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Abstract

For suitable groups G we will show that one can add a Boolean algebra B by
forcing in such a way that Aut(B) is almost isomorphic to G. In particular, we will
give a positive answer to the following question due to J. Roitman: Is N, a possible
number of automorphisms of a rich Boolean algebra?

In [Ro], J. Roitman asked, is N,, a possible number of automorphisms of a rich
Boolean algebra? (A Boolean algebra is rich if the number of automorphisms is
greater than the size of the algebra and possible means consistent with ZFC, since
GCH implies trivially that the answer is no.) We will answer this question positively.
For this we give a method of adding a Boolean algebra by forcing in such a way that
we have a lot of control on the automorphism group of the Boolean algebra. Notice
that by [Mo] Theorem 4.3, one can not hope of giving a positive answer to Roitmans
question from the assumption 2« > N, .

Partially, our methods are similar to those in [Ro].

We say that a po-set P is k-Knaster if for all p; € P, i < k, there is Z C k of
power k such that for all ¢,j € Z, p; and p; are compatible.

* Partially supported by the Academy of Finland, grant 40734, and the Mittag-
Leffler Institute.
1 Research supported by the United States-Israel Binational Science Foundation.



Theorem 1. Assume that k = k<* is an infinite cardinal. Let (I,<) be a
partial order, G, t € I, be groups of power < k and n,; : Gy -+ G5, s<te€l, be
homomorphisms such that

(a) I is kT -directed, any pair of elements of I has the least upper bound and
foralltel, |{se€l|ls<t} <k,

(b) for r <s<tel, my=mps0Ts¢.

Then there is a k-closed, kt -Knaster po-set P such that in V¥ the following holds:
There is a Boolean algebra B such that

(i) B is atomic with |I| + k atoms,

(i) |B] = k* + |1,

(iii) if G* is the inverse limit of (Gy,7s¢|s <t € I), then G* can be embedded
into Aut(B), |Aut(B)| < k* -|I|-|G*| and if for all t € I, Gy is the one element
group, then |Aut(B)| =& -|I|.

Note: In fact we will show that Awut(B) is not very far from G*. Especially, we
will show that for all f € Aut(B) thereis g € G* such that excluding a small error,
f is the same as the image of g under the embedding.

Proof. For t € I, let X; = {t} X Gt XK, Xy = Us<t X5 and X = UteIXt- We
define P to be the set of all tuples p = (U, T,V,Y) = (U?,T?,V?,Y?) such that

(1) U C X is of power < k,

(2) T C I is of power < k,

(B) V=(w|teT)=(v|teT), where each v; C kT is of power < &,

DY =Wl teT, a€wy) = (y§a| teT, a€v), where ypo CUNX<y.
We order P so that p < ¢ (q is stronger than p) if

(5) UP C U,

(6) T? C T9,

(7) vF Cof for t € TP,

(8) i o =YloaNUP for t € TP and a € vy .

Clearly P is s-closed and k<* = k implies by the usual A-lemma argument
that P is k' -Knaster.

Let H be P-generic over V. We let Y; o = U{yf,| p € H}. Below, we will
not distinguish these and other objects from their names, it will be clear from the
context which we mean.

Let G* be as in the theorem i.e. G* consists of all g : I — UierGy such that
forall s<tel, ms(9(t)) = g(s). If g € G* and z = (¢, 2,a) € X;, then we write
also g(z) for (¢,9(t)z,0) and define Y; o4 = {9(2)| € Y30 }-

By a Boolean term 6(Yp, ..., Y,—1) taken inside Y we mean a term of the form
Ni<nZi, where each Z; is either YNY; or Y —Y;. If Z; =Y NY; we say that Y;
appears in § positively. A general Boolean term is a finite union of Boolean terms.

1.1 Claim. Let §(Yp,...,Y,—1) be a Boolean term taken inside X<, t € I
and for i <n, t; € I, a; < kT and g; € G*. Assume that there is t' € I such that

(a) t' <t,

(b) if Y; appears in § positively, then t' < t;,
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(c) if Y; appears in ¢ positively and Y; does not appear positively in &, then
(tiyis i (1)) # (£, 5, 95(t)
Then 6(Yiy,00,905 > Yen—1,0n—1,9n—1) N X<y has power k. On the other hand, if such
a t' does not exist, then §(Yiy 00,905 > Yn—1,0n-1,9n-1) = 0.

Proof. An easy density argument using the fact that the actions of two distinct
elements of a group differ on each element of the group. o Claim 1.1

Now we can define the Boolean algebra B. We let B be the subalgebra of P(X)
generated by [X]<*U{Y; 44|t €I, a < kt,g € G*}, where [X]<* is the set of all
subsets of X of power < k.

1.2 Claim. [Items (i) and (ii) from Theorem 1 hold and G* can be embedded
into Aut(B).

Proof. (i) is clear. For (ii), notice that Y o 4 is determined by Y; , and g(t).
Finally, it is easy to check that the function which takes g € G* to g: A — {g(2)| z €
A} is the required embedding of G* into Aut(B). o Claim 1.2.

So we are ’left’ to prove the second half of (iii) from Theorem 1: For all m < w
and t € I, let 6f’m(Yo,...,Ym,1), i < 2™ list all Boolean terms in m variables
taken inside X<; so that 63””(1’0, ey Y1) = Mpem (X<t — Yi).

1.3 Claim. In VP, if h € Aut(B) and t € I, then there are u C X<,
m<w,fori<m,t €I, a; <k and g; € G* and for j < 2™, f; € G* such that

(i) u| <&,

(ii) either for all j < 2™ and x € 6§-’m(Y}0,a0,go,...,Y}m_l,am_l,gm_l) - u,
h({z}) = {f;(z)} or for all j < 2™ and & € 5;™ (Vig,a0,90> > Yim—1,0m—1,9m_1) —
h=t({z}) = {f; ()}

Proof. For a contradiction, assume that p forces that h and t are a counter
example. In order to simplify the notation, for z € X, we write h(z) for the
unique z € X such that h({z}) = {z}. We also think h as a permutation
of X. For all + € X<4, let (ps,i)i<x be a maximal antichain such that for all
i < K, Dgi > P Or pg; is incompatible with p and p,,; decides both h(z) and
h~1(z). Choose a* < k* so that a* & U{v}*'| z € X<t, i < k}. Choose
g > p so that it decides both h(Y; o) and h 1(Y;4+) ie. it forces h(Yiq+)
to be, say, (up U 5(n6’a6,g6,...,Y;;c_l’a;c_l’g;c_l)) — uyp and hil(Yt’a*) to be (uy U
5_()/;5670‘6’96’""Yzi_va;c_vg;cﬁ)) —ul , where ug,u1,uy ,u; € [X]<* and § and §~
are general Boolean terms taken inside X. (Notice that Y o+ = Y;q+,1.) Clearly
we may assume that in Y = (Yi ar g5 Ye,_ ,a,_ ,0,_,) there is no repetition,
and for some k* < k, {i < k| (t},a}) = (t,a*)} = k*. We write Y 4. for
Yigapogp -+ Yo on g, _,) and Vspe for (Yo ot gr e Vi ot ,)

If we can find ¢ € X<; — U? and ¢' > ¢ such that ¢' forces that for all
i < k*, gi(z) # h(z) and that h(z) & uo U uy, we get an easy contradiction.
The contradiction is got the same way as we get a contradiction after the proof of
Subclaim 1.3.1 (we can find ¢’ > g so that it forces h(x) € h(Yi,q+) <> h(z) € 5(Y).)
Similarly, if we can find z € X<; — U? and ¢' > ¢ such that ¢’ forces that for all
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i < k*, gi(z) # h~'(z) and that h='(z) & ug Uuy, we get an easy contradiction.
So we assume the following:

(*) For all z € X<; — U?, q forces that h(z) € ug Uuy or for some i < k*,
h(z) = gi(z) and that h~'(z) € uy Uu; or for some i < k*, h='(z) = gi(z).

Notice that (*) implies that for all ¢’ <t, ¢ forces that excluding a small error,
h is a permutation of Xy .

By (*) above and the choice of p, h and ¢, and by making ¢ stronger if necessary,
we may assume that there are Boolean terms ¢’ and 6" taken inside X<; such that

(a) g forces that for all g € G* there are K many = € X<; such that g(x) #
h(z) € 8' (V<) N 6" (¥ >+,

(B) © forces that &' (Y <p+) N&"(Ysp+) # 0,

(v) 0 forces that '(Y<p+) N&" (Y <) C(Y).
Instead of item (), we may have &' (Y cx+) N 0" (Y<p+) € X<4 — 6(Y). Thisis a
symmetric case and we skip it.

1.3.1 Subclaim. There are z1,z2 € X<y, di,da € X, ¢* > q and non-empty
Wi, W2 C k* such that -

(1) WyNnWy = 0,

(2) g* forces that for all n € {1,2}, h(z,) =d,

(3) ¢* forces that for all n € {1,2}, d, € 8" (Y »g+) — (uo Uus),

(4) g* forces that for all n € {1,2} and i < k*, d,, = gi(zp,) iff i € W,

(5) for all n € {1,2} and i < k*, (¢})"'(d,) € U? and {(g}) *(d1)| i <
3N {(g) '(d2)| i <k*}=0.

Proof. Let I' C I be the set of those t' < t such that for all k* < i < k,
if Yir a1, appears positively in 6", then ' < #;. By () above and Claim 1.1,
I' # 0. For t' € I', we write IL, for {v € I'| v > t'}. Then for all ¢t* € I
there are W* C k* and ¢' > ¢, such that ¢’ forces that excluding < k¥ many z if
h(z) € 8" (Y>k+) — (uo Uuq) and z € X, for some v € IL,,, then h(z) = g;i(z) for
some i € W*. We choose these so that |W*| is minimal. There are two cases:

(I) |W*| > 1: Now by Claim 1.1 we can choose vi,v2 € IL,, 1 € X, ,
Ty € Xy,, d1,dy € X, i € W* and ¢* > ¢ so that va > vy, for n € {1,2}, ¢* forces
that h(@n) = dn, h(zn) € 8" (Vo) — (ugUtn), h(z1) # gl(w1) and h(zs) = g!(z3).
Then we let W1 = {j < k*[gj(z1) = d1} and W2 = {j < k*|g}(22) = d2}. By the
choice of W*, these can be chosen so that in addition (5) holds. These are as wanted
(v2 > v and h(z1) # gi(z1) imply (1)).

(IT) |W*| =1: Let ¢* be the only element of W*. By (a) above, we can find
¢">q, z € X<; —U? and d; € X, so that ¢" forces that h(z:) = di, h(z1) €
8"(Y>p+) — (uo Uur) and h(z1) # gi(z1). Let v € I be such that z; € X, and
let v' be the least upper bound of v and #'. By the assumption (*) above, d; € X,
and since ¢" forces dy € §"(Y »j+), by Claim 1.1, v' € I,.. Then by Claim 1.1
again and the assumption that |[W*| = 1, there are x5 € X/, dy € X and ¢* > ¢"
such that ¢* forces that h(z2) = d2 = g}.(z2) and h(zs) € 8" (Y >k+) — (uo U ur).
Then we can let Wy = {j < k*|g}(x1) =di} and Wy = {j < k*|g;-(a:2) =dy}. By
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() and the choise of W*, these can be chosen so that in addition (5) holds. These
are as wanted. o Subclaim 1.3.1.

By the choice of the conditions p, ;, we can find 7' > ¢* and ,%’ < k so that
Pz1,is Pza,i’ S .

We define a condition r as follows:

() U"=U"" U{(g)7"(dn)| i <k, m € {1,2}},

(b) T" = TT U {t},

(c

(d

) UQ =} U{a’},
) ( ) (ta) thenysa_ysa
(€) Yo =lar U{(g) " H(dn)] i € K = W5, n € {1,2}}.
Then r > ¢, Py ,irPuq,iv » i particular 7 forces that h(z1) = di and h(z2) = do.
Let 6*(Y0, ..., Yz=—1) be a boolean term taken inside X<; so that Y; appears in §*
positively iff i € W5. Then using Subclaim 1.3.1, it is easy to check that r forces that
di € 8*(Y<p=)N" (Y 5p+) — (ugUuq) and dy € h(Yy,4+). Since r > g, by () above
this implies that r forces that 6*(Y <j+)N6" (Y 54+) —us € 8(Y)—u1 C A(Y;,0+). On
the other hand r forces that dy € 6*(Y <x+)NJ" (sz*)—(uOUul) and da & h(Y: 0+),
a contradiction. o Claim 1.3.
From now on we work in V7.

1.4 Claim. Suppose h € Aut(B). There are h*, s* € I u® C X,
m* < w, for i <m*, t;?* el, a;‘?* < kt, gf* €G*, for 0<j<2m, fjs* € G* and
f* € G* such that if we write Y = (Yyg+ qo* govs ey Yyor | qor oo ), then the

ms* —1" ms* —1ms* 1

following holds:

(i) *=h or h* =h71,

(ii) for all 0 < j < 2™ and z € 6; "™ (V) —u*, b*(z) = f} (),

(iii) for all 7 € (X — X<z2) U (65 ™ (V) —u*), h*(z) = f*(z),

(iv) for all i <m*, " < s*,

(v) |u*| < k.

Proof. For every s € I, choose u®, m?®, t7, af, g; and f;, ¢ < m" and
j < 2™ as in Claim 1.3. We let I* to be the set of all s € I such that for all
Jj<2™ and z € 5;’7” (Yeg 05,05+ Yoo _ a2 _ g2 ) —u®, h(z) = f(z). We may
assume that I* is unbounded in I (the case when I — I'* is unbounded is similar)

and we let h* = h. We may also assume that these are chosen so that in addition
m?® and u® are minimal (in this order).

1.4.1 Subclaim. Ifr,s € I* and r < s, then
(a) u” Cu’,
(b) m" <m?,
() {(t, a7, g/ ()] i < m"} C{(t, a8, g8 (r))] i < m*},
(d) for all j < 2™ and k< 2™ ,if
5™ (Vig o

s,m?
g Yo ar . gr o YN (Visaggs - Yee et oo, ) £ D,

then fI(r) = fi(r).



Proof. We will prove (c), the other claims follow immediately from this by
Claim 1.1, the fact that |u®| < k and that the actions of two distinct elements of a
group differ on each element of the group. For a contradiction, assume that

(1) (&5, 06, 96(r)) & {(t7, e, g7 (r))| i <m?}.

3x-7

We will write ¥ = (Y}T,ag,gg,---,yi

0
and similarly for s instead of r.

T
and Y* = (Yi’",a;,g;r--;

» » » )
mr—1'%mr 10 9mr 1 1

Yi:n"—l’a:nr—l’g:‘n'r—l)
By the assumption that m” is minimal, we can find a,b < 2™  and a Boolean
term ¢ taken inside X<, such that

(2) ga(r) # g5(r),

(3) ™ (V) = Yigap.05 N (V) # 0,

@) 6™ (¥') = (X<p — Yig,ar,00) NO(Y) # 0.

By Claim 1.1 there is ¢ < ¢§,r such that for all 0 <4 < m", if Yir or 4r has a
positive appearance in § then t < ¢7. By Claim 1.1 and the fact that s > r, there
is ¢ < 2™ such that 65™ (Y") N ém™" (Y') N X<; € u®. But then, by (1) above
and Claim 1.1, §5™" (V") N o™ (Y) N X<; € u®. This contradicts (2). o Subclaim
1.4.1.

Since T is xT-directed, also I* is kT -directed and Subclaim 1.4.1 implies that
there is m* such that for all s € I, m® < m* and for some s* € I*, m* = m*
and in addition s* can be chosen so that for all s* < r € I*, u” = «* and for all
i <m*, t§ <s*. Also by Claim 1.1 and Subclaim 1.4.1, there is f* € G* such that
for all s € I'*, f3(s) = f*(s). These are as wanted. o Claim 1.4.

Now it follows immediately from Claim 1.4 that |Aut(B)| < &% - |I| - |G*| and
if for all ¢t € I, Gy is the one element group, then |Aut(B)| < k- |I|. Finally, for
|Aut(B)| > k- |I|, notice that every permutation of X which is identity on every
element except on < k many, can be lifted to an automorphism of B. o

2 Remark. Notice that in the proof of Theorem 1, one can add A > kT

subsets for the sets X<; making the Boolean algebra larger, and the proof still
works giving |G*| < |Aut(B)| < A-|I]-|G*|.

Our aim was to use Theorem 1 to solve questions on the number of automor-
phisms of Boolean algebras. We start by proving first a result from [Ro].

3 Conclusion. ([Ro]) Assume that k<* = k. Then there is a k-closed, k™ -
Knaster po-set P of power k%t such that in VP there is an atomic Boolean algebra
B of power kT with |Aut(B)| = k.

Proof. Just choose I = {0} and Gy to be the one element group and apply
Theorem 1 (with these choices of I and Gg, our proof is essentially the same as the
related proof in [Ro]). o

We say that T is a k-tree if it is a tree of power £ and of height k. We write
T, for {t € T| otp({s € T| s < t}) = a} and say that a k-tree T is narrow if for all
a < Kk, |Ty| < k. We say that b is a branch in a tree T, if b is a linearly ordered
downwards closed subtree of T and the height of b is the same as that of T'.
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4 Corollary. Assume that k<% = k and that there is a narrow k™ -tree with
A > 0 branches. Then there is a x-closed, k™ -Knaster po-set P of power k* with
the following property: in V¥ there is an atomic Boolean algebra B of power k™t
such that A < |Aut(B)| <kt - A.

Proof. We apply Theorem 1: Clearly we may assume that every element of T'
belongs to some branch. Then we let I = kT and for each a € T, let G, be the
free group generated by T, . Finally, let m, g be the natural projection along the
branches of T'. Then by Theorem 1, it is enough to show the following:

4.1 Claim. The cardinality of the inverse limit of the system is w-\ (in VT ).

Proof. It is enough to show that the forcing does not add brances to T' (since
cf(k*) > w, the inverse limit is the free group generated by the ’brances’ of T'). For
a contradiction assume that p forces that b is a new branch in T'. For all a < k™,
choose p, > p and t, € T, so that p forces that t, € b. Since P is kT -Knaster,
there is Z C k* of power k% such that for all @, 8 € Z, p, and pg are compatible
(and so if o < 3, then t, < tg). Then there are no o € Z so that p, forces that
there are k* many 3 € Z such that pg is in the generic set. So for all v < kT we
can find i, < kT and ¢, > p;, such that i, € Z and for all j > i1, if j € Z,
then ¢, forces that p; does not belong to the generic set. But then {g,| v < k*} is
an antichain, a contradiction. o Claim 4.1.

[m]

5 Conclusion. Con(ZFC) implies the consistency of ZFC together with the
following: there is an atomic Boolean algebra B of power N; such that |Aut(B)| =
N, (and if one wants 2% > N, ).

Proof. By Corollary 4 it is enough to show that Con(ZFC) implies the con-
sistency of ZFC together with the following: (2% > X, , if wanted, and) there is a
narrow wi-tree T with R, brances. This is standard but let us sketch the proof:
Assume CH. Let P consist of four tuples p = (o®,T?,u”,{nf| i € uP}) such that
aP < wy, TP is a downwards closed countable subtree of w<®, uP is a countable
non-empty subset of X, and for all ¢ € u?, n} is a branch in T?. The order is the
obvious one: p< qif a? < a?, T? [ aP +1 =T? etc. Then P is w;-closed and
by CH, it has wa-cc. P also adds the required tree T'. (There are no other brances
than 7; = Upean?, i < N¥, because if p forces that b is a linearly ordered subtree
of T and for all 4 < X,,, b# n;, then by using the fact that P is w;-closed, we can
find ¢ > p such that ¢ decides b | a?, b | a? #b] | a? for all i € u? and no t € T
is on top of b [ a?. Then ¢ forces that the height of b is < a?.) Now, if we want,
we can add > N, Cohen reals. As in the proof of Claim 4.1, we can see that this
does not add brances to 7. o
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