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The notion of a tree in this note is to be interpreted in its order-
theoretic sense, i.e. a partially ordered set (T, <r) with the property
that the predecessors of every point form a well-ordered chain'. If we
think of trees as natural generalizations of ordinals, then we would put
a tree S to be smaller than a tree T', or S < T in short, if there is a
strictly increasing map f : S — T. We say that S and T are equiv-
alent, and write S = T, whenever S < T and T' < S. We shall write
S < T, whenever S < T and T £ S. Note that if f : S — T is
strictly increasing, then g : S — T defined by g¢(t) = f(¢) | ht(¢) is

!The order-type of {x € T : z <7 t} is called the height of ¢ in T" and denoted
by ht(t). The ath level of T is the set T, = {t € T : ht(t) = a}. If a < ht(¢), then

t | a denotes the s <t t such that ht(s) = a.
1
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also strictly increasing. So, without loss of generality, we may restrict
ourselves to strictly increasing maps that are also level-preserving. It
turns out that there is a more natural and more general way to intro-
duce these maps. Consider A : T? —s Ord, defined by

A(s,t) =otp{z € T : x <7 s and z <7 t}.

One should view A as some sort of distance function on T by inter-
preting inequalities like A(z,y) > A(z, z) as saying that z is closer to
y than to z. A partial map g from a tree S into a tree T is Lipschitz,
if g is level-preserving and

A(g(z),9(y)) > Az, y)

for all 2,y € dom(g). Note that this notion is equivalent to the notion
of a strictly increasing level-preserving map, when the domain of g is
a downward closed subset of S, but is otherwise more general. Any
partial Lipschitz map g from S into 7', however, naturally extends to
a strictly increasing level-preserving map ¢ on the downward closure
of dom(g) in S, defined by letting g(z) = g(s) | ht(x) for some (equiv-
alently, for all) s € dom(g) extending z. With the order < and the
corresponding equivalence relation =, the class 7 of all trees has been
successfully used as a source of invariants in places where ordinals are
not sufficient (see e.g. [15]). Unfortunately, the structure of (7, <)
is immense in comparison with the ordinals, so one is naturally con-
strained to study smaller subclasses of this class. A natural way to
split 7 into subclasses that can be studied separately is to consider the
class B of all trees which are comparable with any other tree. Clearly,
every ordinal belongs to B and the ordinals split 7 into classes of trees
according to their heights. But B is much more extensive than the class
of ordinals and therefore a much finer partition of 7 is possible. For ex-
ample, Ohkuma [7] showed that B includes the class S of all scattered
trees, the class of trees that do not contain isomorphic copies of the
tree of all finite binary sequences. In [7], Ohkuma also showed that S is
well-ordered under <. It is however unknown whether B is uncluded in
the class S, of all sigma-scattered trees, the class of trees for which the
analogues of Ohkuma’s results can be proved. The most natural class
of trees for testing the extent of B relative to S, would be the class
A of all uncountable trees with no uncountable chains nor levels, the
class of so-called Aronszajn trees. This class of trees is of independent
interest as there is a growing number of problems in combinatorial set
theory that have their reformulation inside A. In fact, the results of
this note were obtained during the course of working on one such prob-
lem, the basis problem for uncountable linear orderings (see e.g. [13]).
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From experience one learns that any naturaly defined member of A has
plenty of Lipschitz self-maps. Motivated by this, we isolate the notion
of a Lipschitz tree, an uncounable tree T with the property that every
level-preserving map from an uncountable subset of 7" into 7" has an
uncountable Lipschitz restriction. It turns out that with the exceptions
of a few pathological examples, every Lipschitz tree belongs to A and
conversely, that any naturally defined member of A is Lipschitz. It was
therefore quite unexpecited to find out that it is impossible to define
two incomparable Lipschitz trees. In fact, for quite a long time we did
not know if the whole class A is a chain or not, and the comparability
problem for A to us seemed to be closely related to a conjecture of She-
lah [9] about the basis problem for uncountable linear orderings. We
shall show that while A inherits lots of structure from the chain C of
Lipschitz trees, it is possible to construct large families of pairwise in-
comparable members of A. Not surprisingly, the construction is based
on a particular infinite strictly decreasing sequence of members of C.
Both results can be used to answer a question of Laver [6], who asked
whether the class A is well-quasi-ordered under a stronger quasi-order
than <. Curiously, the analogy between the pair (S,S,) and the pair
(C, A) still stands, though perhaps this could not have been guessed
at the time Laver was writting his papar. A considerable part of our
paper concerns the unexpected structure that one finds inside the class
C of Lipschitz trees. For example, we prove that the class has the
Schroeder-Bernstein property, that there is a reduction of C into the
space of uniform ultrafilters on w;, and that there is a natural notion
of a shift operation on C which respects the quasi-ordering <. It turns
out that the shift T7() of a tree T € C is the immediate successor of T
in C,2 so every T' € C belongs to the N-chain 7 (n € N) of positive
shifts. We shall also determine when a negative shift is defined and in
particular, when a Lipschitz tree T belongs to a Z-chain T™ (n € Z)
of its shifts. It should be pointed out that we always have the equation
T(+m) = (T™)(™) whenever these shifts are properly defined.

As it will precisely be explained in §8, the results of this paper are
closely related to a well-known basis problem in combinatorial set the-
ory. So we shall use the standard approach one takes when working
on this kind of problem (see e.g. [13]). On the one hand, one tries to
indentify the members of the basis, the critical structures of a given
class. These are canonical structures whose description should not rely
on any additional set-theoretical assumption. On the other hand, to

27M is also an immediate successor of T' in the whole class (A, <) if we use
a natural conjecture about Lipschitz maps, a conjecture which is equivalent to
Shelah’s conjecture about the basis problem for linear orderings; see §8.
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show that a given list of critical structures is complete, one is allowed to
use additional set-theoretic assumptions, especially those that postu-
late some sort of logical completeness of the natural framework where
all the structure can be found. For example, for the problems involving
the structure (A, <), the natural framework is the class H(ws) of sets
whose transitive closures have cardinalities not larger than N,. In fact,
all problems involving the structure of (C, <) and (A, <) are sentences
of (H(w2), €) with only one change of quantifiers. The fact that there
is a quite robust such theory of (H(ws), €) (see [16]) is a coincidence
which gives some reassurance to this approach. It is not surprising that
we shall only need a rather weak form of this logical completeness, ap-
pearing as already well-known postulates about internal forcing (see
e.g. [3] or [12]). For all our purposes here, we only need filters that
would meet a given family of N;-many dense subsets of certain proper
partial orderings of size at most N;. We will denote this postulate by
(*) and use this symbol to mark any result in the paper that makes use
of it. As a matter of fact, a large majority of our results needs (*) for
partial orderings satisfying the countable chain condition, so most of
the time, we shall be working in an even older framework (see [3]). It
should also be noted that the two sides of work on a given basis problem
usually benefit from each other. For example, the fact that under (*),
C is a chain in (A, <) which is both cofinal and and coinitial, indicates
that to describe an interesting tree from A, one has to combine some
Lipschitz trees. This indeed was the hint behind the construction of §3
of a pair of incomparable trees from A. The fact that under (*), C has
no minimal nor maximal elements, was the hint towards the definition
of the shift operation that gave us a Z-chain of Lipschitz trees solving
thus the problem of Laver [6]. Conversely, the definition of the shift
operation suggests the very natural question of whether there is any
tree strictly between 7' and its shift 7" leading us towards the result
that under (*), there is no Lipschitz tree S such that T < S < T(),
Whether T() is an immediate successor of T in the larger class A as
well, seems to be at the very heart of the still unresolved conjecture of
Shelah [9].

I would like to thank Bernhard Konig and Justin Moore for help
in the preparation of this paper. The paper was written during the
Fall of 2000 while I was a guest of the Mittag-Lefler Institute in Djur-
sholm. I would like to thank the Institute for the generous support and
hospitality.
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1. LIPSCHITZ TREES

We have seen above that the notion of Lipschitz map captures the
quasi-ordering < we wish to study here. The following derived notion
is quite natural now.

1.1 Definition. A Lipschitz tree is any Aronszajn tree T with the
property that every level-preserving map from an uncountable subset
of T into T is Lipschitz on an uncountable subset of its domain.

1.2 Remark. It should be noted that if we restrict ourselves to count-
ably branching trees of height w;, there are essentially no Lipschitz
trees outside the class of Aronszajn trees. A tree of height w; in which
every node has extensions to all higher levels cannot have an uncount-
able chain if it is to satisfy the requirement of Definition 1.1. Similarly,
with (*) such a tree must have all levels countable as well.

1.3 Lemma. FEvery uncountable subset of a Lipschitz tree contains an
uncountable antichain.

Proof. Let X be a given uncountable subset of some Lipschitz tree
T. We may assume that no x € X is an end-node of 7" and in fact
that every z € X has two successors zy and z; in X of the same
height. Applying the fact that 7" is a Lipschitz tree to the partial map
f(zo) = z1 (z € X) gives us an uncountable Y C X such that f is
Lipschitz on Y° = {4° : y € Y'}. It follows that Y is an uncountable
antichain of 7T'. This finishes the proof. O

The following property of Lipschitz trees will be frequently used be-
low:

1.4 Lemma. Suppose T is a Lipschitz tree, n is a positive integer, and
that A is an uncountable subset of the nth power of T.2. Then there
exists an uncountable B C A such that A(a;,b;) = A(aj,b;) for all
a#binBandi,j <n.

Proof. Fix 4,7 < n and apply the Definition 1.1 to the partial map
a; — a; (a € A) obtaining an uncountable A; C A such that
A(ai, b)) < A(aj,b5). Applying Definition 1.1 to the inverse map
aj — a; (a € Ap) will give us an uncountable 4; C A such that
A(ai, b;) = A(aj,bj). Repeating this procedure successively for every
pair %, 7 < n, we reach the conclusion of Lemma 1.4. O

1.5 Definition. An Aronszajn tree T is irreducible, if T < U for every
uncountable downward closed subset U of 7.

3STRT®---®T (n times), is defined as the set of all n-tuples of elements of T
of equal heights equipped with the coordinatewise ordering.



6 STEVO TODORCEVIC

The following Lemma gives us the first important information about
the class of Lipschitz trees.

1.6 Lemma (*). Every Lipschitz tree is irreducible.

Proof. Let T be a given Lipschitz tree and let U be an uncountable
downwards closed subset of T. We assume that every ¢t € U has exten-
sions in U in all levels above ht(¢) and will use (*) to produce a map
witnessing T' < U.

Let P be the poset of all partial finite Lipschitz maps from 7" into
U. It suffices to show that P satisfies the countable chain condition.
So let pe (6 < wy) be a given sequence of elements of P. We may
assume that for every £ < n < wi, pe and p, agree on the intersection
of their domains. Let a¢ be the projection of dom(p¢) \ (T [ £) * on the
&th level T; of T, and let be be the projection of rang(pe) \ (T [ £) on
the &th level of T'. Note that if m, is the cardinality of a; and ng the
cardinality of b, then mg > ng. Let

h(€) = max{A(s,t) +1:s,t € ag Ubg, s # t}.

Note that if £ is a limit ordinal, A(£) is smaller than &, since we are
working under the implicit assumption that our trees have the prop-
erty that different nodes on the same limit level have different sets of
predecessors. By the Pressing Down Lemma, there is a stationary set
I’ of countable limit ordinals such that h is constantly equal to o on
I'. Refining I', we may assume that for some a,b C T}, as [ @ = a
and b [ o = b for all £ € I'. Moreover, we may assume that for some
m and n and all £ € T', mg = m and nge = n. Let ag() (¢ < m)
and b¢(i) (¢ < n) be a fixed enumeration for all £ € I'. Note that p
naturally extends to a map from a¢ into b and this in turn induces a
map from m onto n. We assume that this map from m onto n does not
depend on £ in I'. Applying a standard Lemma about Aronszajn trees
(see [10, 5.9]) we go to an uncountable set €2 such that for all £ # n
in €, every node of ag U b is incomparable to every node of a, U b;,.
Now, we apply the assumption that 7" is a Lipschitz tree via Lemma
1.4 to obtain an uncountable subset ¥ of 2 such that for all £ # n
in 3%, Alag(0), ay(0)) = Alag(7), an(7)); Albe(k), by (k) = Albe(1), by (1)
for all 7,5 < m and k,l < n. We claim that r = p U p, is a Lipschitz
map for all §,n € ¥. For, if 2,y € dom(pe) Udom(p,) are either in the
root, or they both come from dom(p¢) or dom(p,), or they project to
ae(7) and a,(j) with ¢ # j, then the inequality A(r(z),r(y)) > A(z,y)
follows from the corresponding inequality for p, and p,. If they project

AT | ¢ is the union of the first ¢ levels of T.
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to ag(i) and a,(j) respectively with i = j, then we in fact have the
equality A(r(z),r(y)) = A(z,y). This completes the proof. O

The following fact shows that Lipschitz trees have a representation
that is quite convenient to work with.

1.7 Lemma (*). Every Lipschitz tree T is isomorphic to a downward

closed subtree U of the tree of all maps from countable ordinals into w
such that {¢€ € dom(z)Ndom(y) : (&) # y(&)} is finite for all z,y € U.

Proof. Define P to be the poset of all finite partial functions p from
T X wy into w such that the following holds for all z # y in domgy(p) =
{t €T : (t,a) € dom(p) for some a}’:

(1) p(z, &) = p(y, &) for all £ < A(z,y),
(2) p(=,&) # p(y, &) for £ = Az, y).

We let p extend g, if p extends ¢ as a function, and

(3) p(z,€) = p(y, &) for all 2,y € domg(g) and & < ht(z), ht(y) with
the property that & ¢ dom,(q).
It is clear that a sufficiently generic filter will give us the desired embed-
ding, and so we concentrate on showing that P satisfies the countable
chain condition.
So let ps (6 < wy) be a given sequence of elements of P. Let a; be
the projection of domy(ps) onto the dth level of 7" and let

h(6) = max{A(s,t) +1:s,t € a5, s # t}.

Then there is a stationary set I' of countable limit ordinals on which
the mapping h, as well as the mapping § — dom(ps) N (T [ 6) x § is
constant. Let o and F' be these constant values respectively. We may
assume that all as’s project to the same set a on the ath level and all
Ps’s generate isomorphic structures over o, @ and F'. Thus, in particular
we want that the isomorphism between the p;’s (6 € T') respects a fixed
enumeration as(i) (i < n) of as, where n is the common cardinality of
these sets. As in the previous proof, we find an uncountable subset ¥
of I such that for all v # § in X:

(4) a,(¢) and as(j) are incomparable for all 4, j < n,

(5) A(a,(7),as(i)) = A(ay(4), as(j)) for all 4,5 < n.
We claim that p, and ps are compatible in P. By (5), we have an
ordinal 8 smaller than both v and ¢ such that

A(ay (i), as(2)) = B for all i < n.
Define r € P by letting its domain be

dom(p,) U dom(ps) U {(t, B) : t € domg(py) U domy(ps), ht(t) > £}
Let dom;(p) = {£€ € wy : (t,&) € dom(p) for some t € T'}.
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and letting (¢, 5) = 0 if ¢ € domy(p,), ht(t) > B and r(t,5) = 1 if
t € domg(ps), ht(t) > B. Note that r is indeed a member of P, as
it clearly satisfies the conditions (1) and (2) above. It is also easily
checked that r extends both p and ¢, i.e. r(z,&) = r(y,&) for all
z,y € domgy(p) or z,y € domy(q) and & is equal to S, the only new
member of dom; (7). This finishes the proof. O

Lemma 1.7 gives us an explanation of why Lipschitz trees, that one
can define without appealing to additional axioms of set theory, are
almost always coherent, i.e. given as a family of functions from count-
able ordinals into w which can disagree on at most finitely many argu-
ments.% This will give us yet another reason for studying the class of
coherent trees, which now appears much less special than initially con-
ceived. The profusion of Lipschitz maps on coherent trees is perhaps
best explained by the following general fact.

1.8 Lemma. The square of every special” coherent tree T can be cov-
ered by the graphs of countably many Lipschitz functions.

Proof. Tt suffices to show that if f : D — T is a level-preserving map
from a subset D of T which intersects a given level of 7" in at most one
point, then D can be decomposed into countably many sets, on which
f is Lipschitz. Let a : T — w be a fixed map such that a(s) # a(?),
whenever s <p t and such that a is one-to-one on levels of 7. For
te D, let

F,={f €w : £=ht(t) or £ <ht(t) and t(&) # f(t)(£)}-
Then F; is a finite set of ordinals. Let p; : F; — w and ¢; : F} — w
be defined by

pe(§) = a(t [ §) and ¢(&) = a(f(¥) [ £)-
It suffices to establish the inequality

A(f(s), f(1)) = A(s, )
for s,t € D with the properties: a(s) = a(t), a(f(s)) = a(f(t)) and
both p, and p; as well as g, and ¢; are compatible functions.

So let & = A(s,t). Then a < ht(s), ht(t), since s and t (as well as
f(s) and f(t)) are incomparable in 7', as they are mapped by a to the
same integer. By our choice of parameters, F;Na = F;Na and f(s) and
f(t) agree on this set. From the definition of Fy and F}, we conclude
that f(s) and f(¢) must agree below «, and so A(f(s), f(t)) > «. This
finishes the proof. O

6The only Lipschitz tree known to us, which is not given in this way, is the tree
T(po) of [11].
TA tree is special, if it can be covered by countably many antichains.
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Note also the following fact which follows from the proof of Lemma
1.8.

1.9 Lemma. A coherent tree T is Lipschitz if and only if every un-
countable subset of T contains an uncountable antichain.

2. SHIFTS OF TREES

In this section we assume that trees T are represented in such a way
that its elements on a given level a are simply functions from « into w.
A tree is uniform if it contains all finite changes of its elements. More
precisely, if there is a £ < w such that rang(¢) C k for all t € T, then
one can define the uniform k-closure T of T' as the set of all s : « — k
for which we can find ¢ € T,, such that {£ < a : s(§) # t(£)} is finite.
Thus, a tree is uniform, if it is equal to its w-closure, but we shall use
this word to even cover the case when the tree is equal to its k-closure
for k£ not necessarily equal to w. In fact, it will be clear from below
that the crucial information found in this paper is not changed if we
assume that we are working with uniform trees only, an assumption
which we choose not to make.

Let A denote the set of all countable limit ordinals including 0, and
for a positive integer n, let A+n={A+n: e A}

2.1 Definition. For an integer m and a tree T', we let 7™ be its mth
shift, the downward closure of {¢#™ : ¢ € T | A}, where for a limit
node t of T we define

t (&) = t(¢ — m),
and we let (™) (£) = 0, if m is positive and the largest limit ordinal < ¢

is less than m steps away.

2.2 Remark. Note that a positive shift 7™ of any Lipschitz tree T
is Lipschitz and that the map t — ¢(™) is a strictly increasing map
from T into T . Tt follows that 7 < T for all m > 0. Note also
that for nonnegative integers m and n,

Tm+n) — (7))
holds. Therefore we have that 7™ < T for every pair of nonnegative
integers m and n such that m < n.
2.3 Lemma. If T is a Lipschitz tree, then T™ < T™ for every pair

of nonnegative integers m and n such that m < n.

Proof. Suppose m < n are nonnegative integers and consider a level-
preserving map f : 7™ — T For each countable ordinal §, pick a
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representative t5 from the dth level of T and let s; € Ts be such that

) = o

By Lemma 1.4, there is an uncountable set I" of countable limit ordinals
such that A(t,,t5) = A(sy, ss) for all v,6 € T, v # 6. Choose v # §
in I such that o = A(t,,t5) = A(s,, ss) is smaller than both v and §
(i.e. t, is incomparable to ¢; and s, is incomparable to ss). Then

A(tgn),tg")) =a+n>a+m= A(ng),s((sm))-

This shows that f is not a Lipschitz map, finishing the proof. O

The following Lemma reveals that in the realm of Lipschitz trees,
T® is indeed the minimal tree above 7.

2.4 Lemma (*). For every pair S and T of Lipschitz trees, S < T
implies SO < T.

Proof. Choose representatives s; € S5 (0 < wy) and t5 € Ty (§ < wy).
In §5 (Lemmas 5.2 and 5.3) we show that there is an uncountable set I’
of countable limit ordinals such that A(s,, s5) < A(t,,ts) for all v # 6
in I'. We have already seen above in the proof of Lemma 2.3 that

A, 88) = A(sy, 55) + 1< A(ty, t5)

for all v # ¢ in I'. Applying again Lemma 5.2, we conclude that
S <. O

It follows that (under (*)) for every Lipschitz tree T', the chain
T™ (n € N) of positive shifts is really an N-chain, i.e. its convex
closure inside the class of Lipschitz trees is isomorphic to N as an or-
dered set. In §8 we shall show, assuming a natural conjecture in this
context (which is in fact equivalent to Shelah’s conjecture [9]), that
for every Lipschitz tree T, the gap (T,7()) is actually a gap in the
class of all Aronszajn trees, so in this context the convex closure of
T™ (n € N) in the class of all Aronszajn trees is isomorphic to N. The
case of negative shifts is a bit more subtle though we shall see that
they do behave as expected.

2.5 Definition. A tree T is orthogonal to a set of ordinals I, if there
is an uncountable subset X of 7" such that A(z,y) ¢ I' for all z,y € X,

x#y.

2.6 Lemma. Suppose that n < m < 0 and that T s a Lipschitz tree
which is orthogonal to A+ k for all 0 < k < |n|. Then T™ and T™
are also Lipschitz and T™ £ T™,
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Proof. We shall only show that 7™ £ T™), since the argument will
also contain the proof that 70" and 7™ are Lipschitz. For each 0 <
k < |n|, we choose an uncountable X; C T such that A(z,y) ¢ A+ k
for all x # y. We may assume that for some fixed I' C A, each set X
is really a level-sequence of the form t5(k) (0 € I'). Applying Lemma
1.4 to (ts(k) : 0 < k < |n|) (§ € T'), we get an uncountable set [y C T’
such that for all v # ¢ in I" and 0 < j, k < |n|, we have

A(ty(4), ts(5)) = Aty (k) ts(k)).
Let t; = t5(0) for 6 € I'y. This gives us an uncountable level-sequence
with the property that A(¢,,t5) ¢ A+ k for all v # § in [y and
0<k<|n|
Consider a level-preserving map f : T — T and for each
v €T find s, € T, such that

(m)y = g(n)
f(t'y )_S'y :

Applying Lemma 1.4 again, we find an uncountable I'y C I'y such that
A(sy,85) = A(t,,ts) whenever v # 0 are chosen from I'y. Consider
v # ¢ in Iy such that o = A(s,, s5) = A(t,,t5) is smaller than both ~
and §. Let A\ be the maximal limit ordinal below a. Then a > A + |n|,
so the ordinals oo + m and « + n are well-defined and > . Note that

A(tfrm), t((sm)) =a+m>a+n= A(sg"), 5((5”))-
This shows that f is not a Lipschitz map and finishes the proof. [

The following result summarizes what has been shown so far about

the shift operation on the class of Lipschitz trees.
2.7 Theorem (*). For every Lipschitz tree T which is orthogonal to
A+ k for all k > 0, the shifts T™ (n € Z) form a family of Lipschitz
trees with the following properties:

(1) Tmtn) = (Tm)m),

(2) T < T iff n < m,

(3) there is no Lipschitz tree S such that T™ < S < T+ for some

n € Z.

2.8 Lemma. There exists a coherent Lipschitz tree that is orthogonal
to A+ k for every nonnegative integer k.

Proof. Let Cy =0, Coy1 = {a} and for a € A\ {0}, choose C, C a of
order-type w such that if £ € C, and k = |C,NE|, then E = A+ k+1,
where A is the maximal ordinal < €. The sequence C, (o < wy) is then
used to define the walk from any countable ordinal S to some smaller
ordinal « as follows: =y — /1 — ... — B, = a, where

Biv1 = min(Cp, \ @) (1 < n).
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The weight w(f;, Biy1) of the step B; — Biy1 in the walk from § to « is
defined to be equal to the cardinality of the set Cg,Nae = Cg,NB;1. This
allows us to define, for every S < wy, a function ¢ : 5 — 2 by letting
tg(a) = 1 iff the last step of the walk from § to « is of maximal weight.
The following facts are easily established by induction on o < 8 < w;
(see [14, 1.67-1.72]):

(a) supp(tg) N (A + k) is finite for all ¥ < w,

(b) to =" ts | o, whenever a < 8 < wy,

(c) there is no ¢ : w; — 2 such that ¢ [ a = ¢, for all @ < w;.
It follows that if we let T be the uniform 2-closure of the collection

{tg [ @ : @ < f < wi}, we get a tree satisfying the conclusion of
Lemma 2.8. U

2.9 Theorem. There is a uniform coherent Lipschitz tree T so that
the corresponding shifts T™ (n € Z) are all uniform, coherent and
Lipschitz and moreover T™™ < T™ holds whenever m < n.

Proof. By Lemmas 2.3,2.6 and 2.8 it remains to show that if T is the
tree of Lemma 2.8, then T < T whenever m < n < 0. Let

S={teT:t(¢) =0foral{edom(t)n J A+k}.

k<|m|

Then S is a downwards closed subset of T" with the property that
Stm) = 7(m) Qo it suffices to observe that t™ — ¢ (t € S [ A) is a
(partial) Lipschitz map from S into S™ C T, O

2.10 Remark. This shows that the class C of Lipschitz trees is not
well-quasi-ordered under <. Therefore it answers a question of Laver in
[6], who asked whether the larger class A is well-quasi-ordered under a
stronger quasi-ordering. The question can also be negatively answered,
if one produces an infinite antichain in (4, <). This will be done in the
next section.

3. INCOMPARABLE TREES
In this section, we shall utilize the following slightly stronger version
of Theorem 2.9:

3.1 Lemma. There is a sequence S™ (n € Z) of uniform coherent

Lipschitz trees such that if n < m and U is an uncountable downwards
closed subtree of S, then U £ S™.

Proof. Note that in the proof of Lemma 2.6, the representative t5 of
the dth level can be chosen in the subtree U. O

8Here, =* denotes the equality modulo a finite set.
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From now on, we fix a sequence S™ (n € Z) of uniform coherent
Lipschitz trees satisfying Lemma 3.1 and for each n € N and § € A,
we pick a representative z§ from the dth level of S (). For each 6 €
A\ {0}, we fix a decomposition 6 = [J;2, I} such that for each k, If is
a nonempty closed-open interval of ordinals with

sup(I§) = min(I; 1),
the ordinal that we are going to denote by &;. Thus, {d,} is a strictly
increasing sequence converging to 9.
3.2 Definition. For I' C A, let T(T") be the collection of all mappings
t: a — w, where a < w; such that either ¢t € S™ for some n € N,
or there exist 6 < « in I, integers [,m € N, nodes y;, € Sc(f) and
2k € S(g:) (k < m) such that

m—1 00
t=(Ja 1 Hu s 1 vy 1[5,
k=0 k=m
Clearly, T'(T') is an Aronszajn tree for all ' C A.

3.3 Lemma. If X,Q C A are such that the difference ¥\ Q is a sta-
tionary subset of wy, then T(X) £ T(Q).

Proof. Suppose X\ Q is stationary, yet there is a strictly increasing
mapping f : T(X) — T(2). As before, we may assume that f is also
level-preserving. For 6 € 3\ ©, we choose a representative ts of the
dth level of T'(X) of the form

m—1 00
to=(J 2 150 U a5, 175)
k=0 k=m
for some choice of m = m(5) € N and 2§ € Sé:) (k < m). Since f(t;) is

a member of the dth level of T'(2), it allows a decomposition according
to Definition 3.2:

m—1 [e’s)
fts) =z r1Hu (Y =k 115 uys 11€,96)
k=0 k=m

for some choices of m = m(d) € N, 1 =1(6) € N, ¢} € Sgl), & = &(9)
inQN@0+1)=0QnNyg, ka € Sg:) (k < m), and v} € S(gl). By putting
some z;’s and Zg s to be equal to x5’s and xf ’s respectively, we may
assume that m(6) = m(d) > I(d), and that dp@s)—1 > £(0). By the
Pressing Down Lemma, there is a stationary set I' C X \ Q so that all
the mappings are constant on I'. Let m,[,&,6; (k < m), 2% (k < m)
and z* (k < m) be the corresponding constant values. Since I is a
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stationary set, we can find an integer n > m and an uncountable set
'y C T such that:

(i) 6 — 0k (k < n) are all constant on ['y.
(ii) 0 —> 0y, is strictly increasing on I'y.
Let U be the downward closed subtree of S generated by the set {z§ -
§ € Ty} and let V be the downward closed subtree of S*) generated by
{y : 6 € [p}. Shrinking Iy, we assume that
025, [0p—1 and 6 — Y5 T 6nn
are constant mappings. Define g : U — V by

9(t) = f (a5, I dom(?))
for some choice of € I'g such that z§ extends ¢. Since f is increasing,

f(z5, I dom(t)) = f(af, | dom(t))
for every pair 7,0 € I'g for which 27 and zj both extend ¢, so the
definition does not depend on the choice of the extension zj of ¢. The
same argument shows that g, defined in this way, is strictly increasing.
Since n > I, this contradicts the fact that the sequence S® (k € N)
satisfies the conclusion of Lemma 3.1. This finishes the proof. O

3.4 Theorem. There is a family of size 2% of pairwise incomparable
Aronszajn trees.

Proof. Choose a family F C P(A) of size 2™ such that 3\  is station-
ary, whenever ¥ and ) are distinct members of F. Then, T'(X) £ T(9)
and T(Q2) £ T(X) for every pair ¥ # Q in F. O

Starting from a family F of N;-many pairwise disjoint stationary
sets, there is a natural way (see e.g. [10, §5]) to fuse T'(X) (X € F)
into a single Aronszajn tree with the following extreme property that
can be considered as a culmination of one line of work on Kurepa’s
isomorphism problem (see [5, §10.4] and [4]).

3.5 Theorem. There is an Aronszajn tree with no nontrivial strictly
increasing self-maps. O
4. AN ULTRAFILTER FROM A LIPSCHITZ TREE

Recall the definition of the distance function A : 7?2 —» w on a tree
T of height wy. For X C T, let

AX) ={A(z,y) 12,y € X,z # y}.
We use this notation to describe a family of subsets of w; as follows:
UT)={T Cw; :T D A(X) for some uncountable X C T}.
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4.1 Lemma. The family U(T) is a uniform filter on wy for every Lip-
schitz tree T.

Proof. Given two uncountable subsets X and Y of T', we need to find
an uncountable subset Z of T such that

AX)NA®Y) D A(Z).

By the assumption about 7', it is clear that we may replace X and Y
by two level-sequences x5 (0 € ') and ys (6 € I') indexed by the same
uncountable set I' of limit ordinals. Moreover, we may assume that
the x;’s and y;’s are all pairwise incomparable (see Remark 1.2(2)).
Apply Lemma 1.4 to the subset (zs5,ys) (6 € T') of T ® T and obtain
an uncountable set X C I'" such that

Az, x5) = Ay, ys) for all v, € 3,y # 6.

So we can take Z to be any of the sets {z5: d € X} or {ys : 6 € L}.
This finishes the proof. O

Rather unexpectedly, using a natural additional assumption, the fil-
ter U(T) is in fact an ultrafilter:

4.2 Theorem (*). For every Lipschitz tree T, the filter U(T) is in fact
an ultrafilter.

Proof. Let I" be a given subset of w;. We need to find an uncountable
subset X of T"such that A(X) is included in either I or its complement.
Let P be the poset of all finite subsets p of T that take at most one
point from a given level of 7" such that

A(p) ={A(z,y) : v,y € p,x #y} CT.

If P satisfies the countable chain condition, then a straightforward
application of (*) gives an uncountable X C T such that A(X) CT.
So let us consider the alternative that P fails to satisfy this condition.
Let ps (0 < wy) be a sequence of pairwise incomparable members of
P. Reenumerating, we may assume that every node of a given ps has
height at least d, so we can define a5 =projection of ps on the dth level
of T. For § € A, let

h(6) ={A(z,y) +1: 2,y € ag,x # y}.

Find stationary Q C A such that h is constant on €. Let & be the
constant value of h. Going to an uncountable subset of (2, we may
assume that all a5 (6 € Q) are of equal size n and that they are given
with an enumeration ag(i) (i < n). Moreover, we may assume that
a,(i) 1 € = ag(i) | € for all 7,6 € Q. Applying Lemma 1.4, we obtain
an uncountable ¥ C (2 such that for all v # ¢ in X:
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(1) a,(¢) and as(j) are incomparable for all 4, j < n,

(2) Alay(2), a5(2)) = Alay(4), a5(7)) for all 4,5 < n.
It follows that for all v # § in 3:

(3) Alpy Ups) = Alpy) U A(ps) U {A(ay(0),a5(0))}-
Since A(p,) and A(p;) are subsets of I', A(a,(0),as (0)) ¢ ' must
hold. Giving rise to an uncountable set X = {as(0) : § € X} with the
property that A(X) NI = (). This finishes the proof. O

5. COMPARABILITY OF LIPSCHITZ TREES

Throughout this section, we assume (*) and examine the behaviour
of the quasi-ordering < in the domain of Lipschitz trees. For the time
being, fix a pair S and T of Lipschitz trees, and for each § < wy, fix
representatives ss and ts; from the dth level of S and T respectively.
This gives us two mappings

A, [wi]? — wp and Ay : [wi]? — wy
defined as follows:

Ag(, B) = A(sq, sp) and Ay(a, B) = A(ta, ts)-

For T' C wq, we let Ay(T) = {As(e, 8) : o, B € T, # B} and Ay(T) =
{A(e, B) : , B € T, # B}. The argument from the previous section
yields the following useful description of ¢(7") which in fact does not
need (*) nor any other additional set-theoretic assumption.

5.1 Lemma. For every I' € U(T) and uncountable QQ C wy there is an
uncountable ¥ C Q such that Ay(X) CT. O

It follows that A;(X) (X C w; uncountable) generates the filter U(T).

5.2 Lemma (*). The following are equivalent for every pair S and T
of Lipschitz trees:
(1) S<T,
(2) there is an uncountable I' C wy such that Ay(a, B) < Ay, B) for
alla,pel’, a# 3,
(3) for every uncountable ¥ C wy there is an uncountable T' C 3 such
that Ag(a, B) < Ay(a, B) for all a, B €T, a # B.

Proof. Suppose we are given a strictly increasing level-preserving map
f:S — T. Apply Lemma 1.4 to (t5, f(ss)) (6 € w1) and obtain an
uncountable I' C w; such that for all vy # 4:

(1) ty and ts are incomparable,
(2) f(sy) and f(ss) are incomparable,

(3) Alty,ts) = A(f(sy), f(s5))-
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Clearly, this I' satisfies (b). This shows that (a) implies (b) and sim-
ilarly that it implies (c¢). Note that clause (b) simply says that the
map s; — t5 (6 € I') is Lipschitz and it therefore extends to a strictly
increasing map from the downward closure Sy of the set {ss : § € '} in
S. By Lemma 1.6, S < Sy < 7T. This shows that (b) implies (a) and
finishes the proof. O

5.3 Lemma (*). The following are equivalent for every pair S and T
of Lipschitz trees:
a) T4 S,
(b) there is an uncountable T' C wy such that As(a, 8) < Ay, B) for
alla, e, a# B,
(¢) for every uncountable X C wy there is an uncountable I' C ¥ such
that Ag(a, B) < Ay(a, B) for all a, B € T.

Proof. To see that (a) implies (b), let P be the poset of all finite p C w;
such that

(1) Ay(a, B) < Ag(a, B) for all o, B € p, a # .
If P would satisfy the countable chain condition, an application of (*)
would give us an uncountable set I' C w; such that A(a, 8) < Ag(a, B)
for all a,8 € T, a # B which by Lemma 5.2 would give us T < S,
contradicting (a). So let ps (6 € wy) be a given sequence of pairwise
incompatible members of P. We may assume that min(ps) > § for all
0 € wy. For 6 € wy, let

as={se [0:£€ps} and by = {te [ 6 : & € ps}.

For § € A, let h(6) be the maximum of all ordinals that have the form
Alz,y)+ 1, z,y € as, x # y and A(z,y) + 1, z,y € bs, v # y. Find
a stationary 0 C A such that h is constant on  and let £ be the
constant value. Shrinking €2, we may assume that all a5 (§ € §2) are
of some fixed size m, and that all b; (§ € Q) are of some fixed size n.
Let as(2) (1 < m) and bs(j) (j < n) be fixed enumerations. Applying
Lemma 1.4, we can find an uncountable ¥ C €2 such that for all v # §
in 3

as(i) | € for all i < m,
5() € for all i < n,
and as(j) are incomparable for all i, j < m,
(2) and bs(j) are incomparable for all i, j < m,
(a,(2),a5(2)) = Alay(4), as(j)) for all ¢, j < m,
(7) A(by(2),b5(2)) = A(by(4), bs(4)) for all 4,5 < n.
Consider v # 6 in X. Then p, U ps fails to satisfy condition (1), i.e.
there exist £ € p, and 1 € p; such that A(se, s,) < A(te,t,;). Let

¢
3 €=

(

(4
(5
(6
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se [ v =a,(1), sy [ 0 = as(j), te [ v=10,y(k) and ¢, [ 6 = bs(l). Using
(2),(3),(4) and the fact that p, and p, satisfy (1), we conclude that
i =j and k = [ and therefore, by (6) and (7), we have the following:
(8) Alay(0),a5(0)) = Alay (), as(i)) < Alby(K), bs(k)) =
= A(b(0), b5(0)).

Of course, we may assume that the enumerations of as and bs are
given in a way such that if £(0) = min(ps), then s¢5) [ 6 = a5(0) and
te) [0 = bs(0) for all § in X. Let I' = {£(6) : 6 € '}. Then T' satisfies
clause (b), finishing thus the proof that (a) implies (b). Similarly, one
proves that (a) in fact implies (c). The implication from (b) to (a)
follows from Lemma 5.2. This finishes the proof. O

Finally, we are in a situation to state the main result of this section.
5.4 Theorem (*). Every two Lipschitz trees are comparable.

Proof. Suppose we are given a pair S and 7 of Lipschitz trees such
that T 7{_ S. By Lemma 5.3, there is an uncountable I' C w; such
that As(a, 8) < Ay(a, B) for all a, 8 € T, a # . By Lemma 5.2, we
conclude that 7" < S. This completes the proof. O

5.5 Remark. This result shows that, under (*), coherent trees are
totally ordered by <. This in turn shows that the construction of
§3 which combines a number of different coherent trees into a single
Aronszajn tree in order to produce a pair of incomparable trees is in
some sense necessary. More on the necessity of the approach of §3 will
be seen below (see Theorem 7.7).

Recall the definition of the functor 7' —— U(T'), whose domain is
the class of Lipschitz trees and whose range is the space of all uniform
filters on w; (see §3). The following result shows that T —— U(T) is
a reduction of the equivalence relation = on the class of all Lipschitz
trees to the equality relation on the space U (w;) of uniform ultrafilters
on ws.

5.6 Theorem (*). The following are equivalent:
(a) S=T,
(b) U(S) =U(T).

Proof. Assume S =T. Applying Lemma 5.2 twice, we get an uncount-
able set I' C w; such that Ag(a, 8) = Ay(a, ) for all a, B € T, a # B.
Now, the equality U(S) = U(T) follows from Lemma 5.1. Assume now
that, say, T £ S. By Lemma 5.3, there is an uncountable set I' C w;
such that Ay(a, B) < Ay(a, B) for all a, 8 € T, a # 5. Let P be the
poset of all finite p C T such that A;(p)NAy(p) = 0. It suffices to show
that P satisfies the countable chain condition. To see this, consider a
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sequence p; (0 < wq) of elements of P. Going to a delta-system and
noting that the root can’t contribute to the incomparability, we may
assume that all ps’s are pairwise disjoint and in fact that min(ps) > 0
for all 6. Working as in the proof of Lemma 5.3, we define as, bs and
h and obtain €, £ and then an uncountable ¥ C Q such that (2)-(7)
hold. It follows that for all ¥ # ¢ in X, we have:

(8) As(pyUps) = As(py) UAs(ps) U {A(ay(0), a5(0))},

(9) Ai(py Ups) = Ai(py) U As(ps) U {A(D1(0),05(0))}-
We may assume that our enumerations are chosen in such a way that
if £(9) = min(ps), then
(10) ses) [0 = as(0) for all § € X,
(11) tg(g) [0 = 65(0) for all § € X..
It follows that for all v # § in 3:
(12) A(ay(0),as(0)) = As(£(7),£(8)) < Ae(€(7),€(6)) =

A(b,(0), b5(0))-

This together with (2)-(7) and (8),(9) gives the desired conclusion that
py and ps are compatible in P for some (all) v # ¢ in ¥. This finishes
the proof. O

5.7 Remark. Note that the implication from S =T to U(S) = U(T)
needs neither (*) nor any other additional assumption.

5.8 Theorem (*). Two uniform Lipschitz trees which have the same
branching degrees are isomorphic if and only if they are equivalent.

Proof. If S = T, then by Lemma 5.2, there is an uncountable set
[' C w; such that A; and A; agree on pairs from I'. Let P be the
poset of all partial finite level-preserving isomorphisms p from S into T’
which extend to isomorphisms between downward closures of dom(p)
in S and rang(p) in 7. Using the agreement of A; and A; on I' and
the argument from the proof of Lemma 5.3, one shows that P satisfies
the countable chain condition. The uniformity of the trees S and T are
used to show that all sets of the form

D,={peP:zedom(p)} (z €59),

Ey={peP:yecrang(p)} (yeT)

are dense open in P. A filter of P which intersects all these sets gives
us the required isomorphism between S and T. O

5.9 Remark. The Schroeder-Bernstein phenomenon encountered in
Theorem 5.8 does not hold in the wider class of all Aronszajn trees.
To see this, let 7™ (n € Z) be the sequence of Lipschitz trees from
Theorem 2.9 and let S be the free sum of T+ (k € Z) with a root
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attached to them, and let T be the free sum of T**) (k € Z) again
with a root attached to them. It is clear that S < T and T' < S and it
is easily checked that S and 7' are not isomorphic.

6. EQUIVALENCE OF ULTRAFILTERS

In this section, we give a more detailed analysis of the functor 7" ——
U(T) on the class C of Lipschitz trees.

6.1 Definition. Two Lipschitz trees S and T" are A-equivalent on some
set of ordinals I', if there are level-sequences s, € S, (o € I') and
ta € T, (o € T') such that for every triple «, 3,y of elements of T,

(6.1) A(sq, 58) > A(sq, 8) iff Ata,ts) > Alta, t,).

6.2 Lemma (*). Every pair of Lipschitz trees S and T is A-equivalent
on some uncountable set of levels.

Proof. Fix level-sequences s, € S, (o € wy) and t, € T, (o € wy). Let
P be the set of all pairs p = ([, C,) such that S and T are equivalent
on I, as witnessed by the fixed level-sequences and such that for all
a,Be€l and £ € C),

(6.2) A(sa, 55) < € iff A(ta, tg) < E.

We let P be ordered by coordinatewise inclusions. To see that P is
a proper partial ordering, note that if M is a countable elementary
submodel of some large-enough structure of the form (H(6), €) then
for every p € P N M, the extension ¢ = ([',,C, U{M Nw,}) is an
M-generic condition of P. Note also that a condition of the form
({&},{€}), where £ = M N w; for such a model M forces that the
unions of both projections of the generic filter are uncountable. Hence
an application of (*) gives us the conclusion of Lemma 6.2. O

6.3 Definition. Suppose that ¢ is a partial map from w; into w; and
that T is a given tree represented as a family of functions as in §2.
Then the g-shift of T, denoted by T is the downwards closure of
{t9) .t € T 1 Q}, where Q = {0 < w; : ¢"6 C 6} and t\9 is defined by

t9(€) = t(9(6))
if £ € dom(g); otherwise ¢\9) (&) = 0.

In §2 we considered the shifts 79 for maps of the form g(¢) = € —m,
but it should be clear that the arguments from that section are sufficient
to give us the following facts:
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6.4 Lemma. If g is a partial strictly increasing map on wy, and if
rang(g) € U(T) for some Lipschitz tree T, then the g-shift T\9) is also
a Lipschitz tree. ]

6.5 Lemma. Suppose that T is a Lipschitz tree and g is a strictly in-
creasing partial map on wy such that rang(g) € U(T). If g is regressive’
then T £ T. On the other hand, if g is expanding'® then T £ T,
L]

6.6 Remark. Note that if ¢ is a strictly increasing regressive partial
map on w; such that rang(g) = wy, then 7' < T9) holds for every Lip-
schitz tree T'. This observation can be used to construct both strictly
increasing and strictly decreasing w;-sequences of Lipschitz trees.

6.7 Theorem (*). For every pair S and T of Lipschitz trees, there is
a strictly increasing partial map g on wy such that S = T).

Proof. By Lemma 6.2, we have an uncountable I' C w; on which S and
T are A-equivalent for some choice of level-sequences s, € S, (o € T)
and t, € T, (o € T'). Define

g :{A(sq,88) 1, €, a# B} — {A(ta,t5) o, €T, # B}

by letting g(A(sq,S)) = A(ta,ts). By (6.1), this is a well-defined
strictly increasing partial map on w; such that dom(g) € U(S) and
rang(g) € U(T). Let Q = {6 < wy : ¢"d C 6}. Assuming that
{84 : @ € T'} and {t, : a € I'} form antichains, then replacing each s,
and t, by their extensions on the d(«)th level of S and T respectively,
where () = min(Q\«+1), and finally replacing I with {§(«) : @ € T'},
we may assume that I' is actually a subset of ). By Lemma 6.4, the
shift 79 is a Lipschitz tree and ¢ (o € T') is its level-sequence such
that

(6.3) A9, t(ﬂg)) = A(Sa,55) for all a, B € T, # .
By Lemma 5.2 we conclude that S = T%9. This finishes the proof. O

6.8 Corollary (*). For every pair S and T of Lipschitz trees, there is
a strictly increasing partial map g on wy which maps U(S) into U(T).

Proof. By Theorems 5.6 and 6.7 we may assume that in fact S = 7
for some strictly increasing partial map g on w; with rang(g) € U(T).
Now note that dom(g) € U(T9)) and that ¢"A € U(T) for every A €
U(T(g))- O

e. g(&) < & for all £ € dom(g).
0Te. g(€) > € for all £ € dom(g).
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7. COINITIALITY AND COFINALITY

In this section we show that the chain C of Lipschitz trees is cofinal
as well as coinitial in (A, <).

7.1 Lemma (*). For every Aronszajn tree S, there is a Lipschitz tree
T such that S <T.

Proof. Let P be the set of all finite partial functions p from S X w; into
w such that:

(1) &€ < ht(x) for all (z,&) € dom(p),
(2) p(z,€) = p(y,§) for all (z,¢), (y,§) € dom(p) with £ < A(z,y).
We let p extend ¢ if p extends ¢ as a function and

(3) p(z,8) = p(y, &) for all (z,&), (y,£) € dom(p) \ dom(g),

(4) p(z,€) # q(x,n) for all (z,n) € dom(q) and (z,£) € dom(p) \
dom(q).

A simple A-system argument (contained in the proofs of Lemmas 1.6
and 1.7 above) shows that P satisfies the countable chain condition, so
an application of (*) gives us a map g from S X w; into w so that its
fibers g,(&) = g(x,&) are total maps from ht(z) into w for all z € S
and such that:

(5) gy : ht(z) — w is a finite-to-one map for all z € S,

(6) A(z,y) < A(gs, gy) for all z,y € S,

(7) {&: 92(€) # gy(&)} is finite for all z,y € S.
It follows that the downwards closure 7" of {g, : x € S} is a Lipschitz
tree and that x — g, is a Lipschitz map from S into 7". This finishes
the proof. O

7.2 Lemma (*). For every Aronszajn tree S there is a Lipschitz tree
T such that T < S.

Proof. Let P be the set of all finite partial functions p from S x w; into
w such that:

(8) & < ht(xz) for all (x,&) € dom(p),
(9) for every pair z and y of incomparable nodes from domg(p), there

is £ < A(z,y) with (z,), (y,€) € dom(p) and p(z, €) # p(y, §).
We let p extend ¢ if p extends ¢ as a function and

(10) p(z, &) = p(y,§) for all (x,&), (y,&) € dom(p) \ dom(g),
(11) g(m,f));«é q(z,n) for all (z,n) € dom(q) and (z,&) € dom(p) \
om(q).

To prove that P satisfies the countable chain condition, we start with
an uncountable subset X of P and perform the A-system argument
from the proof of Lemma 1.6, obtaining two conditions p and ¢ in X
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such that for some € < a < f3, v, ... ,Un € Sg, 80,.--,8, € Sq and
to,-.-t, € Sg we have

(12) every node of domg(p) is either of height < £ or it extends some
si (i < m),

(13) every node of domg(q) is either of height < & or it extends some

4) doml(p) - fU (aa /8) and doml(Q) - fU (ﬂawl)a

5) v; #vj fori # j <n,

6) s; and t; extend v; but are incomparable for all i < n,

7) p and q are isomorphic conditions via an isomorphism that is the
identity on &, v; (4 < n) and maps s; to t; for all i < n.

We claim that such p and ¢ can be amalgamated into a condition r

of P that extends them both. Let & = min{A(s;,¢;) : i < n}. Then

£ < € < a. Let k = max(rang(p)) = max(rang(q)). Let dom(r) be

equal to the union of dom(p), dom(g) and the following two sets:

D = {(z,§) : © € domgy(p), ht(z) > a},

E ={(y,€) : y € domo(q), ht(y) > B}.

Define r by giving it constant value £+1 on D and constant value £+ 2
on E. Note that r satisfies (8) and (9) as well as conditions (10) and
(11) for extending both p and gq.

Applying (*) to P gives us a partial map g : S X w; — w so that if
92(&) = g(z, &) then:
(18) g, is a finite-to-one map from ht(z) into w for all z € S,
(19) A(9z, gy) < A(z,y) for all z,y € S,

(20) {&: 94(&) # gy(&)} is finite for all z,y € S.

It follows that the downwards closure T of {g, : x € S} is a Lipschitz
tree and that g, — x is a partial Lipschitz map from 7T into 5,
witnessing the relation 7' < S. This finishes the proof. O

7.3 Theorem (*). There is no mazimal Aronszagjn tree.

Proof. Given an Aronszajn tree S by Lemma 7.1 we find a Lipschitz
tree T such that S < 7. By Lemma 2.3, T < T, so in particular
S < T, O

7.4 Theorem (*). For every Lipschitz tree T there is a Lipschitz tree
S such that S < T.

Proof. Fix a level-sequence t, € T, (o € wq) in a given Lipschitz
tree T. Let A; : [wi]> — w; be the corresponding distance function
A¢(a, B) = A(ta, tg). For I' C wy, let

At(l—‘) = {At(aaﬁ) : aaﬁ € F,CV 7& 5}
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Let P be the set of all pairs p = (f,, ;) such that:

(21) T’y is a finite subset of wy,

(22) f, is a finite partial strictly increasing map from w; into w; which
can be extended to a total strictly increasing and continuous map
f : w1 — wi so that rang(f) is disjoint from A(I',) and sepa-
rates'! the points of A.(T),).

We order P by coordinatewise inclusion. To show that P is proper,
consider a countable elementary submodel M of some large-enough
structure of the form (H(#), €) such that M contains P, T and the level-
sequence t, @ € wy). Fora given pe PN M let ¢ = (f, U {(5,0)},T}),
where 6 = M Nw;. We claim that ¢ is an M-generic condition of P.
To show this, consider a dense-open subset D of P such that D € M
and an extension r of ¢. We need to show that r is compatible with a
member of DN M. Extending r, we may assume r € D. Let v; (1 < n)
be a one-to-one enumeration of {t, [ § : € I',\ 0}. Let p =rn M.
Then p € PN M and so we can find an extension f : w; — w; of
f7 satisfying (22) for p such that f € M. Let £ € (max(T;),d) be a
fixed point of f. Find a copy 7 of 7 in D N M such that if we let § and
7; (1 < n) be its versions of § and v; (i < n), then

(23) v; [E=17; | Efor all i < n,

(24) v; and v; are incomparable for all i < n,

(25) A(vg,To) = ... = A(vy, Up)-

It is clear that we can combine the function f with the normal functions
witnessing (22) for 7, r and obtain a strictly increasing continuous
function f : w; — w; which fixes £ and witnesses (22) simultaneously
for 7, r and moreover, the ordinal A(wvg, Uy) is not in its range. Since

AT UT,) = Ay(Tr) UA(T,) U{A(vg, o)},

this shows that (f; U f,,I'z UT,) is a member of P witnessing the
compatibility of 7 and 7.

Applying (*) to P gives us an uncountable I' C w; and a closed
unbounded set C' C w; such that C' N AyT") = 0 and C separates the
points of A(T"). For § < wy, let §* be the minimal point of C above 6.
Define

Co={6€C:(4,d")NA) #0}.
Note that for 6 € C, there is only one point of A;(T") in the interval
(0,67). Call this point g(d). This defines a strictly increasing map g

from Cy onto Ay(T). So in particular, rang(g) € U(T). Let S = T
(see Definition 6.3). From Lemma 6.4 we conclude that S is a Lipschitz

i e. between every two members of A4(T',), there is a member of rang(f).
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tree. Since clearly g(§) > ¢ for all 6 € Cp, we conclude that T £ S
from Lemma 6.5. This finishes the proof. O

7.5 Corollary (*). There is no minimal Aronszajn tree.
Proof. This follows from Lemma 7.2 and Theorem 7.4. O

7.6 Corollary (*). The class C of Lipschitz trees is a chain which is
coinitial and cofinal in (A, <) and moreover, it has neither a mazimum
nor Mminimum. L]

In §3, we have seen many pairs of Aronszajn trees S and 7" such that
S LT and T £ S. The trees S and T have been constructed by using
members of some fixed sequence of coherent trees as building blocks.
Can one improve the construction by making S and 7" ’coherently in-
compatible’? The following result answers this question.

7.7 Theorem (*). For every pair S and T of Aronszajn trees there is
a coherent tree U such that U < S and U < T.

Proof. By Lemma 7.2, find two coherent trees Uy and U; such that
Uy < §and U; <T. By Theorem 5.4 we have that either Uy < U; or
else Uy < Up. So U = min{Uy, U;} will satisfy the conclusion of the
Theorem. O

8. THE LIPSCHITZ-MAP CONJECTURE

We have seen above that under (*), for every one-to-one level-pre-
serving map f from an uncountable subset of one Lipschitz tree into
another Lipschitz tree, f or its inverse f~! is Lipschitz on an uncount-
able subset of its domain. In the previous section, we have seen that
in this context, Lipschitz trees are present in any other Aronszajn tree.
So it is quite natural to expect the following regularity of Lipschitz
maps on Aronszajn trees:

Lipschitz-map conjecture:'? If f is a one-to-one level-preserving
map from an uncountable subset of an Aronszajn tree into another,
then f or f~! has an uncountable Lipschitz restriction.

Note that LMC implies that every two irreducible Aronszajn trees
are comparable under <, so one can view LMC as some sort of linearity
conjecture for the class A. The following result shows that combining
LMC with (*) (which can always be done, see [16]), one has consider-
ably more comparabilites inside (A, <).

8.1 Proposition (*). The Lipschitz-map conjecture implies that every
irreducible Aronszajn tree is comparable with any other Aronszajn tree.

121 MC in short.
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Proof. Let T be a given irreducible Aronszajn tree and let S be any
other Aronszajn tree. Let P be the poset of all finite partial level-
preserving Lipschitz maps from S into 7. If P satisfies the countable
chain condition, then an application of (*) would give us a total Lip-
schitz map f : S — T witnessing thus the relation S < 7. So we
are left with the alternative that P fails to satisfy the countable chain
condition. Let X be an uncountable family of pairwise incomparable
members of P. We may assume that X forms a A-system. Remov-
ing the root, which obviously does not contribute to incomparability,
we may in fact assume that dom(p) (p € X) is a family of pairwise
disjoint finite subsets of S, all of some fixed size n. For p € X, let
si(p) (i < n) enumerate dom(p) and let ¢;(p) = p(s;(p))(i < n). Apply-
ing the A-Lemma again, we obtain an uncountable subfamily )Y of X
such that

{A(s,t) : s #1 € dom(p)} U{A(p(s),p(t)) : s #t € dom(p)} (p € V)
forms a A-system. Shrinking Y further, we may assume that if « is an
upper bound of the root of this A-system, then for all p # ¢ in V:

si(p) | @ =si(q) | aand t;(p) | a =1t;(q) | « for all 1 < n.

Since any p # ¢ from )Y are incompatible in P, it follows that there
exists i = i(p, q¢) < n such that:

A(si(p), si(q)) > Alti(p), ti(q))-
Apply LMC n times successively and obtain an uncountable subset Z
of Y such that for all ¢+ < n, the map

si(p) —> ti(p) (p € 2)
or its inverse is Lipschitz. By the same conclusion as above, there must
be 7 < n so that the inverse map

g : ti(p) — si(p) (p € Z)

is Lipschitz. Let Ty be the downward closure of {t;(p) : p € Z) in T.
Then Tj is uncountable and g extends to a Lipschitz map g : T, — S.
It follows that Ty < S. Since T is irreducible, we have that T° < T,
and therefore 1" < S. This finishes the proof. O

It follows that under LMC, the chain A;, of irreducible Aronszajn
trees, and therefore the chain C of Lipschitz trees, naturally splits the
whole class A into a family of pairwise comparable convex blocks which
can then be studied independently of each other. It would be interest-
ing to find out more about the cuts of (C, <), where members of A\ C
can appear. The following result, which strengthens Lemma 2.6, gives
some information on this.
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8.2 Proposition (*). The Lipschitz-map conjecture implies that no
Aronszajn tree is strictly between a Lipschitz tree T and its shift T(.

Proof. Suppose there is an Aronszajn tree S such that T < S < T™.
During the course of the proof of Proposition 8.1 we have seen that since
the poset of all finite Lipschitz maps from S into 7 fails to satisfy the
countable chain condition, an application of LMC to an uncountable
family of pairwise incomparable members of this poset will provide us
with an uncountable set I' C A and level-sequences s, € S, (y € I),
ty € T, (y € T') such that

A(sy,85) > A(t,, t5) forall y # 5 in T

Let Sy be the downward closure of {s, : v € '} in S. Consider now the
poset of all finite partial Lipschitz maps from 7" into S;. By (*), this
poset cannot satisfy the countable chain condition either. So applying
LMC to an uncountable family of pairwise incompatible members of
this poset would give us uncountable level-sequences r., € S, (v € %),

qgl) € Tq(l) (v € X) such that
A(qgl),q((sl)) > A(ry,1s) for all v # 6 in X.
For each v € X, choose £(7y) € T" such that
§(7) = v and ry = s¢(y) 7.

We may assume that {g, : v € 3}, {1 v e X} and {ry:v €L} are
all antichains in their respective trees. For each v € ¥, find pg(,) € Ty
such that pe(,) [ v = ¢, and therefore

(1) _ (1)
Pe(y) 7= v

Applying Lemma 1.4, we get an uncountable X3 C ¥ such that
A(te(y)s tes)) = A(Pe(y), Pe(sy) Tor all v # 6 in Xy,
Combining all this, we get the following for all v # § in Xq:

1 1 1
AL, phy) = A, 48) > Alry, 7s) = Alsery), see)) >

> Alte), teo)) = APy, Pecs))-
It follows that for v # 6 in Xy:

O
A(Deiryr Ges) = Alper), Pes) + 2,

a contradiction. This finishes the proof of Proposition 8.2. O
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It could be that the Lipschitz-map conjecture is essentially equivalent
to one of the conclusions of Propositions 8.1 or 8.2, though at the
moment we don’t know how to prove this. What we can show is that
in our context, the Lipschitz-map conjecture is equivalent to some well-
known conjectures in this area of set theory:

Shelah’s Conjecture:'* Every uncountable linear ordering con-
tains either an uncountable well-ordered or conversely well-ordered
subset, an uncountable separable ordering or an uncountable ordering
whose cartesian square is the union of countably many chains.

Open Coloring Axiom for trees:'* For any partition T = K UK,
of an uncountable tree T, there is an uncountable set X C 7T and i < 2
such that z Ay € K; for all z,y € X, x # y.1°

8.3 Remark. The conclusion of OCAr is trivial if T contains an un-
countable chain. Similarly, one can easily deal with the case when T
contains a copy of some Cantor tree, an uncountable tree of height
w + 1 all of whose levels, except the last one, are countable (see [10]).
So the crux of the matter is again the case when 7T is an Aronszajn
tree. It turns out that the Open Coloring Axiom for the whole class
of Aronszajn trees is equivalent (modulo (*)) to the Open Coloring
Axioms for a single Aronszajn tree T with no difference in the choice
of T'. This fact will essentially be established below during the course
of proving the claimed equivalence of these three statemens, and it is
this fact that explains our choice for the notation for this axiom.

8.4 Proposition (*). The Lipschitz-map conjecture is equivalent to
the Open Coloring Axiom for trees.

Proof. In order to show that LMC implies OCAr, let T = Ky U K; be
a given partition of some Aronszajn tree 7. For i < 2, let 1" be the
tree obtained from 7' by inserting a point between every node u € K;
and its immediate successors in 7. Considering T as a subset of T
and T, we apply LMC to the identity function id on T | A. So pick
an uncountable X C 7T | A and 4 < 2 such that id, as a map from 7"
to T'~, is Lipschitz on X. Then z Ay ¢ K,_; for all x # y in X.

To prove that OCAr implies LMC, we consider a one-to-one level-
preserving map from an uncountable subset X of an Aronszajn tree S

13SC in short (see [9, Conj.1]).
M OCA7 in short.
15Here 2 A y denotes the maximal z € T such that z <7 z and z <7 ¥.
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into an Aronszajn tree T. Clearly, we may assume that X is a level-
antichain of S and that f”X is a level-antichain of T.1® Applying (*¥),
we go to an uncountable subset Y of X such that both the downward
closed subtree of S generated by Y and the downward closed subtree
of T generated by f"Y are binary. Let U be the downward closure of
the graph of f in the product tree S ® T'. Let K; be the collection of
all v € U with the property that zy # yo for the two of its immediate
successors (xg, z1) and (yo,y1) in U. An application of OCAy gives us
an uncountable subset Z of Y such that all splittings between elements
of the set (z, f(z)) (z € Z) inside the tree U either all belong to K or
all fall outside of Kj. In the first case, the inverse of f [ Z is Lipschitz
and in the second case, f [ Z itself is Lipschitz. O

The equivalence of SC and OCA+ in this context is more or less
well-known, so we only sketch some arguments. Let T'(ps) denote the
coherent tree constructed above for proving Lemma 2.8, and let C(p3)
be the linearly ordered set obtained by lexicographically ordering T'(ps).
We need the following two facts about C(ps) (see e.g. [14, Sec.1] for
proofs):

8.5 Lemma. The square of C(p3) with the product partial ordering can
be decomposed into countably many chains. ]

8.6 Lemma (*). For every uncountable X C C(ps3), we have that
C(pg) S X.17 O

8.7 Proposition (*). (see [1, p.79] and [13]) Shelah’s conjecture is
equivalent to the Open Coloring Aziom for trees.

Proof. To prove that OCA, implies SC, let L be a given uncountable
linear ordering with neither an uncountable well-ordered nor conversely
well-ordered subset, nor an uncountable separable subset. It is well-
known and easily shown (see [10, §5]), that there is an Aronszajn tree
T and a lexicographical ordering <., of T" such that (7, <) is iso-
morphic to L. Going to a subset of 7', we may assume that 7" is binary.
(This can be achieved either by using (*) or by constructing a binary
tree T that would represent an uncountable subset of L.) By (*), we
can choose a closed and unbounded set C' C w; and an isomorphism
f:T1C—T(ps) | C (see [1] or [10]). Going to a subtree of T, we
may assume that C' separates the heights of every pair of comparable
splitting nodes of T'. Thus, to every splitting node u = x Ay of T', there

16 A level-antichain is an antichain of a given tree which takes at most one point
from any level of the tree.

"For a pair K and L of linearly ordered sets, K < L denotes the fact that there
is a strictly increasing map from K into L.
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corresponds a unique splitting node v = f(x) A f(y) of T'(p3) and the
association does not depend on which = and y we pick in T to represent
u. Let Ky be the collection of all splitting nodes u = x A y of T such
that  <je, v iff f(x) <iex f(y). Note again that the definition does not
depend on the z and y in T we choose to represent u. By OCAr, there
is an uncountable antichain X of 7" such that {z Ay :z,y € X,z # y}
is either included in Ky or is disjoint from it. In the first case, f [ X
is strictly increasing and in the second case, it is strictly decreasing,
relative to the lexicographical orderings on T and T'(ps3).

To prove that SC implies OCAy, let T = Ky U K; be a given par-
tition of some Aronszajn tree T. For each splitting node u of T', we
choose a linear ordering <, of its immediate successors. Let <y be the
lexicographical ordering generated by <, (u € T) and let <; be the
lexicographical ordering generated by <, (u € Kp) and >, (u ¢ Kj).
By SC, there is an uncountable set X C 7' such that the cartesian
square of (X, <g) can be decomposed into countably many chains. Ap-
plying SC again, we get an uncountable ¥ C X so that the square of
(Y, <1) can also be decomposed into countably many chains. Let P
be the poset of all finite subsets of Y on which <y and <; agree. If
P satisfies the countable chain condition, then an application of (*)
would give us an uncountable Z C Y on which <; and <; agree, which
translates into the fact that xt Ay € Ky forall z,y € Z, x £ y. If P
fails to satisfy the countable chain condition, then using the properties
of <p and <; on Y, one can easily produce an uncountable Z C Y on
which <g and <; are reverse of each other. This in turn would translate
into the fact that z Ay ¢ Ky for all x,y € Z, x # y. O

8.8 Proposition (*). The Lipschitz-map conjecture is equivalent to
the statement that for any set of reals B of size Ry, the family consist-
ing of wy,wy, B,C(p3), C(p3)* is a basis for the class of all uncountable
linear orderings.'®

Proof. The fact that there is a strictly increasing map from B into any
other uncountable separable linear ordering is a deep result of Baum-
gartner (see [2]). So let us consider an uncountable linear ordering
L which contains neither an uncountable well-ordered nor conversely
well-ordered subset, nor an uncountable separable subordering. By the
proof of the implication from OCA7 to SC, we know that there is an
uncountable set X C C(p3) such that X < L or X* < L. By Lemma
8.6, C(p3) < X. This finishes the proof. O

18].e., every uncountable linear ordering contains an isomorphic copy of one of
these.
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8.9 Remark. There is nothing special about C(ps) to make it appear
on the list. Any other c-type (i.e., an uncountable linear ordering, whose
square can be decomposed into countably many chains) would do. This

is so because under (*), C < X for every c-type C' and uncountable
XCC.
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