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1 Introduction

It is well known that it is undecidable in general whether a given program meets
its specification. In contrast, it can be checked easily by a machine whether a
formal proof is correct, and from a constructive proof one can automatically
extract a corresponding program, which by its very construction is correct as
well. This — at least in principle — opens a way to produce correct software, e.g.
for safety-critical applications. Moreover, programs obtained from proofs are
“commented” in a rather extreme sense. Therefore it is easy to maintain them,
and also to adapt them to particular situations.

We will concentrate on the question of classical versus constructive proofs.
It is known that any classical proof of a specification of the form Vz3yB with B
quantifier-free can be transformed into a constructive proof of the same formula.
However, when it comes to extraction of a program from a proof obtained in
this way, one easily ends up with a mess. Therefore, some refinements of the
standard transformation are necessary.

In this paper we develop a refined method of extracting reasonable and some-
times unexpected programs from classical proofs. We also generalize previously
known results since B in Vz3yB no longer needs to be quantifier-free, but only
has to belong to the strictly larger class of goal formulas defined in section 3.
Furthermore we allow unproven lemmas D in the proof of Vx3yB, where D is a
definite formula (also defined in section 3).

Other interesting examples of program extraction from classical proofs have
been studied by MURTHY [16], COQUAND’s group (see e.g. [6]) in a type theoretic
context and by KOHLENBACH [13] using a Dialectica-interpretation.

There is also a different line of research aimed at giving an algorithmic
interpretation to (specific instances of) the classical double negation rule. It
essentially started with GRIFFIN’s observation [12] that FELLEISEN’s control
operator C [9, 10] can be given the type of the stability scheme -—A — A. This
initiated quite a bit of work aimed at extending the Curry-Howard correspon-
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dence to classical logic, e.g. by BARBANERA and BERARDI [1], CONSTABLE and
MurTHY [5], KRIVINE [14] and PARIGOT [17].

We now describe in more detail what the paper is about. In section 2
we fix our version of intuitionistic arithmetic for functionals, and recall how
classical arithmetic can be seen as a subsystem. Then our argument goes as
follows. It is well known that from a derivation of a classical existential formula
JyA := Vy(A — 1) — L one generally cannot read off an instance. A simple
example has been given by KREISEL: Let R be a primitive recursive relation
such that 3zR(z, z) is undecidable. Clearly we have — even logically —

FVzIyVz.R(x, z) — R(z,y).
But there is no computable f satisfying
VaVz.R(x,z) = R(x, f(x)),

for then 3zR(z, z) would be decidable: it would be true if and only if R(z, f(z))
holds.!

However, it is well known that in case JyG with G quantifier-free one can
read off an instance. Here is a simple idea of how to prove this: replace L any-
where in the proof by 3*yG (we use 3* for the constructive existential quantifier).
Then the end formula Vy(G — 1) — L is turned into Vy(G — F*yG) — F*yG,
and since the premise is trivially provable, we have the claim.

Unfortunately, this simple argument is not quite correct. First, G may
contain 1, and hence is changed under the substitution L — F*yG. Second, we
may have used axioms or lemmata involving L (e.g. L — P), which need not
be derivable after the substitution. But in spite of this, the simple idea can be
turned into something useful.

To take care of lemmata we normally want to use in a derivation of JyG, let
us first slightly generalize the situation we are looking at. Let a derivation (in
minimal logic) of JyG from D and axioms

Ind, a:  A[n:=0] - Vn(4A - An:=n+1]) - VnA
Indp,a: Alp:=true] — Alp := false] — VpA
AXprye:  atom(true)
aXfise,A: atom(false) — A

be given. Here atom is a unary predicate symbol taking one argument of the
type o of booleans. The intended interpretation of atom is the set {true}; hence

“atom(t)” means “t = true”. Assume the lemmata D and the goal formula G
are such that

Fint D = D;[L := 3*yG], (1)
Fint G[L := F*yG] —» I*yG; (2)

INotice our slightly unusual formula notation: the scope of a quantifier followed by a
dot extends as far as the surrounding parentheses allow. Otherwise we follow the standard
convention that quantifiers bind stronger than A, which binds stronger than —-.



here -, means derivability in intuitionistic arithmetic, i.e. with the additional
axioms efq,: L — A. The substitution L — F*yG turns the axioms above
(except efq,) into instances of the same scheme with different formulas, and
hence from our given derivation (in minimal logic) of D — Vy(G — 1) — L we
obtain

Fint D[L := 3*yG] = Vy(G[L := I*yG] - FyYG) - T*yG.

Now (1) allows to drop the substitution in D, and by (2) the second premise is
derivable. Hence we obtain as desired

Fine D = 3*YG.

A main contribution of the present paper is the identification of classes of for-
mulas — to be called definite and goal formulas — such that slight generalizations
of (1) and (2) hold. This will be done in section 3.

We will also give (in section 5) an explicit and useful representation of the
program term extracted (by the well-known modified realizability interpretation,
cf. [18]) from the derivation M of D— F*yG just constructed. The program
term has the form pt; ...t,s, where p is extracted from M and tq,...,t,,s are
determined by the formulas D and G only.

Since the constructive existential quantifier 3* only enters our derivation
in the context I*yG, it is easiest to replace this formula everywhere by a new
propositional symbol X and stipulate that a term r realizes X iff G[y := r]. This
allows for a short and self-contained exposition — in section 4 — of all we need
about modified realizability, including the soundness theorem. In section 5 we
then prove our main theorem about program extraction from classical proofs.

The final section 6 then contains some examples of our general machinery.
From a classical proof of the existence of the FIBONACCI numbers we extract in
6.1 a short and surprisingly efficient program, where A-expressions rather than
pairs are passed. In 6.2 we treat as a further example a classical proof of the
wellfoundedness of < on N. Finally in 6.3 we take up a suggestion of VELDMAN
and BEZEM [19] and present a short classical proof of (the general form of)
DicksoN’s Lemma, as an interesting candidate for further study.

2 Arithmetic for Functionals

The system we consider is essentially (the negative fragment of) HEYTING’s
intuitionistic arithmetic in finite types as described e.g. in [8]. It is based on
GODEL’s system T and just adds the corresponding logical and arithmetical
apparatus to it. Equations are treated on the meta level by identifying terms
with the same normal form.

Types are built from ground types ¢ for the natural numbers and o for the
boolean objects (and possibly other ground types) by p — o. The constants are

true®, false®, 0, S*7*, Ro,p, Ri,p-



R.,p is the primitive recursion operator of type p = (1t = p = p) >t = p
and R, is the recursion operator for the type o of booleans, i.e. is of type
p — p — 0 — p and represents definition by cases. Terms are

xf, ¢’ (¢ a constant), A\zfr, rs

with the usual typing rules. The conversions are those for the simply typed
lambda calculus, plus some new ones for the recursion operators. We write ¢+ 1
for S¢7¢¢.

Ro,prstrue =g T

Ro,prsfalse =g s

RiprsO —=r 7
Roprs(t+1) —r  st(R,,rst)

It is well known that for this system of terms every term strongly normalizes, and
that the normal form is uniquely determined; hence the relation r =g s is de-
cidable (by normalizing r and s). By identifying =gr-equal terms (i.e. treating
equations on the meta level) we can greatly simplify many formal derivations.

Let atom be a unary predicate symbol taking one argument of type o. The
intended interpretation of atom is the set {true}; hence “atom(t)” means “t =
true”. We also allow the propositional symbols L and X (i.e. 0-ary predicate
symbols). So formulas are

1, X, atom(t°), A — B, VxA; abbreviation: —-A:=A — L.

As azioms we take the induction schemes Ind,, 4 and Ind,, 4 for the ground types
¢t and o, and in addition the “truth axiom” axe and two schemes axsise, 4 and
efq, for “ex-falso-quodlibet”, one for each of the two possibilities atom(false)
and L to express falsity (see introduction). Note that every instance L — A of
ex-falso-quodlibet is derivable from 1 — X and 1 — atom(false); this will be
useful in section 4 (when we define the extracted program [M] of a derivation
M).

Derivations are within minimal logic. They are written in natural deduction
style, i.e. as typed A-terms via the well-known CURRY-HOWARD correspondence:

u®  (assumptions), axioms,
()\UAMB)A—}B (MA—}BNA)B
()\mpMA)VzPA (MVw"Atp)A[:c”::t"]

?

where in the V-introduction AxM#, z must not be free in any B with u® €
FA(M); here FA(M) is the set of free assumption variables of M.

Let ZX denote this system of intuitionistic arithmetic; Z is obtained from
ZX by omitting X. Zy (Z, resp.) is Z (ZX, resp.) without the axioms
efq,. For every Zg-derivation M let MX denote the Zg-derivation resulting
from M by substituting X for L. Write CX := C[L := X]. — L[X] (L, resp.)



denotes the language of ZX (Z, resp.). We use P for atomic L-formulas and
A,B,C,D,G for L[X]-formulas. I denotes derivability in minimal logic.
Note that in our setting derivability in ZX is essentially the same as in Zg:

Lemma 2.1. Let F := atom(false) and AY := A[L := F]. Then
Z¥ A = ZFF A"
Proof. = holds since efqi is axXfyie, AF -

<. We have ZX I L & F by efq; and aXflse, L - Lhis implies the claim. O

Since our formulas do not contain the constructive existential quantifier 3*,
we can derive stability for all £-formulas. Hence classical arithmetic (in all finite
types) is a subsystem of our present system Z:

Lemma 2.2. (Stability). Z+ —-—A — A for every L-formula A.

Proof. Induction on A.

Case atom(t). We have Z F Vp.——atom(p) — atom(p) by boolean induction,
again using Z - L « F and the truth axiom axy,,.: atom(true).

Case L. Obviously Z - —-—-L1 — L.

Case A — B. By induction hypothesis for B:

us: A—> B w: A

up : -B B
F +
—— —Tu,
v: ——(A— B) -(A — B)
+
u: B — B -—-B A
B
Case Yz A. Clearly it suffices to show Z F (-—A — A) » -—VzA — A:
us: VT A T
Up : -A A
F +
_>
v: - Vz A —-Vz A 2
+
u:——A s A —a "
A
This concludes the proof. O

Lemma 2.3. (Cases). ZX F (=C — A) = (C — A) = A for every quantifier-
free L-formula C.

Proof. We may assume that L does not occur in C, since Z F L « atom(false).
Note that for every such quantifier-free formula C' we can easily construct a
boolean term t¢ such that Zg F atom(t¢) +» C. Hence it suffices to derive

Vp.((atom(p) — atom(false)) — A) — (atom(p) — A) — A.

This is done by induction on p, using the truth axiom axee: atom(true). O



3 Definite and Goal Formulas

A formula is relevant if it “ends” with L. More precisely, relevant formulas are
defined inductively by the clauses

e | is relevant,
e if C is relevant and B is arbitrary, then B — (' is relevant, and
e if C is relevant, then VzC' is relevant.

A formula which is not relevant is called irrelevant.

We define goal formulas G and definite formulas D inductively. These no-
tions are related to similar ones common under the same name in the context of
extensions of logic programming. Recall that P ranges over atomic L-formulas
(including 1).

G = P|D — G provided D irrelevant = D quantifier-free
| Ve G provided G irrelevant,

D := P|G— D provided D irrelevant = G irrelevant
| VaD.

Lemma 3.1. For definite formulas D and goal formulas G we have

ZXF (-D - X) - DX for D relevant, (3)
ZX+ D = DX, (4)
ZXrFG¥ -5 G for G irrelevant, (5)
ZXFGX 5 (G= X) = X. (6)

Proof. Simultaneous induction on formulas.
(3). Let D be relevant. Case L. Clearly ((L — L) = X) — X is derivable.
Case G — D.

G-»D G

-D D

L

| -(G=+D)=»X ~(G — D)

GX—=(G=X)=»X GX X
G-X)-X G- X
| X
(-D—X)—»DX -D— X
DX

(-(G — D) = X) - GX - DX

Here we have used the induction hypotheses (3) for D and (6) for G.



Case VzD.

VoD
-D D
L
VD - X =VzD
| X
(=D — X) — DX -D— X
DX
vz DX
(=VzD — X) — Vo DX
Here we have used the induction hypothesis (3) for D.
(4). Case D relevant.
D D
1=X L
| X
(=D — X) —» DX -D— X
DX
D — DX

Here we have used (3) and L — X.
Case D irrelevant. Subcase P. Then PX = P and the claim is obvious.
Subcase G — D. Then D is irrelevant, hence also G is irrelevant.

|
GX 5@ GX
| G- D G
D — DX D
DX
(G = D) - GX = DX

Here we have used the induction hypotheses (5) for G and (4) for D.
Subcase VzD. By the induction hypothesis (4) for D we have D — DX,
which clearly implies V2D — VzDX.
(5). Let G be irrelevant. Case P. Then PX = P and the claim is obvious.
Case D — G.

|
D = DX D
| DX — GX DX
GX -G Gx
G
(DX -GX)-D -G

Here we have used the induction hypotheses (5) for G and (4) for D.



Case VzG.

| Yz GX
GX 5 @G GX
G
Vz G
VzGX — V2@

Here we have used the induction hypothesis (5) for G.

(6). We may assume that G is relevant, for otherwise the claim clearly
follows from (5). Case L. Obvious, since 1L X = X.

Case D — G. Our goal is (DX — GX) = (D - G) - X) — X. Let
Di[DX —» GX,(D - G) - X] be

_G
o (G| Yo x DX_)C?;( D* DG X DG
-G -X)—> X
G—-X)—»X G—-X
_ X
DX 5 X

(using the induction hypothesis (6) for G) and Dy[(D — G) — X] be

-D D
L
G
(D-GQ)—-X D—-G
X
-D—= X

Note that the passage from L to G can be done by means of introduction rules,
since G is relevant.
Subcase D relevant.

Do[(D—G)—X]
D, [DX=GX, (D—G)—X] | |
| (=D = X) - DX -D — X
DX o5 X DX
X
(DX 5GX) 5 (D-G) = X)= X

Here we have used the induction hypothesis (3) for D.

Subcase D irrelevant. Then D is quantifier-free. We use case distinction on
D from lemma, 2.3, in the form (D — X) —» (=D — X) — X. So it suffices to
derive from DX — GX and (D — G) — X both premises; recall that our goal
was (DX — GX) - (D — G) — X) — X. The negative case is provided by



Ds[(D —» G) — X], and the positive case by
Dy [DX - GX,(D — G) = X] |
| D—DX D

DX - X DX
X
D=+ X
Here we have used the induction hypothesis (4) for D. 0
Lemma 3.2. For goal formulas G= Gy,... ,G, we have

ZXH(GE - X)5GX 5 X.
Proof. By lemma 3.1(6) we have
ZXFGF - (Gi—» X) = X

foralli=1,...,n. Now the assertion follows by minimal logic: Assume Go X
and GX; we must show X.
Because of G¥ = (G; — X) — X it suffices to prove G; = X. Assume Gj.
Because of G5 — (G — X) — X it suffices to prove Gy — X. Assume GS.
Repeating this pattern, we finally have assumptions Gy, ..., G, available,
and obtain X from G — X. O

Theorem 3.3. Assume that for definite formulas D and goal formulas G we
have . .
ZobFD - VHG— 1) — L.

Then we also have . .
ZX+FD - VG = X) = X.

In particular, substitution of the formula
FG.G = FGGLA ... NGy,
for X yields . .
Z+ D — 3'.G.
Proof. Substitution of X for L in the given derivation yields
ZX + DX 5 ViGX - X) » X.

Now by lemma 3.1(4) we can drop X in D¥, and by lemma 3.2 also in GX.
The second assertion follows from the first one since ng’.é — El*g]’.é clearly
is derivable. O

The theorem can be viewed in the standard way to yield a method for pro-
gram extraction from classical proofs. However, in section 5 we give a finer
analysis of the extracted programs, and an explanation of the role of definite
and goal formulas.



Example Let us check the mechanism of working with definite and goal for-
mulas for Kreisel’s “non-example” given in the introduction. There we gave
a trivial proof in classical logic of a V3-formula that cannot be realized by a
computable function, and we better make sure that our general result also does
not provide such a function. The example amounts to a proof in minimal logic
of

Vz(==R(z,z) = R(z,2)) = Vy((R(z,y) = VzR(z,z)) » L) = L.

Here R(z,y) — VzR(z,z) is a goal formula, but the premise Vz.—-—R(x, 2) —
R(z, z) is not definite. Replacing R by —.S (to get rid of the stability assumption)
does not help, for then =S(z,y) — Vz-S(z, 2) is not a goal formula. A third pos-
sibility would be to use the fact that R is primitive recursive and write atom(rzy)
instead of R(z,y). However, then Vy((atom(rzy) — Vzatom(rzz)) - 1) — L
could only be proved in Z, not in Zj as required in theorem 3.3.

How to obtain definite and goal formulas

To apply these results we have to know that our assumptions are definite for-
mulas and our goal is given by goal formulas. For quantifier-free formulas this
clearly can always be achieved by inserting double negations in front of every
atom (cf. the definitions of definite and goal formulas). This corresponds to the
original (unrefined) so-called A-translation of Friedman [11] (or Leivant [15]).
However, in order to obtain reasonable programs which do not unneccessarily
use higher types or case analysis we want to insert double negations only at as
few places as possible.

We describe a more economical general way to obtain definite and goal for-
mulas, following [2, 3]. It consists in singling out some predicate symbols as
being “critical”, and then double negating only the atoms formed with critical
predicate symbols; call these critical atoms.

Assume we have a proof in minimal arithmetic Z of

VZCL = - > VEnCp = V(B — 1) = L

with C , B quantifier-free (among the premises Vi;C; we may have efg-axioms
for quantifier-free formulas, hence in fact the situation described applies to in-
tuitionistic logic). Let

L:={Cy,...,Cp,B— 1}

The set of L-critical predicate symbols is defined to be the smallest set
satisfying

(i) L is critical.

(i) If (Cy = Ry(31)) = -+ = (Con = Ri(5)) — R() is a positive subfor-
mula of L, and if some R; is L-critical, then R is L-critical.

10



Now if we double negate every L-critical atom different from | we clearly obtain
definite assumptions C" and goal formulas B'. Furthermore the proof term of
the given derivation can easily be transformed into a correct derivation of the
translated formula from the translated assumptions (by inserting the obvious
proofs of the translated axioms).

However, in particular cases we might be able to obtain definite and goal
formulas with still fewer double negations: it may not be necessary to double
negate every critical atom.

Of course this method will be really useful only if besides atom and L there
are other predicate symbols available. Our results could be easily adapted to a
language with free predicate symbols.

4 Program Extraction

We assign to every formula A an object 7(A) (a type or the symbol x). 7(A)
is intended to be the type of the program to be extracted from a proof of A,
assuming that a proof of X carries computational content of some given type v.

7(X):=v
7(P) := x (in particular 7(L) = %)
_)* if 7(A) =«
r(var )= {p — 7(A) otherwise
7(B) if 7(A) =«
7(A = B) = ¢ if 7(B) =

T7(A) = 7(B) otherwise

We now define, for a given derivation M of a formula A with 7(A) # x, its
extracted program [M] of type 7(A).

[u?] := u™
) [M] if 7(A) = =
D] = {)\uT(A) [M] otherwise
[M] if 7(A4) =«
[M][N] otherwise
[Axf M] := AzP[M]
[Mt] :=[M]t

[MAZEN] = {

We also need extracted programs for the axioms.

Ind, o] :==Ro,p:p—=>p—2>0—p with p := 7(A4) # x,

P, Ny

[Indpa]l :==Rip:p—=> (L —=>p—p) >t —p with p:=7(A4) # *,
[efax] := dummy”

11



where dummy” is an arbitrary closed term of type v. For derivations M of
A with 7(A) = % we define [M] := £ (¢ some new symbol). This applies in
particular if A is an L-formula.

Finally we define modified realizability for formulas in £[X]. For the proposi-
tional symbol X we need a comprehension term 4 := Ay” Ay with an L-formula
Ag; write A(r) for Ag[y” := r]. More precisely, we define formulas r mr4 A,
where r is either a term of type 7(A) if the latter is a type, or the symbol ¢ if
T(A) = *.

rmrag X = A(r)
P

rmry P

Veemry A if 7(A) =%

rmry VzA =
4 {Vm.m mr4 A otherwise

emrgq A - rmry B if 7(A) =«
rmry (A= B) = {Ve.xmrg A - emry B if 7(A) #x=7(B)
Ve.xmrg A — re mryq B otherwise
Note that for L-formulas A we have 7(A) = % and ¢ mrq A = A. For the

formulation of the soundness theorem it will be useful to let u™4) := ¢ if u4 is
an assumption variable with 7(A) = x.

Theorem 4.1. (Soundness). Assume that M is a Z*-derivation of B. Then
there is a Z-derivation of [M] mr4 B from the assumptions {u™(©) mry C |
u® € FA(M) }.

Proof. Induction on M. Case Ind, 4. Take R, ,. Case Ind, 4. Take R, ,. Case
efqy: L — A. Then

l[efqu]) mrg (L — A) = L — [efqy] mrg A,

which is an instance of the same axiom scheme. The inductive steps are straight-
forward. 0

5 Computational Content of Classical Proofs

For a smooth formulation of the following theorem when writing an application
ts where s is of type *, we mean simply ¢. Similarly abstractions of the form
Aw*t stand for .

Theorem 5.1. Let D = D;y,...,D, and G = Gi,--.,Gp be arbitrary L-

formulas. Assume that we have terms t1,...,tn,81,...,5m,T such that
Z+ D —t; mry D fori<j<n, (7)
Z+ D —w;mrg GX = (G; = A(v;)) = A(siwv;)) for1<i<m, (8)
Z + D = Vi.G = A(r). 9)

12



Let M be a Zo-derivation of D = Vij(G - 1) = L, and
§:= AT s1w1 (- . . (Smwm (1)) - .. ).

Then
Z+ D — A[MX]ty ... tys).

Proof. From the Zy-derivation M we obtain by the substitution | +— X a Zg-
derivation MX: DX — Vif(GX — X) — X. The soundness theorem 4.1 yields

[MX]mr4 (BX = VHGX = X) = X)

=Vivv.@ mry DX - (v mr g Vi.GX = X) —» A([MX]iv)

= ViYv.q mrg DX — Yj¥& (& mrg GX — A(vgd)) — A([MXav). (10)
Instantiate (10) with £ for @ and s for v. Clearly £ mr 4 DX is derivable from
D by (7), so it remains to show D — @ mr4 GX — A(s§id).

Let am+1 = ¥ and a; := s;w;a;4+1, hence s = AfAwa;. We show by
induction on j :=m — i

D—Gi— =G> wiprmrg GXy = = wy, mrg Gy, — A(aipr)-

(11)

Basis. For j = 0 we have i = m and (11) holds by (9). Step. From the TH (11)
and the assumption (8) we obtain

Do3Gi— -G — w; mr 4 GzX — .- = W, Mry Gﬁ = A(siwiait1)-
For j = m we have i = 0 and hence we obtain from (11)

D’—>w1 mrAGf( = Wy mrAGﬁ = A(ar),
which was to be shown. O

In order to apply theorem 5.1, we need A = AyAg and terms t;, s;,r such
that (7)—(9) hold. The choice of 4 and r of course depends on the application
at hand and should be done such that (9) holds. The rest follows from lemma
3.1 by the soundness theorem 4.1:

Theorem 5.2. For every definite formula D and goal formula G we have terms
t,s such that for an arbitrary A = AyAg with an L-formula Ay:

ZF D — t mry DX, (12)
ZFwmry G* = (G = A(v)) = A(swv) (13)

13



Proof. (12). Let Np be the ZX-derivation of D — D¥ from lemma 3.1(4). The
soundness theorem yields

ZF [Np])mry (D — D¥), ie. ZF D — [Np]mr, D*.

(13). Let Hg be the ZX-derivation of GX — (G — X) — X from lemma
3.1(6). By the soundness theorem

ZF[Hg] mrg (G* = (G — X) = X), ie.
ZFwmry G* = (G = A(v)) = A([Hg]wv).
d

Corollary 5.3. Let D= Dy,...,Dy be definite formulas and G a goal formula.
Let M be a Zo-derivation of D — Vy(G — L) — L. Then

Z+D =Gy :=[MX]ts...tes],

where t1,...,t,, s are determined by the formulas 5,G only.

6 Examples

We now want to give some simple examples of how to apply theorems 5.1 and
5.2. Here we will always have a single goal formula G and A will always be
chosen as AyG. Hence (9) trivially holds with r := Ayy.

6.1 Fibonacci Numbers
Let a,, be the n-th Fibonacci number, i.e.
ag:=0, ay;:=1, an:=an_os+a,_1 forn>2.

We want to give a (classical) existence proof for the Fibonacci numbers. So we
need to prove

Vn3kG(n, k), ie. Vk(G(n,k)— L1)—> L
from assumptions expressing that G is the graph of the Fibonacci function, i.e.
G(0,0), G(1,1), YnVkVI.G(n,k) = Gn+1,1) > Gn+2,k+1).

Clearly the assumption formulas are definite and G(n, k) is a goal formula. So
theorems 5.1 and 5.2 can be applied without inserting double negations.
To construct a derivation, assume

vo: G(0,0),

v1: G(1,1),

va: VnVEVI.G(n, k) = G(n + 1,1) = G(n+ 2,k +1)
u: Vk.G(n, k) — L.
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Our goal is L. To this end we first prove a strengthened claim in order to get
the induction through:

VnB with B := VEVI(G(n, k) = G(n +1,1) » L) — L.

This is proved by induction on n. The base case follows from vy and v;. In the

step case we can assume that we have k, [ satisfying G(n, k) and G(n+1,1). We

need k',1' such that G(n + 1,k') and G(n + 2,1"). Using v, simply take k' := [

and I' :== k + 1. — To obtain our goal L from VnB, it clearly suffices to prove

its premise VkVI.G(n,k) — G(n + 1,1) — L. So let k,l be given and assume

u1: G(n, k) and ua: G(n + 1,1). Then u applied to k and u; gives our goal L.
The derivation term is

M :/\,UOG(OaO))\Uf(lal) /\UQV"Vle-G(n,k)—)G(n+1,l)—)G(n+2,k+l) A Tk-Gnk)— L
Indn, 5 Mpase Matepn (AN " 2\ G D o0y

where
VEVI.G(0,k)—=G(1,l)—L
Myase =AwgF7HEOR=GAD=L 1001000,

Mygep =AndwB Ap[F7-E ML= Gntz0= 1
wORNMS ™ A GHD 1k 4 1 (v klugua)).

Now let A := MkG(n, k), and MX be obtained from M by replacing every
occurrence of 1 by X. Therefore

[MX] = M7 R, (s [Miase IMp I (AR AL k)

tep
where

[ME ] = Mwg™ 7 w01

|[M;§ep]] = )‘n)‘w(b_n_ﬂ)_n)\wi_n_n-'LU()\k)\l.’U)ll(k + l))

Since there are no relevant formulas involved, the extracted term according to
theorem 5.1 is

[M¥TO02) = R (1simr) o Il I I (ARALE)

This algorithm might be easier to understand if we write it as a SCHEME pro-
gram:

(define (fibo n) (fibol n (lambda (k 1) k)))

(define (fibol n1 f)
(if (= n1 0)
(£ 01
(fibol (- n1 1) (lambda (k 1) (£ 1 (+ k 1))))))

15



This is a linear algorithm in tail recursive form. It is somewhat unexpected
since it passes A-expressions (rather than pairs, as one would ordinarily do),
and hence uses functional programming in a proper way. This clearly is related
to the use of classical logic, which by its use of double negations has a functional
flavour.

To remove some of the tedium of doing all that by hand, we certainly want
machine help. We have done such an implementation within our system MIN-
LOG; here is the original printout of the extracted term, with only some inden-
tation added.

(lambda (n~1)
(((((nat-rec-at

(quote (arrow (arrow nat (arrow nat nat)) nat)))
(lambda (hh~2) ((hh"2 (num 0)) (num 1))))
(lambda (n"~2)

(lambda (£ff°3)

(lambda (hh~4)
(ff~3 (lambda (n"5)
(lambda (n"6)
((hh"4 n"6) ((plus-nat n"5) n76)))))))))
n"1) (lambda (n"2) (lambda (n~3) n~2))))

It is rather obvious that this can be translated into the SCHEME program above.

Remark. Of course, in this example there is no need to do the proof classically;
in fact, it is more natural to work with the constructive existential quantifier 3*
instead. Here is the term extracted from this proof (original output of MINLOG).

(lambda (n"1)
(car ((((nat-rec-at (quote (star nat nat)))
(cons (num 0) (num 1)))
(lambda (n~2)
(lambda (nat*nat~3)
(cons (cdr nat*nat~3)

((plus-nat (car nat*nat”3))
(cdr nat*nat~3)))))) n"~1)))

A more readable Scheme program is

(define (constr-fibo n) (car (constr-fibo-aux n)))

(define (constr-fibo-aux n)
(if (= 0 n)
(cons 0 1)
(let ((prev (comstr-fibo-aux (- n 1))))
(cons (cdr prev)
(+ (car prev) (cdr prev))))))

So the resulting algorithm is linear again, but passes pairs rather than \-
expressions.
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6.2 Wellfoundedness of N

There is an interesting phenomenon which may occur if we extract a program
from a classical proof which uses the minimum principle. Consider as a simple
example the wellfoundedness of < on N, i.e.

Vo 3k fk+1) < f(k) > L.

If one formalizes the classical proof “choose k such that f(k) is minimal” and
extracts a program one might expect that it computes a k such that f(k) is
minimal. But this is impossible! In fact the program computes the least k& such
that f(k+1) < f(k) — L instead. This discrepancy between the classical proof
and the extracted program can of course only show up if the solution is not
uniquely determined.

We begin with a rather detailed exposition of the classical proof, since we
need a complete formalization. Our goal is 3k f(k) < f(k+ 1), and the classical
proof consists in using the minimum principle to choose a minimal element in
ran(f) := {y | 3z f(z) = y }, the range of f. This suffices, for if we have such a
minimal element, say yo, then it must be of the form f(zg), and by the choice
of yo we have f(xo) < f(x) for every z, so in particular f(z¢) < f(zo + 1).

Next we need to prove the minimum principle from ordinary zero-successor-
induction. The minimum principle

3k R(k) — 3k.R(k) AVI<k.R(l) —» L (14)
is to be applied with R(k) := k € ran(f). Now (14) is logically equivalent to
Vk(R(k) = VI<k(R(l) » L) & 1) - VE.R(k) — L (15)

The premise of (15) expresses the “progressiveness” of R(k) = L w.r.t. <; we
abbreviate it to

Prog := Vk.VI<k(R(l) » 1) - R(k) —» L
We prove (15) by zero-successor-induction on n w.r.t. the formula
B :=Vk<n.R(k) —» L.
Base. B[n := 0] follows easily from the lemma
v1:Vm.m <0 — L.

Step. Let n be given and assume wy: B. To show B[n := n + 1] let k be given
and assume wz: k < n+ 1. We will derive R(k) — L by using w; : Prog at k.
Hence we have to prove

Vi<k.R(l) - L.

So, let I be given and assume further wy: ! < k. From wy and wg: k <n+1
we infer | < n (using an arithmetical lemma). Hence, by induction hypothesis
wo: B at | we get R(l) — L.
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Now a complete formalization is easy. We express z <y by y < x — L and
take Vz f(x) # k for R(k) — L. The derivation term is

e\, Vm.m<0—_L
M :=Xvf

k- (F ) <F(R)—L)— L

MProg—)Vszw.f(z);éyMpmg (fO)OLfosz

cvind

where

MCVind = A’wfmgAk'Indn,BJ\lbasej\lstﬂa(k + 1)kLk<k+17
Myase = Medwl <O Az ? @)= vy kwy,

Mitep = Andws MedwE <" g k(MAw,<F ool (D" [wy, w3])),

Mprog — /\k/\qu.l<k—>\'/:cf(w);£l)‘x/\u£(w)=k )
ux/\wg(wﬂkf(w) U1 (f(m—}—l))Lf(m'HKk [ws, us] (m—}-l)Lf(””"'l):f(mH)

Here we have used the abbreviations

Prog = VE. VIl <k > Vz.f(z) £ > Vz.f(x) # k
B=Vkk<n-oVe.f(x)#k

For term extraction let
A=Xe.f(k+1) < f(k) = F,

and let MX denote the result of replacing every formula C in the derivation M
by CX. Then

[MY] = Moy M =7 [M Ginal [Mprogl (£0)0

A’
where

[MZ il = M7 I NG R, s [MES TG, (k + 1)K
[MEe] = MeAz.vi k

[M5,] = Mndws™ 7 Mewi k(M.awsl),
[Méog]] = AeAui7 T Az (ug (f(z 4 1)) (2 4 1)).

Note that k is not used in [[M;ﬁog]]; this is the reason why the optimization below
is possible.

Now by (12) we generally have D — [Np] mr4 DX for every relevant
definite formula D. In our case for D = Vk.k < 0 — L we clearly can derive
directly

Vk(k<0— L) = (An0) mry Vk.k < 0— X,
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since we can use ex-falso. So we may assume [Np] = An0. Also, by (13) we
generally have

wmry GX = (G = A(v)) = A([Hg]wo).
In our case, with G = f(k + 1) < f(k) — L, we can derive directly
(f(k+1) < f(k) = A(w)) = ((f(k+1) < f(k) = L) = A(v)) =
AGE f(k+1) < f(k) then w else v).
So we may assume [Hg] = Awhv.if f(k+1) < f(k) then w else v. Now let

s := Akdw.[Hg]wk = Akdw.if f(k+ 1) < f(k) then w else k.
Then the extracted term according to theorem 5.1 is
[M*1[Npls =5 [Miinal [Mrog] (£0)0
where / indicates substitution of [Np], s for vy, u, so

[MZEnal =50 Awi M RAEAZO0) (AnAws Mk.wi kws ) (k' + 1)K,
[Méog]]' =g Mcdzui Az if f(z + 1) < f(z) then ui(f(z 4+ 1))(z + 1) else z

Therefore we obtain as extracted algorithm

[M*][ND]s =5
R(MAZ.0)
An ws7 7 AkAzAf f(z +1) < fz then we(f(z +1))(z + 1) else z)

((£0) + 1)(f0)0.
To make this algorithm more readable we may write
[M¥][Npls = h(f(0) + 1, £(0),0),
where

h(0,k,z) =0
hin+1,k,z)=1if f(x+1) < fr then h(n, f(x+1),2+ 1) else x

The extracted program (original output of MINLOG) is

(lambda (h~1)
((((((nat-rec-at (quote (arrow nat (arrow nat nat))))
(lambda (n~2)
(lambda (n~3) n000)))
(lambda (n~2)
(lambda (hh~3)
(lambda (n~4)
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(lambda (n"5)
(((if-nat
((<-strict-nat (h"1 ((plus-nat n~5) (num 1))))
(h~1 n"5)))
((hh~3 (h~1 ((plus-nat n"5) (num 1))))
((plus-nat n"5) (num 1))))
n"5))))))
((plus-nat (h"1 (num 0))) (num 1)))
(h~1 (num 0)))
(num 0)))

We can rewrite this as a SCHEME program as follows.

(define (wf £) (wf-aux £ (+ (£ 0) 1) (£ 0) 0))

(define (wf-aux f n k x)
(if (= 0 n)
0
(if (< (f (+ x 1)) (f x))
(wf-aux f (- n 1) (f (+ x 1)) (+ x 1))
x)))

Note that k is not used here (this will always happen if the induction principle
is used in the form of the minimum principle only), and hence we may optimize
our program to

(define (wfl f) (wfl-aux f (+ (£ 0) 1) 0))

(define (wfl-aux f n x)
(if (= 0 n)
0
(if (< (f (+ x 1)) (f x))
(wf-aux f (- n 1) (+ x 1))
x)))

Now it is immediate to see that the program computes the least & such that
flk+1) < f(k) —» L, where f(0) + 1 only serves as an upper bound for the
search.

6.3 Towards More Interesting Examples

VELDMAN and BEZEM [19] suggested DICKSON’s Lemma [7] as an interesting
case study for program extraction from classical proofs. It states that for k

given infinite sequences fi,..., fr of natural numbers and a given number [
there are indices iy, ...,4; such that every sequence f. increases on iy,...,14;,
ie. fo(iy) <--- < fo(iy) for k = 1,... k. Here is a short classical proof, using

the minimum principle for undecidable sets.
Call a unary predicate (or set) @ C N unbounded if VzIy.Q(y) Az < y.
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Lemma 6.1. Let Q be unbounded and f a function from a superset of Q to N.
Then the set Qs of left f-minima w.r.t. Q) is unbounded; here

Qs(z) == Qx) ANVy.Qy) = = <y — f(z) < f(y)-

Proof. Let x be given. We must find y with Q¢(y) and z < y. The minimum
principle for {y | Q(y) A z < y } with measure f yields

Q) Az <y) = Q) ANz <yAVz.Q(z) >z <z— f(y) < f(Z)(- )
16

Since (@ is assumed to be unbounded, the premise is true. We show that the y
provided by the conclusion satisfies Qf(y), i.e.

Q(y) ANV2.Q(2) =y <z— fly) < f(2).

So let z with (z) and y < 2z be given. From z < y we obtain z < z, hence
f(y) < f(2) by the conclusion of (16). 0

Lemma 6.2. Let () be unbounded and fi1,..., fr be functions from a superset
of @ to N. Then there is an unbounded subset ()1 of Q) such that fi,..., f
increase on Q1, i.e.

k
Ql(m) A Ql(y) Ne<y— M\l fn(m) < fn(y)
=
Proof. By induction on k. Let Q2 be @ if ¥ = 1, and in case ¥ > 2 be an
unbounded subset of ) where fs,..., fi increase (i.e. given by the induction
hypothesis for fa,..., fr). Let Q1 be the set of left fi-minima w.r.t. @, i.e.

Q1(z) := Q2(x) ANVY.Q2(y) = z <y = fi(z) < fi(y).

By lemma 6.1 @)1 is an unbounded subset of Q2. Now on @1 f; increases, and
because of Q1 C Q2 also fo,..., fr increase. 0

Corollary 6.3. For every k,l we have

k
Vi fedios it N in <iagr AN Felin) < fuling). O
ALl k=1
For k = 2 (i.e. two sequences) this example has been treated in [4]. However,
it is interesting to look at the general case, since then the brute force search
takes time O(n*), and we can hope that the program extracted from the classical
proof is better.
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