1]).

Now given any homomorphism f : G — B, let A C B be the range of f. Since
|A| < |G| = A, {v € A: f[G,] = A} is a club in A; hence there exists v € X such that
f I G, = h, and the range of h, is A. If A is of infinite rank, we have constructed
G4 so that f [ G, does not extend to G,41, which is a contradiction. So we must
conclude that the range of f is of finite rank. I

Now our main task is to show that there is a model of ZFC + GCH where the
hypothesis of Theorem 6 holds. As a warm-up exercise, however, we will begin
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in the next section with a direct proof of Theorem 4; this is equivalent to the
consistency of a weaker assumption than the hypothesis of Theorem 6.

1. W IS NOT COGENERATED BY A SET

Theorem 4 is equivalent to the statement that it is consistent with ZFC + GCH
that for every W-group B we can find a W-group A € {B}~ such that there is a
W-group H4 with Ext(Ha, A) # 0. The proof will use the following consequence
of Theorem 2 of [7]:

Theorem 7. Let p be a cardinal > k such that p" = k and let B be a group
of cardinality < k. Then there is a group A € {B}* such that A = U,<, A
(continuous), Ay =0, and such that for all v < o, A,41/A, is isomorphic to B. I

Proof of Theorem 4. We will use the fact that the following principle is consis-
tent with ZFC + GCH (cf. [6]):

(UP) For every cardinal o of the form 7+ where 7 is singular of cofi-
nality w there is a stationary subset S of o consisting of limit ordinals
of cofinality w and a ladder system ¢ = {(; : § € S} which has the
w-uniformization property, that is, for every family {cs : 6 € S} of func-
tions ¢s : w — w, there is a function h : ¢ — w such that for every
0 € S, h(¢5(n)) = cs(n) for almost all n € w.

We work in a model of GCH plus UP. Given B € W, let k = |B| and let u be
a singular cardinal of cofinality ¢ > & such that o is the successor of a singular
cardinal of cofinality w. Then p® = k. Let A = U,<, A} be as in Theorem 7 for
this B and pu. Choose a strictly increasing continuous function £ : ¢ — p© whose
range in cofinal in g and let 4, = Ag(y). Let ( = {(s:6 € S} be as in (UP).

Let H4 = F/K where F is the free group on symbols {ys., : 6 € S, n € w}U{z; :
j <o} and K is the subgroup with basis {ws, : § € S, n € w} where

(1) Ws,n = 2Ys n+1 — Ys,n + T¢s(ny-

Then H, is a group of cardinality o and the w-uniformization property of ¢
implies that H,4 is a Whitehead group (see [5, XII.3] or [19]). We will show that
Ext(Ha,A) # 0 by defining ¢ : K — A which does not extend to a homomorphism
p: F— A

For all v < pu, A/A, is a W-group since B is, and hence A/A, is strongly ;-
free, since CH holds; thus it has a pure free subgroup C/A, of rank w with basis
{tun + As : n € w} such that A/C is Ry-free. Then as = ;02" (ty,n + A5) is
in the 2-adic completion of A/A; but not in A/As. Define ¢ : K — A such that
Y(ws,n) = tsn for all 6 € S, n € w. Suppose, to obtain a contradiction, that
extends to a homomorphism ¢ : F' — A. The set of § < ¢ such that ¢(z;) € A; for
all j < disa club, C, in o, so there exists § € SN C. We will contradict the choice
of as for this §.

We work in A/A;s. Let ¢, = ¢(ys,n) + As. Then by applying ¢ to the equations
(1) and since ¢p(x;) € A; for all j < § we have that for all n € w,

té,n + A6 = 2cn—i—l + cn.
It follows that as = ¢o is in A/As, a contradiction. N

This completes the proof of the weaker Theorem 4. In Theorem 6, we are not
able to choose the Whitehead group A, but must find an H 4 for every A. In the
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next section we discuss ways to insure that Ext(Ha4, A) is non-zero, and in the
following section we deal with how to make H 4 a Whitehead group, and then finish
the proof of the main theorem.

2. How TO MAKE EXT NOT VANISH

We begin by proving some general properties of decompositions of Whitehead
groups assuming GCH. We use the result of Gregory and Shelah (cf. [11], [15]) that
GCH implies {, for every successor cardinal A > N;, and the result of Devlin and
Shelah [3] that CH implies weak diamond, ®y,, at N;. We will also make repeated
use of the fact (cf. [12], [3], [5, Chap XII]) that if A =[] ., Aq is a A filtration of
a group of cardinality A and if ®(F) holds where £ = {a € A: 38 > as.t. Ag/A,
is not Whitehead}, then A is not a Whitehead group.

Lemma 8. Let A be a Whitehead group of cardinality A\ = ut and write A =
Ua<r Aa as the continuous union of a chain of subgroups of cardinality p. Let

S(A) 1ef {a € X : A, /A, is Whitehead for oll 7 > a}. If ®5\(Y) holds for some

subset Y of A, then Y N S(A) is stationary. In particular, assuming GCH, S(A) is
stationary.

PROOF. Suppose Y N S(A) is not stationary in A, and let C' be a club in its
complement; then we can define a continuous increasing function f : A = C such
that for all a € A, if f(a) € YV, then A¢o11)/Af(q) is not Whitehead. But then
@, (Y Nim(f)) holds and implies that A = |J,cy Af(a) is not Whitehead. I

We can say, for short, that A/A, is locally Whitehead when a € S(A), since
every subgroup of A/A, of cardinality < A is Whitehead.

Lemma 9. Assume GCH. Let A be a Whitehead group of cardinality p (possibly a
singular cardinal). Then we can write A = Uu<u A, as the continuous union of a
chain of subgroups of cardinality < p such that for all v < p, A/A,4+1 is Ny-free.

Proor. If suffices to show that every subgroup X of A of cardinality £k < p
is contained in a subgroup N of cardinality x such that N'/N is free whenever
N C N'C A and N'/N is countable. But if X is a counterexample, then we can
build a chain {N, : @ < ¥} such that Ng = X and for all & < &%, Nyt1/N, is
countable and not free, and hence is not Whitehead. We obtain a contradiction
since then ®,+ implies that |J,, <n+ Na is not Whitehead. I

We now give sufficient conditions for Ext(H, A) to be non-zero, when H is given
by a relative simple set of relations defined using ladder systems (see the definition
below). The analysis will be divided into cases, depending on whether the cardi-
nality of A is singular, the successor of a regular cardinal, or the successor of a
singular cardinal.

The following concrete description of a group is in the spirit of the general
constructions in, for example, [19] or [5, XIL.3.4] but is a little more complicated
since it is “two step”: involving a system of ladders of length cf(u) and another
system of ladders of length w (if cf(u) > No).

Definition 10. Let p be a cardinal of cofinality o (< u). Let S be a subset of
A = pt consisting of ordinals of cofinality o and 7j = {n; : 6 € S} a ladder system
on S, that is, a family of functions n5; : ¢ — & which are strictly increasing and
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cofinal. If 0 > Ry, let E be a stationary subset of o consisting of limit ordinals of
cofinality w and let ¢ = {(, : v € E} be a ladder system on E. We will say that
H is the group built on ) and ( if H = F/K where F is the free group on symbols
{Yopm:0€S, veE, ncwtU{z,;:0€85,j€0}U{xg:f € A} and K is the
subgroup with basis {ws,,n:d €S, v € E, n € w} where
(2) W, = 2Ys,wntl = Yowm = 25,6, (n) T Loy (vtn)-
(If o = Ng, let E = {0} and omit ¢ and the 25,5.) For future reference, let F, be the
subgroup of F' generated by {ys,,n:6 € SNa, v e E,n € w}U{z;:0 € SNa,
j<o}U{zg:B <a}andfora€Sand T <olet F,, be the subgroup generated
by {za,j 1j < T}

When the cardinality of A is singular, we will use a special case of a recent result

of the second author [17]. For convenience, we give the statement and proof of this
“very weak diamond” result here.

Lemma 11. Assume GCH. Let p be a singular cardinal and let o = cof(p) < p
and X = p*. Suppose that S is a stationary subset of A consisting of ordinals of
cofinality o and {ns : § € S} is a ladder system on S. Then for each & € S there is
a sequence of sets D° = (D3 : v < o) such that

(a) for all 6 € S and v € o, D} C X, sup(DS) < 6 and |D3| < p; and

(b) for every function h : X — X\, {6 € S : h(ns(v)) € DS for all v € o} is
stationary in .

PROOF. Fix § € S. Let (b : v < o) be an increasing continuous union of subsets of
§ whose union is § and such that sup(b%) < & and card(b}) < p. Let § = 27 = o+ (<
w) and let (g; : i < 6) be a list of all functions from o to 0. Also let (fy :v < A)
list all functions from 6 to A (= 2* = A?); without loss of generality, f+(3) <y for
all i € §. For each i € § and v € 0, define D}’ = {f, (i) : v € V) ) }.

We claim that for some i € 6, the sets {D%® = (D% :v <o) : § € S} will work
in (b). Assuming the contrary, for each i € 8, let h; : A = X be a counterexample,
i.e., there is a club C; in X such that for each § € C; NS, there is v € o such that
hi(ns(v)) ¢ Di°.

For each a € A, there is h(a) € A such that for all i € 0, hi(a) = fh(a)(i). There
exists dx € [);cg Ci NS such that for all @ < 4., h(a) € d.. Denote h(n;, (v)) by
v,- There exists i, € § such that for all v < o,

. s
gi.(v) =min{j <o:v, €b;"}.
(Note that the right-hand side exists since §, = Uj<<,b‘;-* and v, € d,.) Thus

6*
Vv € by -

But then, (letting a = n;, (v) in the definition of h),
hi. (5, (V) = Fuins, () (ix) = fy, (ix) € D3 0.

Since this holds for all v € o, the fact that h;, is a counterexample implies that
0.« ¢ C;, N'S. But this contradicts the choice of .. I

Theorem 12. Assume GCH. Let p be a singular cardinal of cofinality o. If H
is a group of cardinality X\ = pt built on 5 and ¢ as in Definition 10 and A is a
Whitehead group of cardinality p, then Ext(H, A) # 0.
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PROOF. Let the sets {D° = (D} :v € o) : 6 € S} be as in Lemma 11 for this
ladder system. Write A ={J, . u A, as in Lemma 9. Without loss of generality we
can assume that the universe of A4 is p.

We claim that for all § < p, the 2-adic completion of A/Ag has rank > u
over A/Ag. For notational convenience we will prove the case § = 0, but the
argument is the same in general using the decomposition A/Ag = |J s<a<u Aa/Ap.
Since Aq+1/Aq is Ni-free and non-zero, there are s¥ € A,y such that the element
Ynew2™(s® + A,) of the 2-adic completion of Ay41/Ay is not in Agyq1/A,. We
claim that the elements {¥,¢,2"s¢ : a € u} of the 2-adic completion of A are
linearly independent over A. Suppose not, and let

Ezll k; (En€w2n3z(i) ) =a

be a counterexample; so a € A; k; € Z—{0};and a(1) < a(2) < ... < a(m) < p. Let
v = a(m) and k = k,. We claim that the element kX,¢,2"(s) + A,) of the 2-adic
completion of A,;;/A, belongs to A,y1/A, which is a contradiction of the choice
of the s),. Since A/A, 1, is Ny-free, we can write (A,41,a), = A,41 @ C for some
C, and let a’ be the projection of a on the first factor. For every r € w, 27! divides
a— X7 k(37 _027s2D) in A and hence 27+! divides a'— X7 k;(37_,2"s2 V) in
A,41. But then 27+ divides (a’ + Ay)— kX7 _2"(s) + A,) in Ay41/A,; since this
holds for all r € w, kXpe,2™(s? + Ay) = a’ + A, and we have a contradiction.

Choose a strictly increasing continuous function £ : ¢ — p whose range is cofinal
in p. For each 6 € S and v € E, there is an element a5, = Xpew2™(a(d,v,n) +
A¢(v)41) in the 2-adic completion of A/A¢ ()41 which is not in the subgroup gener-
ated by A/Ag(,)41 and the 2-adic completion of {d+ Ag(,)11 : d € DI N A}. (Note
that the latter has cardinality < y since |D3|¥0 < u by the GCH.)

Now define ¢ : K — A such that ¢¥(ws.n) = a(d,v,n). We claim that ¢ does
not extend to a homomorphism ¢ : F' — A. Suppose, to the contrary, that it does.
Then by Lemma 11, there is § € S such that ¢(z,,(,)) € D} for all v € 0. Now
there exists v € E such that ¢(z5 ;) € Ag(, for all j < v. We will contradict the
choice of a5, for this § and v.

We work in A/A¢ )41 Let ¢n = ©Us,vn) T Ac)+1, dn = @( T, (v4n)) T A (v)+1-
Then by applying ¢ to the equations (1) and since ¢(zs ;) € A¢(y) for all j < v we
have that for all n € w,

a(6,v,n) + A¢(yy41 = 2€ng1 — Cn + dp.

It follows that as, = co + Yne,2"dy is in the subgroup generated by A/A¢(,)41
and the 2-adic completion of {d + Ag(,)41 : d € D) N A}, which contradicts the
choice of as . 11

We now turn to the cases when the cardinality of A is a successor cardinal.
Though the two arguments could be combined into one, following the argument
in Theorem 15, we prefer to introduce the method with the somewhat simpler
argument for the successor of regular case. The following lemma is easy to confirm:

Lemma 13. Suppose that L' is a free subgroup of L such that L/L' is Ry-free. If
{tn : n € w} is a basis of a summand of L', then ) . 2"t, is an element of the
2-adic completion of L which does not belong to L. In other words, the system of
equations

2yn—i-l =Yn—1n
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in the unknowns y, (n € w) does not have a solution in L. I

Theorem 14. Assume GCH. Let A\ = u™ where u is a regular cardinal. Suppose
H is built on 7 = {n; : 6 € S} and { = {¢,, : v € E} as in Definition 10. Suppose
also, for pu > Vg, that $,(E') holds for all stationary subsets E' of E. If A is a
Whitehead group of cardinality A = ut, then Ext(H, A) # 0.

PRrROOF. Let A = [J, ., Ao and S(A) be as in Lemma 8. Note that we make no
assumption about the relation of S and S(A); maybe SN S(4) = . Without
loss of generality, for all § € S(A), Asy1/As is Whitehead of rank p and A/As41
is locally Whitehead. Assume p > Ng; the proof for Ny is simpler. For each
a < A, write A, as the union of a continuous chain of subgroups of cardinality <
p: Ao =U, <, Ba,w. Thus Asi1/As = U, ,(As + Bsy1,0)/As; for 6 € S(A), since
Ou(E) holds, we can assume that the set of v € E such that As41/(As + Bsy1,)
is locally Whitehead is stationary; for such v, As41/As + Bsy1,, is then strongly
N;-free since CH holds (cf. [2]). Thus for v in a stationary subset Es of E we can
assume that A5 + Bsi1,,41/As + Bsy1, is free of rank Ry and As41 /A5 + Bsi1,041
is Ny-free. Say {t5 ., n+As+Bst1, 1 n € w} is a basis of Ag+Bsy1,41/As+Bst1,v-
For each 6; € S, let 6 be the least member of S(A) which is > &;. Define

Y(Wsy,um) = tst yn

foralln e wif v € E5T' Define v arbitrarily otherwise. We claim that 1 does
not extend to ¢ : F — A. Suppose to the contrary that it does. Let M =
PIF), My = ¢[Fya], Mo, = @[Fa,r].- Then there is a club C in A such that for
a€(C, My CA, Fixd in CnNS. Let § denote 6f and choose v € C such
that v > 4. There is a club C' in p such that for v € C', M;,, C By, and
As41 N By, C Bsyy,,. Since {,(F;) holds and A, /A;s is Whitehead, there is, by
Lemma 8, v € E;NC' such that A, /(4541 + B,,.) is locally Whitehead, and hence
R;-free. We will obtain a contradiction of Lemma 13 with L = A, /(As + B,,,) and
L' = (Bs41,v41 + As + B,,)/(As + B,,,) and t, = t5,,n + As + B,,. Notice that
modulo 45 + B,,, we have

290(y51,u,n+1) = @(yél,u,n) —ts5,u,n
for all n € w since go(:z:ﬂsl(,,Jrn)) € A5, C As and p(25,.¢,(n)) € Ms, o C B,y .
Moreover, {t, : n € w} is a basis of a summand of L' since L' is naturally iso-
morphic to As +Bsii,41/As + (Byy N (As + Bst1,0+1)) and the latter has a
natural epimorphism onto As + Bst1,+1/As + Bs+1,, which is free on the basis
{ts,y,n + As + Bsy1,, : n € w}. It remains to show that L/L’ is Nq-free. Now

0= (As41 + Byw)/(Bsti,v+1 + As + By ) = L/L' = Ay /(Asi1 + Byy) = 0

is exact and A,/(As4+1 + B,,,) is Ny-free by choice of v, so it suffices to show
that (As+1 + Byw)/(Bst+1,041 + As + B,,,) is Ry-free. But this is isomorphic to
As+1/((As + Bst1,p+1) + (4541 N B,,,)), which (since 4541 N B, C Bsy1, C
Bsi1,041) equals Asi1/(As + Bst1,04+1), which was chosen Ny-free. I

For the general case we need to use elementary submodels (cf. [5, §VI.2]).

Theorem 15. Assume GCH. Let A = p* where p is a (singular) cardinal of co-
finality 0. Suppose H is built on 7 = {ns : 6 € S} and { = {(, : v € E} as in
Definition 10. Suppose also that $A(Y) holds for some subset Y of A consisting of
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limit ordinals of cofinality o and that, if o > Rg, ¢y (E) holds. If A is a Whitehead
group of cardinality X = ™, then Ext(H, A) # 0.

Proor. Without loss of generality, for all § € S(A), As11/As is Whitehead of rank
u. For each § € S, choose a strictly increasing sequence (55,,, < a> of elements
of S(A) such that §; ; > §+1 and whose limit, denoted &; ,, belongs to S(A). This
is possible because, by Lemma 8, Y N S(A) is stationary so we can choose {5 , to

be an element of Y N S(A) N (S(A) N (d,A)) where (S(4) N(d,])) is the closure of
{a € S(A) : a > 6}. Let Bsy1,, = A¢, . (Note the difference from the last proof.)
We can then modify the sequence so that Bst1,+1/Bs+1,, is free on a countable
set {ts,y,n + Bs+1,,} and A/Bsy1 41 is Ni-free when v € E. (For v € E we drop
the requirement that &5, € S(4).)

For each 6, € S, let 6 be the least member of S(A) which is > &;. Define

¢(w61"/7") = téf’,v,n

for all n € w, v € E. We claim that 1 does not extend to ¢ : F' — A. Suppose to
the contrary that it does. As before, let M = p[F], My = ¢[F,], Ma,r = ¢[Fa,r]
and let C be a club such that for o € C, M, C A,. Fix §; in CNS. Let § be Jf
and choose 7y € C such that v > 4.

Let N = |J, ., Vv be the continuous union of a chain of elementary submodels
of H(x) for large enough x such that each N, has cardinality < o, N,, € N,4; and
such that J, o, A, {¢(25,,») : v < 0}, {90(5’77151("+n)) :v < o} (for each n € w),
{tsyn:v <o,n €w}and {{s, : v < o} all belong to Ny and

{p(z5,,5) :j <o}U {cp(w,,él(,,)) w<otU{tspn:v<o,newlUo CN.

Moreover, by intersecting with a club, we can assume that for all v, N, No = v
and N, N Bsy1,0 € Bst1,, and hence {&5 ; : 7 < v}, {9(2s,,5) 1 <V}, {tsjn:J <
v,n € w}, and {‘P(xngl(Hn)) :j < v} (for all n € w) are all subsets of N,,. We claim
that there is a v € E such that A/(Bs41,0 + (N, N A)) is Whitehead, and hence
N;-free. Assuming this for the moment, we show how to obtain a contradiction of
Lemma 13 with L = (NN A)/((N N As) + (N, N A4)), L' = (N N Bsy1,041) +
(NI/ N A))/((N N Aé) + (NV N A)) and t, = té,u,n + ((N N A&) + (Nu N A)) Notice
that for all n € w, cp(acnsl(,,Jrn)) € (NN A5) and (25, ¢, (n)) € Ny. Moreover,
{tn : n € w} is a basis of a summand of L' because L' is naturally isomorphic
to (N N Bst1,041)/ (N N As) + (N, N Bsy,,) and the latter has epimorphic image
(NNBs+1,04+1)/(NNBsy1,,) which is free on the basis {t5,u,n+(NNBst1,0) : 1 € w}
by choice of N. To see that L/L' is Ny-free, use the short exact sequence

0= (N N Bstr0) + (N, N A)/((N N Bsriar) + (N, N A)) =
L/L' = (NN A)/((N N Bsy1.0) + (N, N A)) = 0.

The last term is N;-free by choice of v and since N is an elementary submodel
of H(x). Moreover, (N N Bst1,,) + (N, NA))/((N N Bsy1,041) + (N, N A)) is
isomorphic to (N N Bsy1,6)/(N N Bst1,u41) (since N, N Bsi1,, C Bsy1,,) and thus
is N;-free since A/Bjsy1,,41 is Ny-free.

It remains to show that there is a v € E such that A/(Bst1,, + (N, N A)) is
Whitehead. If not, then for all v € E, (Bsy1,6 + (Ny41 NA))/(Bst1,0 + (N, N A))
is not Whitehead, since A, Bsy1,, and N, belong to the elementary submodels
Ny41 and N. But then ¢, (E) implies that |, ., (Bs+1,0 + (N, N A))/Bs11,6 is a
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group of cardinality o which is not a Whitehead group, contradicting the fact that
A/Bst1,0 = AfAg, , is locally Whitehead. I

3. WHITEHEAD GROUPS BY UNIFORMIZATION
We present a special case of a theorem of Shelah and Striingmann [18].

Theorem 16. Suppose that H is built from §j and  as in Definition 10 and that
FE is a non-reflecting subset of o. Then H is a Whitehead group if i satisfies w-
uniformization, that is, given any functions cs : 0 — w for § € S, there is a pair
(f,1*) where f : X = w and f* : S — o such that for all § € S, f(ns;(v)) = cs(v)
whenever f*(§) <v <o.

PRrOOF. We assume o > N since this is known otherwise (cf. [13], [19]). If F and
K are as in Definition 10, it suffices to show that every homomorphism ¢ : K — Z
extends to a homomorphism ¢ : F — Z. Given ¢, define ¢5(v +n) = ¢(ws,u,n)
for v € E, and arbitrary otherwise. Let (f, f*) be the uniformizing pair. Define
p(zg) = f(B). For each 6 € S we must still define p(ys,,,,) and ¢(zs,;) for v,j € o
and n € w. Fix § and let p = f*(4); without loss of generality p ¢ E. Let F' (resp.
F}) be the subgroup of F' generated by {ys,.n :v € E,n € w}U{z;;:j < o}U{zp:
B < 6} (resp. by {yspm:v€ENp,newtU{z;:j<ptU{zs:p<d})and
K' (resp., K,) the subgroup generated by {ws,,,. : v € E, n € w}U{zg:f <}
(vesp., by {wspn:v € ENp, n€wtU{zs: B < p}). Now F'/K'is o-free since
E is non-reflecting, so F, + K/K = F, /K], is free and hence K is a summand of
FJ; then it is easy to extend ¢ [ {ws,.n: v € ENp,n €w}+ ¢ [ {zs: 8 < p} to
¢ : Fy — Z. For v € E with v > p we have ¢(z,, (,4n)) = ¥(ws,y,n) for all n € w.
For some m,, ¢,(n) > p when n > m,. Then we can satisfy the equations

w(wts,ll,n) = 280(y6,u,n+1) - 90(3/5,!/,71) - ‘P(Z&,g,,(n)) + 90(33715("-‘1-70)

by setting ©(ys,u,n) = 0 = ©(25,¢,(n)) for n > m, and defining ©(y5,,,») by down-
ward induction for n < m,,. I

Finally we can put the pieces together to prove:

Theorem 17. There is a model of ZFC + GCH such that for every Whitehead
group A of infinite rank, there is a Whitehead group Ha of cardinality < |A|T such
that Ext(H 4, A) # 0.

PRrOOF. By standard forcing methods (cf. [14], [6], [16], [17]) there is a model of
ZFC + GCH such that the following holds (where S I’} denotes the set of ordinals
< A of cofinality p):

(i) for every infinite successor cardinal A = u* there is a sta-
tionary subset S of Sé\f( 4 With a ladder system 7 = {ns : 0 € S}
which satisfies w-uniformization (or even k-uniformization for ev-
ery £ < fu);

(i) for every infinite successor cardinal A = u* there is a sta-
tionary subset Y of Sé\f(u) such that ¢y (Y") holds;

(iii) for every regular uncountable cardinal o, there is a non-
reflecting stationary subset E of S9 such that ,(E') holds for
every stationary subset E' of E;
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(iv) there is a tree-like ladder system on a stationary subset of
w1 which satisfies 2-uniformization but not w-uniformization.

(In fact, we can get more: we can strengthen (i) and (ii) to the following: for
every infinite successor cardinal A = u™ there is a normal ideal I containing the
non-stationary ideal such that for every S € I, S — Sé\f(u) is non-stationary, and
there exists a stationary S’ € I disjoint from S; moreover, for every S € I, there
is a ladder system 7j = {n; : § € S} which satisfies w-uniformization and for every
S ¢ I)\, <>)\(S) hOldS.)

We work in this model. Let A be a Whitehead group of infinite rank. If the
rank of A is No, then A is isomorphic to Z(“) and it is well-known (cf. [13], [5,
XIL.3.]) that (iv) implies that there is a Whitehead group H which is not ®;-
coseparable, i.e., Ext(H,Z“) # 0. If the cardinality of A is either singular or a
successor cardinal, then for A\ = |A| if | 4| is regular, or A = |A|T if |A]| is singular,
the properties (i), (ii) and (iii) allow us to build a group H4 of cardinality A as in
Definition 10, which is Whitehead by Theorem 16 and such that by Theorem 12,
14 or 15, Ext(H4,A) # 0.

It is also consistent to assume that there are no regular limit (i.e. inaccessible)
cardinals, in which case we have covered all possibilities for the cardinality of A
and we are done. Another approach is to allow inaccessible cardinals but force the
model to satisfy in addition:

(v) for every inaccessible cardinal A there is a stationary subset S of S
with a ladder system 7) = {n; : 6 € S} which satisfies w-uniformization;
moreover {», holds.

As in Lemma 8, one can show that S(A) is stationary and then the proof is similar
to that in Theorem 14. |
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