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Abstract

The inference problem for propositional circumscrip-
tion is knownto be highly intractableand, in fact, harder
thantheinferenceproblemfor classicalpropositionallogic.
More precisely in its full geneality this problemis II% -
complete which meansthat it hasthe sameinherentcom-
putationalcompleity asthesatisfiabilityproblemfor quan-
tified Booleanformulaswith two alternations(universal-
existential) of quantifiels. We useSdaefers framavork of
genealizedsatisfiabilityproblemsto studythe family of all
restrictedcasesof the inferenceproblemfor propositional
circumscription.Our mainresultyieldsa completeclassifi-
cationof the“truly hard” (I} -completeland the “easier”
casesof this problem (reducibleto the inferenceproblem
for classicalpropositionallogic). Specificallywe establish
a dichotomytheoemwhich assertghatead sud restricted
caseeitheris IT5 -completeor is in coNP. Moreover, wepro-
vide efficiently chedable criteria that tell apart the “truly
hard” casedfromthe“easier” ones.

1 Intr oduction and Summary of Results

Duringthepastthreedecadesiesearcherm artificial in-
telligencehave investigatedn depthvariousformalismsof
nonmonotoniaeasoning. Circumscription,introducedby
McCarthy [McC80Q], is perhapsthe mostwell-known and
extensvely studiedsuchformalism. It enjoys high expres-
sive power andthusis suitablefor modelinga wide variety
of problemsrequiringnonmonotoniaeasoning Moreover,
propositionatircumscriptiorhasbeenshovn by Gelfondet
al. [GPP89 to coincidewith reasoningunderthe extended
closedworld assumptiofECWA), whichis oneof themain
formalismsfor reasoningvith incompleteinformation.
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A fundamentaproblemin everylogical formalismis in-
ference i.e., the problemof decidingwhether given two
formulasy and, theformulaiy canbeinferredfrom ¢ in
the context of the logical formalismat hand. Intuitively, ¢
representaknowledgebasewhile ¢ representastatement
thatwe areinterestedn decidingwhetherit canbeinferred
from the knowledgebase. In the caseof classicalproposi-
tional logic, inferenceamountsto tautological implication
» = 9, i.e, to the problemof decidingwhethery is sat-
isfied by every truth assignmenthat satisfiesp. Conse-
guently inferencein classicapropositionalogic is acoNP-
completeproblemandthusconsideredo beintractable.In
the caseof propositionalcircumscription,inferenceturns
out to have even higherinherentcomputationalcomplex-
ity. Indeed,as shavn by Eiter and Gottlob [EG93, the
inferenceproblemfor propositionakircumscriptionis IT% -
complete. Recallthat the classII} constituteshe second
level of thepolynomialhierarchyPH andthuscontainshoth
NP andcoNPassubclasseMoreover, theprototypicalllt -
completeproblemis TT5 -SAT, i.e., thesatisfiabilityproblem
for quantifiedBooleanformulasof the form Vz3g6(z, 3),
wherez, § aretuplesof propositionalvariablesandd(z, )
is aCNF-formula(see[Pap94).

Classicalpropositionallogic is concernedvith all mod-
elsof a givenformula,i.e., with all truth assignmentshat
satisfythe formula. In contrast propositionalcircumscrip-
tion is concernedvith the minimal modelsof a given for-
mula,i.e., with thosesatisfyingtruth assignmentfor which
thereis no smallersatisfyingtruth assignmentvith respect
to the coordinate-wisepartial order betweentruth assign-
ments. Consequentlyin its full generality the inference
problemfor propositionalcircumscriptioncanbe statedas
follows: giventwo CNF-formulasp and, is ¢ truein ev-
ery minimal model of ¢? A moments reflectionreveals
thatthis problemis polynomial-timeequivalentto the spe-
cial casein which 1) is simply a clause(i.e., adisjunctionof
literals),sincey canbeinferredfrom ¢ underpropositional
circumscriptionif andonly if eachclauseof ¢ canbesoin-
ferred.Moreover, EiterandGottlob[EG93 establishedhat



theinferenceproblemfor propositionalcircumscriptionre-
mainsII} -completeeven when ¢ is a 3CNF-formulaand
theclausey consistf a singlenegatedvariable.

Are thererestrictedclasse®f propositionaformulason
whichtheinferenceproblemfor propositionakircumscrip-
tion has compleity lower than IT5 -complete? To make
this questionprecise, onecanconsidemrestrictionson both
the formulasrepresentindknowledgebasesandthe formu-
las representingstatementgo be inferred. Sinceclauses
arethe syntacticallysimplestpropositionalformulas, it is
naturalto considerrestrictionson the formulasrepresent-
ing knowledge basesonly. Thus, for every class F of
propositionaformulas welet INF-CIRC(F) denotethefol-
lowing decisionproblem: givena formulay € F anda
clause, is ¢ true on every minimal model of ¢? The
guestionthenis to analyzethe computationalcomplexity
of INF-CIRC(F) for differentclassesF of propositional
formulasandidentify classesF for which the complexity
of INF-CIRC(F) is lower thanTIf -complete. Even before
the IT¥ -completenessf the full problemwas established,
this questionwasstudiedby CadoliandLenzerini[CL94],
wherelNF-CIRC(F) wasshawn to bein P or to be coNP-
completefor several different classesF of propositional
formulas. Specifically CadoliandLenzeriniobsenedthat
if aclassF of propositionalformulasis suchthat testing
satisfyingtruth assignmentgor minimality is in polyno-
mial time, thenINF-CIRC(F) is in coNP. Sinceminimality
testingis in polynomialtime for the classesof Horn for-
mulas,dual Horn formulasand 2CNF-formulas,t follows
thatINF-CIRC(F) isin coNR whenF is oneof thesethree
classes.Moreover, if F is the classof all Horn formulas,
thenINF-CIRC(F) is solvablein polynomialtime, sinceev-
ery satisfiableHorn formula hasa minimum (uniqguemini-
mal) modelthat canbe computedin polynomialtime. In
[CL94], it was also proved that INF-CIRC(F) is actually
coNP-completewhen F is the classof all dual Horn for-
mulasor the classof all 2CNF-formulas.

The aforementionedesultsidentify several interesting
caseswhere the compleity of the inferenceproblemin
propositionalcircumscriptionis lower than IT¥ -complete.
Nonethelessthey do not provide a completeclassification
of the “truly hard” (IT} -complete)and the “easier” cases
of this problem. In particular exceptfor the classof all
CNF-formulasandthe classof all 3CNF-formulasno other
interestingclassesF of propositionalformulasfor which
INF-CIRC(F) is TIE-completewere known prior to the
work reportedhere. This should be contrastedwith the
stateof affairs concerningthe compleity of the inference
problem for classicalpropositionallogic, where a com-
pleteclassificatiorcanbederivedfrom thepioneeringwvork
by Schaefe[Sch7§ on the compleity of GENERALIZED
SATISFIABILITY problems.In orderto describeSchaefes
work andrelateit to theinferenceproblem,we needto in-

troducesometerminologyandnotation.

A logical relation (or generlized connectivg R is
a non-emptysubsetof {0,1}*, for somek > 1. |If
S = {Ri,...,Rn,...} is a set of logical relations,
then an F(S)-formula is a conjunction of expressions
(calledgenemlizedclausesor, simply, clause$ of the form
R;(z1,...,2), whereeachR,; is arelationsymbolrepre-
sentingthelogicalrelationR; in S andeachx; is aBoolean
variable. Furthermorean F¢(S)-formulais a formulaob-
trainedfrom an F(.S)-formula by substitutingsomeof the
variablesby the constantsymbols0 and1. EachsetS
of logical relationsgivesrise to the following GENERAL-
IZED SATISFIABILITY problemSATt¢(S): givenanFa(S)-
formula ¢, is ¢ satisfiable?In a similar manney one ob-
tainsthefamily of SAT(S) problemsby consideringF(S)-
formulas,insteadof F¢ (S)-formulas.

In [Sch7§, four conditionswereisolatedandthefollow-
ing remarkableclassificationtheoremfor the family of all
GENERALIZED SATISFIABILITY problemsSATc(S) was
establishedif the setS satisfiesat leastone of thesefour
conditions,then SAT¢(.S) is solvablein polynomialtime;
otherwise SAT(S) is NP-completeThesefour conditions
are: (1) everyrelationin S is the setof modelsof a Horn
formula;(2) everyrelationin S is thesetof modelsof adual
Hornformula;(3) everyrelationin S is the setof modelsof
a2CNFformula; (4) everyrelationin S is thesetof models
of anaffine formula,i.e.,aconjunctionof formulasbuilt us-
ing the @ (exclusive or) connectve. It shouldbe notedthat
eachof theseconditionsturnedout to be efficiently check-
able. Schaeferalso obtaineda classificationtheoremfor
the family of SAT(S) problems,which involvestwo addi-
tional conditionsthattrivially give riseto polynomial-time
solvable SAT(S) problems.Notethatthe NP-completeness
of POSITIVE 1-IN-3-SAT, NOT-ALL-EQUAL 3-SAT and
otherwell known variantsof SAT is animmediateconse-
guenceof Schaefes results. Morover, the above results
constitutethe first instanceof a dichotomytheoemfor a
family of decisionproblemsin NP, i.e., resultsthat con-
cernan infinite family C of decisionproblemsand assert
that certainproblemsin C are NP-complete while on the
contraryall otherproblemsin C aresolvablein polynomial
time. It shouldbe pointedout thatthe a priori existenceof
dichotomytheoremsannotbetakenfor grantedsinceLad-
ner'stheoremin [Lad75 assertshatif P # NP, thenthere
areproblemsin NP thatareneitherNP-completenorin P.

The inferenceproblemin classicalpropositionallogic
is polynomial-timereducibleto the satisfiability problem.
Usingthis fact, it is easyto seethat Schaefes dichotomy
theoremfor satisfiability problemsyields a dichotomythe-
orem for the inferenceproblemin classicalpropositional
logic. Specifically if S is a setof logical relationsthat
satisfy at leastone of the four aforementionedonditions,
thenthe inferenceproblemin classicalpropositionallogic



for Fc(S)-formulasis solvablein polynomialtime; other
wise, it is coNP-completeln addition,a similar dichotomy
theoremcanbe derivedfor theinferenceproblemin classi-
cal propositionalogic for F(.S)-formulas.

In this paper we use Schaefers framework to investi-
gatethe computationakcompleity of the inferenceprob-
lem in propositional circumscription. Our main result
assertsthat, for every set S of logical relations, either
INF-CIRC(F(S)) is TIE -completeor INF-CIRC(Fo(S))
is in coNP In otherwords, our main resulttells that each
restrictedcasesof the inferenceproblemfor propositional
circumscriptioreitheris ashardasthegenerakaseor is re-
ducibleto the inferenceproblemfor classicalpropositional
logic. Moreover, it providesefficiently checkablecriteria
that, givena finite setS of logical relations,distinguishthe
two possibilitiesfor the complexity of INF-CIRC(F(.9)).
This constitutesa dichotomy theoremfor the inference
problemin propositionalcircumscription,sinceresultsby
Ladner[Lad75 imply thatif TIY # coNP, thenthereare
decisionproblemsin ITI¥ thatareneitherII§ -completenor
in coNR It shouldalsobe pointedout thatthe boundaryin
the dichotomyseparatingT} -completenesérom member
shipin coNPturnsoutto be differentfrom the boundaryin
the dichotomytheoremfor the inferenceproblemin classi-
cal propositionalogic.

Our main resultis establishedn two stages. In the
first stage,we prove a dichotomytheoremfor the family
of INF-CIRC(F¢(S)) problemswhereS is a setof 1-valid
logicalrelationsj.e.,eachrelationin S containgheall-ones
tuple(1,...,1). In the secondstage we usethis restricted
dichotomytheoremas a steppingstoneto derive the di-
chotomytheoremfor the full family of INF-CIRC(F(S))
problems,where S is an arbitrary set of logical relations.
To this effect, we apply the restricteddichotomytheorem
to the set.S* of all 1-valid logical relationsobtainedfrom
relationsin S by replacingsomevariablesby 0. A two-
stageapproachwasusedfor thefirst time in arecentpaper
[KKO01], wherea dichotomytheoremfor minimal satisfia-
bility problemswasestablishedWith someextrawork, we
canalsoobtaina dichotomytheoremfor the family of all
INF-CIRC(F(S)) problemswhereS is asetof logicalrela-
tions. Dueto spacdimitations, this resultwill be presented
in thefull versionof the presenpaper

Since the publication of the original dichotomy theo-
remby SchaefefSch7§, researcherbave obtainedseveral
other dichotomytheoremsfor certainvariantsof satisfia-
bility problems(see,for instance[Cre95 KSW97,CH96,
CH97, KS98 RV00, KKO01]). The resultsreportedhere
provide the first dichotomybetweerlI} -completenesand
membershipin coNR At the technicallevel, the proofs
make extensive use of Schaefels expressibility theorem
[Sch78 Theore3.0], aswell asof a definability resultby
Creignouand Hébrard[CH97] and other special-purpose

definabilityresultsestablishedhere.

Finally, we conjecture that a trichotomy theorem
holds for the compleity of propositional circumscrip-
tion. Specifically we conjecture that, for every set
S of logical relations, exactly one of the following
three alternaties holds: (1) INF-CIRC(Fq(S)) is TIE-
complete; (2) INF-CIRC(F(S)) is coNP-complete;(3)
INF-CIRC(Fc(9)) is solvablein polynomialtime. Note
that if this conjectureis confirmed,it will yield the first
trichotomytheoremfor a family of naturaldecisionprob-
lemsin a compleity classbeyond NP. In view of the di-
chotomytheoremestablishedhere,it remainsto establisha
dichotomytheoremfor thoselNF-CIRC(F(S)) problems
thatarein coNP Althoughtheresultsin [CL94] yield parts
of this conjectureddichotomy much more remainsto be
donein orderto completethe picture.

2 Preliminaries and Background

This sectioncontainsa minimum amountof the neces-
sarybackgroundmaterialon the compleity of GENERAL-
IZED SATISFIABILITY problemsfrom [Sch78.

LetS = {Ry,...,Ry,...} beasetof logical relations
of variousarities. As statedin Sectionl, an F(.S)-formula
is a finite conjunctionof clauseshuilt usingrelationsfrom
S and propositionalvariables,while an F¢(S)-formulais
a formula built usingrelationsfrom S, propositionalvari-
ables,and the constantsymbols0 or 1. Recall alsothat
SAaT(S) is thefollowing decisionproblem:givenan F(S)-
formulay, is it satisfiable7i.e., is thereatruth assignment
to thevariablesof ¢ thatmakesevery clauseof ¢ true?)The
decisionproblemSAT (.S) is definedin asimilar way.

Clearly, for eachfinite setS of logical relations,both
SAT(S) and SAT¢(S) are problemsin NP. Several well-
known NP-completeproblemscaneasilybecastasSAT(.S)
problemsfor particularsetsS of logical relations. For ex-
ample, 3-SAT coincideswith the problemSAT(S), where
S = {Ro,R1,R2,R3} andR, = {0, 1}3 - {(0,0,0)} (ex-
pressingheclause(z Vy V 2)), R1 = {0,1}® — {(1,0,0)}
(expressingthe clause(—z V y V 2)), Rs = {0,1}% —
{(1,1,0)} (expressingthe clause(—z V -y V z)), and
R; = {0,1}® — {(1,1,1)} (expressingthe clause(~z V
-y V —z)). Similarly, the NP-completegroblemPosITIVE-
1-IN-3-SAT ([GJ79 LO4, page259)) is preciselythe prob-
lem SAT(S), whereS is the singletonconsistingof there-
lation Ry /3 = {(1,0,0),(0,1,0),(0,0,1)}.

Recallthat a Horn formulais a conjunctionof clauses
eachof which is a disjunctionof literals suchthat at most
oneof themis avariable.Similarly, adual Horn formulais
a conjunctionof clausesachof which is disjunctionof lit-
eralssuchthatat mostoneof themis anegatedvariable.As
mentionedn Sectionl, anaffineformulais aconjunctionof
subformulasachof whichis anexclusivedisjunction® of



literalsor a negationof anexclusive disjunctionof literals.

Definition 2.1 Let R bealogicalrelationandsS afinite set
of logical relations.

Ris1-validif it containghetuple(1,1,...,1), whereas
R is 0-valid if it containsthe tuple (0,0, ...,0). We say
that S is 1-valid (0-valid) if every memberof S is 1-valid
(0-valid).

R is 2CNF (Horn, dual Horn, or affine respectiely) if
thereis a propositionalformula ¢ which is 2CNF (Horn,
dualHorn, or affine, respectrely) andsuchthat R coincides
with the setof truth assignmentsatisfyingep.

S is Staeferif atleastoneof thefollowing four condi-
tionshold: every memberof S is 2CNF; every memberof
S is Horn; every memberof S is dualHorn; every member
of S is affine. Otherwisewe saythatS is non-Staefer i

Thereare efficient criteria to determinewhethera logical
relationis 2CNF, Horn, dualHorn, or affine. In fact, a set
of suchcriteriawasalreadyprovided by SchaefefSch7§;
moreover, evensimplercriteriafor arelationto be Horn or
dual Horn were given by Dechterand Pearl[DP92]. Each
of thesecriteria involvesa closute property of the logical
relationsat handundera certainfunction. Specifically a
relation R is 2CNFif andonly if for all ¢1,2,t3 € R, we
havethat(t1 V t2) A (t2 V £3) A (t1 V t3) € R, wherethe
operators/ andA areappliedcoordinate-wiséo bit tuples.
R is Horn (respectiely, dual Horn) if and only if for all
t1,t2 € R, wehavethatt; Aty € R (respectiely, t; Vs €
R). Finally, R is affineif andonly if for all ¢;,t2,t3 € R,
we havethatt; @ t2 ® t3 € R.

If S'isa0-valid or al-valid setof logicalrelationsthen
SAT(S) is atrivial decisionproblem(the answeris always
“yes”). If S is anaffine setof logicalrelationsthenSaT(.S)
canbe solved in polynomialtime using Gaussiarelimina-
tion. Moreover, thereare well-known polynomial-timeal-
gorithmsfor the satisfiability problemfor the classof all
2CNFformulas(2-SAT), theclassof all Hornformulas,and
the classof all dualHorn formulas.Schaefeis seminaldis-
covery was that the above six casesarethe only tractable
casesof SAT(S); furthermore,the last four are the only
tractablecaseof SAT:(.S).

Theorem 2.2 [Dichotomy Theorems[Sch7§]
LetS bea finite setof logical relations.
If S is 0-valid or 1-valid or Schaefer then SAT(S) is
solvablein polynomialtime; otherwisgit is NP-complete
If S'is SthaeferthenSAT(S) is solvablein polynomial
time; otherwisegit is is NP-complete

Theorem2.2 immediatelyimplies that POsITIVE-1-IN-3-
SAT is NP-complete,since this is the sameproblem as
SAT(Ry/3), and Ry /3 is neither0-valid, nor 1-valid, nor
Schaeferas can be seenby applying the aforementioned
closureproperties.

To obtainthe above dichotomytheorems Schaefethad
to first establisha resultassertinghat every non-Schaefer
set .S hasextremely high expressve power, in the sense
that every logical relation can be definedfrom an F(.5)-
formulausingexistentialquantification.

Theorem 2.3 [ExpressibilityTheorem[Sch7§]

Let S be a finite set of logical relations. If S is non-
Sdaeferthenfor every k-ary logical relation R there is an
Fo(S)-formulag(zy,...,zk, 21, .., 2,) Sud that R co-
incideswith thesetof all truth assignmentso thevariables
x1,. ..,z thatsatisfytheformula(3z)¢(z, z).

3 Propositional Cir cumscription

In circumscription propertiesarespecifiedin somelog-
ical formalism, a naturalpartial order betweenmodelsof
eachformulais consideredandthefocusis on modelsthat
areminimalwith respecto this partialordet Minimal mod-
elsarepreferredoecausehey have asfew “exceptions”as
possibleandthusembodycommonsense.In propositional
circumscriptionpropertiesarespecifiedusingpropositional
formulasandthe focusis on modelsthatare minimal with
respectto the coordinate-wisepartial order betweentruth
assignmentssdefinedbelow.

Letk > 1 beanintegerandleta = (a1,...,ax), 8 =
(by,- .., by) betwo k-tuplesin {0, 1}*. We write 8 < a'to
denotethat,for everyi < k, we have thatd; < a; (asusual,
0 <1). Also, 8 < ameanghatg < aandg # a. If ¢
is apropositionaformulaande is atruth assignmento the
variablesof ¢, thenwe saythat« is a minimalmodelof ¢
if a satisfiesp andnotruthassignmeng < « satisfiesp.

Let ¢ and+y betwo propositionalformulasin CNF. We
saythaty canbeinferredfrom ¢ underpropositionalcir-
cumscription andwrite ¢ = re ¥, if ¢ is truein ev-
ery minimal model of ¢. Clearly, if 4 is a conjunction
Az ¢i of clausesc;, theng [=cge ¢ if andonly if
¢ F=Cire G for everyi < m. Thus,theinferenceproblem
for propositionalcircumscriptioncan be statedasfollows:
givenapropositionaformulay in CNFandaclausey, does
¢ Ecire ¥? Sincetestinga truth assignmentor mini-
mality is in coNR it follows thatthe inferenceproblemfor
propositionalcircumscriptionis in Iy . As mentionedear
lier, in [EG9J this problemwasshavn to be I} -complete,
evenwhen ¢ is a 3CNF-formulaand is just a negative
literal —u. Ourgoalis to investigatehe compleity of the
inferenceproblemfor propositionalcircumscriptionin the
contet of Schaefes framewnork. More precisely eachset
S of logical relationsgivesrise to the following decision
problem INF-CIRC(F(S)): given an Fe(S)-formula ¢
anda clausey, doesy FEcjre %? The next proposition
assertshateachof thesedecisionproblemss equivalentto
aspecialcaseof it.



Proposition3.1: For every set S of logical relations,
INF-CIRC(Fc(S)) is equivalentto the following decision
problem: givenan F¢(S)-formulay anda negativeclause
(mug V-V 2uy), doesp =g e (ur V-V oug)?

Proof: Givenan F¢-formulay andaclause(z;y V --- Vv
T V —ug V- -V ), let ' bethe Fo-formulaobtained
from ¢ by replacingeachoccurrenceof z;, 1 < i < m, by
0. Itis easyto verify thaty =g ge (21 V- VT, Vur Vv
-V yy) if andonly if o' Eoige (Fu1 V--- Vuy). 1

Consider the following restricted case of
INF-CIRC(Fc(S)): givenan F¢(S)-formulay anda posi-
tiveclausg(z1 V---Vxy), doesp Eope (@1 V- -VEn)?
This problemis in coNP, becausat is easyto checkthat
¢ FCire (@1V---Vay,) if andonlyif ¢ = (z1V---Vay,).
Thus, the inferenceof clauseswith negative literalsis es-
sential in establishing that certain INF-CIRC(Fc(S))
problemsareIl} -complete.

We are now ready to state the main results of
this paper These results classify the compleity
of all INF-CIRC(Fc(S)) problems and, in particular
give efficiently checkablecriteria that characterizevhen
INF-CIRC(F(9)) is a IIY -completeproblem. As men-
tionedin Sectionl, we first establisha dichotomytheorem
for INF-CIRC(F¢(S)), whereS is assumedo be a 1-valid
setof logical relations,i.e., everyrelationin S containsthe
all-onestuple(1,1,...,1).

Theorem 3.2 LetS bea 1-valid setof logical relations.

If S'is SchaeferthenINF-CIRC(F¢(S)) isin coNP, oth-
erwise it is IT5 -complete Actually, if S is non-Shaefer
theneventhe following specialcaseof INF-CIRC(F(S))
is ITY -complete givenan Fc (S)-formulay anda negative
literal ~u, doesy =g rc ~u?

Moreover, there is a polynomial-timealgorithm to de-
cide whether givena finite 1-valid setof logical relations,
INF-CIRC(F(S)) isin coNPor IT5 -complete

An outline of the proof of Theorem3.2 is presentedn
Section4. Thefollowing examplesillustratethe preceding
Theorem3.2 andprovide new instancesf restrictedcases
of theinferenceproblemfor propositionalcircumscription
having the sameinherentcompleity asthegenerakase.

Example 3.3: Considerthe ternarylogical relation K =

{(1,1,1),(0,1,0),(0,0,1)}. Using the closureproperties
that characterizewhen a logical relationis 2CNF, Horn,

dual Horn, or affine, it is easyto seethat K is none of

theabove. For instance K is not Horn becaus€0, 1,0) A

(0,0,1) = (0,0,0) ¢ K. ConsequentlyTheorem3.2im-

pliesthatINF-CIRC(Fo({K})) is TI5 -complete i

Example 3.4 Considerthe1-valid setS = {Ro, R1, Rz},
whereRy = {0,1}® — {(0,0,0)} (expressingthe clause

(xVyVz) R ={0,1}* - {(1,0,0)} (expressingthe
clause(-zVyVz)), R = {0,1}*—{(1,1,0)} (expressing
theclause(—z V -y V 2)). Usingtheclosurepropertiesit is
easyto verify that R; is neither2CNF, nor Horn, nor affine,
andthat R, is not dualHorn. ConsequentlyTheorem3.2
impliesthat INF-CIRC(F(S)) is IS -completell

As mentionedn Sectionl, Theorem3.2 canbe usedas
steppingstoneto obtaina dichotomytheorentfor thefamily
of all INF-CIRC(F¢(S)) problemswheresS is anarbitrary
setof logical relations.To this effect, we usethefollowing
crucialconceptwhich wasfirst introducedn [KKO1].

Definition 3.5. Let R be a k-ary logical relation. We say
that a logical relationT is a 0-sectionof R if eitherT is
therelation R itself or T' canbe definedfrom the formula
R(z1,...,z) by replacingat leastone,but not all, of the
variablesey,...,z; by 0. 11

To illustrate this concept,considerthe logical relation
Ry/3 = {(1,0,0),(0,1,0),(0,0,1)}. Thenthelogical re-
lation {1} is a O-sectionof R, /3, sinceit is definableby
Ry3(21,0,0). Infact,it is easyto seethat{(1)} is theonly
logical relationthatis both 1-valid anda 0-sectionof R /3.

Theorem3.6. Let S be a setof logical relationsand let
S* bethesetof all logical relations P sud that P is both
1-valid anda 0-sectionof somerelationin S.

If S* is Sdaefer then INF-CIRC(F(S)) is in
coNP, otherwise it is TIL-complete Actually, if S*
is non-Staefer then even the following special case of
INF-CIRC(F(S)) is ME-complete: given an Fq(S)-
formulayp anda negativeliteral —u, doesy = gc ~u?

Moreover, there is a polynomial-timealgorithm to de-
cide whether given a finite set S of logical relations,
INF-CIRC(F(S)) isin coNPor IIE -complete

Theproofof Theorem3.6will begivenin thefull paper
We now presenseveraldifferentexampleghatillustratethe
power of Theorem3.6. Thefirst showvs how the mainresult
in [EG93 canbeeasilyderivedfrom Theorem3.6.

Example 3.7: Recallthat 3-SAT coincideswith SAT(S),
where § = {Ro,Rl,RQ,Rg} and Ry = {0,1}3 —
{(0,0,0)} (expressingthe clause(z V y V 2)), R1 =
{0,1}® — {(1,0,0)} (expressinghe clause(-z V y V 2)),
Ry, = {0,1}% — {(1,1,0)} (expressingthe clause(—z V
-y V z)),andRs = {0,1}3 — {(1,1,1)} (expressingthe
clause(—z V -y V —z)).

Sincethe logical relationsRy, R1, R» arel-valid, they
arememberof S*. It followsthatS* is not Schaefersince
R, isnot2CNFor Horn or affine,and R, is notdualHorn.
Theorem3.6 immediatelyimplies that INF-CIRC(Fc(S))
(i.e.,INF-CIRC(3CNF)) is IT5 -complete B



Example 3.8 ConsiderthesetS = {Rq, R3}, WhereRy

and Rz areasin the precedingexample3.7. In this case,
SAT(S) is the problemMONOTONE 3-SAT, thatis to say

therestrictionof 3-SAT to 3CNF-formulasin which every
clausds eitherthedisjunctionof positive literalsor thedis-

junctionof negative literals. It is well known thatthis prob-
lem is NP-complete(this canalsobe derived from Schae-
fer’'s DichotomyTheorem2.2). It is not hardto verify that
everyrelationin S* is dualHorn (for instance S* contains
Ry, which is dualHorn). ConsequentlyTheorem3.6 im-

pliesthatINF-CIRC(Fc(S)) isin coNRI

The precedingexamplerevealsthatthe boundaryin the
dichotomyfor the inferenceproblemin classicalproposi-
tional logic is differentthanthatin the dichotomyfor the
inferenceproblemin propositionalcircumscription. Sev-
eralotherinstance®f this phenomenomreprovidedby the
final exampleof this section.

Example3.9: If m andn aretwo positive integerswith
m < n, thenR,, , is then-ary logical relationconsisting
of all n-tuplesthat have m onesandn — m zeros. It is
easyto seethat R,,, /,, is not Schaefer Consequentlyif S
is a setof logical relationseachof which is of the form
R,,/» for somem andn with m < n, thenSAT(S) is NP-
complete.On the otherhand,S* is easilyseento be Horn
(and, hence,Schaefer)sinceevery relation P in S* is a
singletonP = {(1, ..., 1)} consistingof them-aryall-ones
tuplefor somem. ConsequentlyTheorem3.6impliesthat
INF-CIRC(F¢(S)) isin coNR

This family of examplescontains PosITIVE-1-IN-3-
SAT asthespecialcasewhereS = {R; 3}. 11

4 OQutline of Proof of Theorem 3.2

In this section,we presentan outline of the dichotomy
theoremfor INF-CIRC(F(S)), whereS is a 1-valid setof
logical relations.Dueto spacdimitations,we have to con-
fine ourselhes to statingthe main technicalstepsand to
makinga few high-level comments.

Assumefirst that S is Schaefer In this case,is easy
to seethat thereis a polynomial-timealgorithmto decide
whethera given model of an Fc(S)-formulais minimal.
Fromthis fact,it follows immediatelythatif S is Schaefer
thenINF-CIRC(F¢(S)) isin coNP

Towardsthe IT¥ -hardnesgesult, assumethat S is not
Schaefer Using Schaefes Expessibility Theorem2.3,
the following decisionproblem can be shavn to be TIE -
complete: Given a F(S)-formula ¢(z, j, wg, w; ), decide
whethetthesentenc&z35¢(z, §,0/wo, 1/w, ) istrue. Our
goalis to shaw thatthis problemhasa polynomial-timere-
ductionto INF-CIRC(F(S)). Oneof the key stepsin the
reductionis thefollowing lemma,which wasinspiredfrom
aresultin [EG93. A proofcanbefoundin the Appendix.

Lemma4.1: Let S be 1-valid setand let o(Z, 7, wo, w1)

be an F(S)-formula, whee & = (z1,...,%,), § =
(y1,---,Ym), wo andwy is thelist of its variables. Let u,
' = (zf,...,2)) andz = (24, ..., z,) benew variables,

)
andlet x(u, %, Z, &', 7) bethefollowing formula

n

o(@', g, u/wo, 1/wr) A (/\(acz # z,)) A

i=1

/\(u—)yj) A (/\(w; E(uVmi))> .

j=1 i=1
Thenthe formulaVz3gp(Z, gy, 0/wo, 1/wy) is true if and
onlyif x(u,,2,2',9) Fcirc ~u-

Although ¢ is an F(S)-formula, the formula x in the
precedindemmais notan F¢(S)-formula,becausét con-
tainselementaryconnectves,suchas=, —, andV. So,the
tasknow is to construcian Fc(S)-formulad in polynomial
time suchthaty =g gc —u if andonlyif 6 = g ~u. It
is now naturalto apply Schaefes Expressibility Theorem
2.3 againand expresseachof the above elementarycon-
nectives using an 3¢ (S)-formula, i.e., a formula of the
form 3w, where( is an F¢ (S)-formula. After thesesteps
arecompletedye obtainan3F¢(.S)-formula3oy’ with the
samefreevariablesasy suchthaty |=crc —~u if andonly
if Jox' FEcire —u- At this point, one may be tempted
to simply drop the existential quantifiers3z, focuson the
3Fc(S)-formula x’, andclaim that x =g ge —u if and
only if X' =cjre —u. Theflaw in this argumentis that
Schaefess ExpressibilityTheorem?2.3 givesno explicit in-
formationaboutthe possiblevaluesof the existentialquan-
tifiersin 37 (S)-formulasexpressindogical relations.As
a result, the witnessedo the variablesv in the existential
guantifiersio may not give riseto minimal satisfyingtruth
assignmentsf x’, hencethe claimedequialencemayfail.

To bypassghis seriousobstaclewe mustgive up apply-
ing Schaefes ExpressibilityTheorem2.3 andinsteadhave
to usecertainexpressibilitylemmasgo theeffectthatall nec-
essaryelementaryconnectves are definableby 3« (S)-
formulaswith explicit information aboutthe withnesseso
the existential quantifiers. The first of theselemmas,due
to CreignouandHébrard[CH97], concernghe definability
of the connectves— andV; it alsobringsout the impor-
tanceof thelogical relation K introducedin Example3.3.
In whatfollows, F; (S) denotegheclassof all formulasob-
tainedfrom F(.S)-formulasby substitutingsomevariables
by the constantl.

Lemma4.2 (Creignouand Hébrard[CH97]) Let S bea
1-valid, non-Shaefersetof logical relations. Thenat least
oneof thefollowing two statementss true.

1. Thee existsan F(S)-formulae(z,y) with the prop-
ertythat (z — y) = e(=,y).



2. ThelogicalrelationK = {(1,1,1),(0,1,0),(0,0,1)}
is in F1(S), ie., ther exists an Fy(S)-formula
k(z,y, z) which is satisfiedonly by thethreetruth as-
signmentg1,1,1),(0,1,0) and(0,0,1). Therfore:

@A) (z - y) = (F2)k(z,y,2); moreover,
(32)k(=,y, z) hastheadditionalpropertythat1 is the
only witnessfor the variable z underthetruth assign-
ment(1, 1) to thevariables(z, y).

(i) (= Vv ) = (32)k(z,z,y); moreover,
(32)k(z, z,y) hastheadditionalpropertythat1 is the
only witnessfor the variable z underthetruth assign-
ment(1, 1) to thevariables(z, y).

The secondexpressibilitylemmaconcernghe definabil-
ity of theconnectve =.

Lemma4.3 LetS bea 1-valid, non-Staefersetof log-
ical relations. Thenthere exists a three-variableF; (S)-
formulax’(z,y, z) thatis satisfiedby thetruth assignments
(1,1,1), (1,0,0) and (0,0,1) but is not satisfiedby the
truth assignmentl, 0, 1) (noinformationabouttheremain-
ing four possibleassignmentss required). Moreover, if we
setA(z',u, 2, 2') to betheformula

(W= YAEZ'V2IAN(z =22 YA (u—2')ANE (2 u,2),

we havethefollowing properties:

(i) theformulaz' = (u V —z2) is logically equivalento
theformula(32")A\(z', u, 2, 2');

(i) theonlywitnesseg’ for each of thefour assignments
(' = 1l,u=1,2=0),( = 1Lu=02=0),E =
lL,bu=1,z=1)and(z' = 0,u =0,z = 1) thatsatisfythe
formula (32" )\(a',u, z,2") arez’ = 1,2’ = 0,2’ =1 and
z' = 1, respectively

The proof of Lemma4.3 canbe foundin the Appendix,
which also containsa self-containedproof of Lemma4.2,
sincethatproofis usedin the proof of Lemma4.3.

We are now ready to return to the proof of
Theorem 3.2. As stated earlier our goal is to
shav that the following problem has a polynomial-
time reductionto INF-CIRC(()Fc(S)): given a F(S)-
formula ¢(Z, 7, wo,w1), decide whether the sentence
VZ3gp(Z,7,0/we, 1/wy) is true. Towardsthis goal, we
startwith the formula x describedn Lemma4.1 andthen
adjust x in six successie steps! = 1,...,6 (enumer
ated below). At the last step, we will have constructed
an F¢ (S)-formula for which the desiredreductionholds.
More formally, ateachstepl = 1,...,6, wewill construct
aformulay; suchthatforall/ =0, ...,5 (assuminghatx
is x), the setof free variablesof x; is goingto be a subset
(notnecessarilyproper)of x;+1 and,in addition,theformu-
las x; will satisfythefollowing threerequirements:

R1: Every truth assignmenthat satisfiesy; canbe ex-
tendedo atruth assignmenthatsatisfiesy; 1.

R2: Therestrictionof every truth assignmenthatsatis-
fiesx;+1 to thevariablesof x; alsosatisfiesy;.

R3: Leta anda’ betwo satisfyingtruth assignmentsf
x: suchthata(u) = 1 anda’ < «a. If 8 is anextensionof
« to a satisfyingtruth assignmenof x;41, thenthereis an
extensiong’ of o' to a satisfyingtruth assignmenof x;41
suchthatg’ < S.

It is easyto seethat oncewe prove the above threere-
quirementsthenfor eachl > 0, x; hasaminimal satisfying
truth assignmenwvith . = 1 if andonly if x;+1 does.From
Lemma4.1 andthefactthatthe formulaconstructedt the
laststepwill bein Fc(S), it follows thatthe reductionwill
becomplete.

Noticefirst thatif x; andx;41 have the samesetof free
variablesthenthe above threerequirementareequivalent
to assertinghaty; andy;+1 arelogically equivalent.

Step1: In x, replaceeachconnectez = (u V z;), for
i =1,...,n,with 2z} = (uV —z;). Theformulax; has
the samevariablesasy andit is equialentto x, sincethe
conjunctA?_, (z; # z;) appearsn bothy andy; Therefore
therequirementfR1-R3aresatisfied.

Step2: In x1, replaceeachconnectve z; = (u V —z;),
fori = 1,...,n, by Xz}, u, 2, 2}), wherethe 2], for
i = 1,...,n, are new variablesand X is the formula
describedin Lemma4.3. Becauseof the equivalenceof
zf = (u Vv —z) with (32))A (2], u, 2;, 2), we canimme-
diately concludethattherequirementfl andR2 aresatis-
fied. To prove requiremeniR3, obsene thatbecausenly
the variablesz}, u, z;, for i = 1,...,n, areinvolvedin
the connectves that are replacedat the currentstep, and
becauseve have associatea differentwitnessz; for each
triple of variablesz}, u, z;, we canrestrictour attentionto
assignmentso the threevariablesz}, v and z; only (for an
arbitrarybut fixeds). Supposehata anda’ aretwo assign-
mentsto z}, u andz; suchthatca’ is lessthanor equalto
a andu = 1in a. Thenfirst obsene that becausef the
conjunctz; = (u V —z;), 2; = 1in a. Also obsere that
becausef the conjunctz; # z;, thevaluesof z; in o and
o' areequal(recall from the proof of the Key Lemma4.1
that we expressthis fact by sayingthatthe valueof z;, as
well asz;, remain“fix ed”). The proof of this stepcanthen
be completedby distinguishingtwo casesaccordingto the
commonvalueof z; in a anda’. Thedetailswill appeain
thefull paper

Step3: In x2, replaceeachconnectve z} V z; (thatap-
pearsas part of the formula A(z}, u, z;, 2})) by z; — =}.
Thesatishctionof therequirmentdfk 1-R3is provedexactly
asin Stepl.

Obsere that, apartfrom the conjunct A, (z; # z;),
theonly logical connectvesthathave notyet beenreplaced
by an F¢(S)-formula are connectiesof theform z — y



(x andy areusedasgenericnamesof variables) wherez

is eitherw or z; or z; for somei. In the next two stepswe
dealwith theseconnectves. Noticefirst thatif the relation
K = {(1,1,1),(0,1,0,(0,01)} is notin F(S), thenwe
arein Casel of Lemma4.2, thereforethereis an F1(S)

formulae(z,y) equvalentto z — y. In this case,in one
stepthatsubsumeshe following two stepswe just replace
every occurrenceof z — y with e(z,y). Soin the next

two steps,we assumehattherelation K is in F;(.5), and
thereforewe arein Case2 of Lemma4.2.

Step 4: In x3, replaceeachconnecve u — z (z is
againa genericnamefor variablesywith «(u, z, 2'), where
z' is anew variabledistinctfor eachz andx is theformula
describedn Case2 of Lemma4.2. Thevalidity of there-
quirementsR1 and R2 is immediate. As for requirement
R3, restrictattentionto the variablesu andz, for an arbi-
trary but fixed variablez. The validity of R3 thenfollows
from thewitnessproperty(i) establishedn Lemma4.2.

Step5: Noticefirst thatwe cannotimitate Step4 andre-
placetheconnectvesof theform z; — z with k(z;, z, z'),
sincein two modelsa anda’ of z; — z suchthatea' is less
thanor equalto «, thevalueof z; remainsfixed,while it is
thevalueof z thatmaydropfrom Lin a to 0 in o’. There-
fore,thewitnessproperty(i) of Lemmad4.2 doesnotsuffice
to prove R3for thecasewhenz; = 0. Insteadwe first sub-
stitutex; — x with z; V 2 andthensubstitutehelatterwith
k(z', zi, ). If we usethe witnessproperty(ii) in Lemma
4.2 for the connectve z; V z, everythinggoesthrough,for
bothpossibilitiesz; = 1 andz; = 0, asit canbeeasilyseen.
We dealsimilarly with the connectvesof theform z; — x.

Step6: By Schaefers ExpressibilityTheorem?2.3,there
is an F1(S) formula, say ((z,y,t1,-..,ts,wo), Suchthat
for eachi = 1,...,n, the connectve z; # z; is log-
ically equivalentto (3t)¢(z;/=, z;/y,t,0/wp). To con-
struct xg, replacein ys the connectves z; # z; with
Cxi/z,zify, 21 [tr, .., 2] [ts,0/wo), where zi for
i =1,...,nandr = 1,...,s arenew variables.lt is not
hardto seethat requirementfR1-R3canbe provedin this
casewith no specialpropertiesfor the witnesses. Notice
that x¢ is in Fc(S) (andthatthe constan) wasonly used
in thelaststep).

This concludeghe outline of the proof of Theorem3.2.
|
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Appendix: Proof of Lemmas4.1,4.2,and 4.3

Lemma 4.1: Let S be 1-valid setandlet ¢(Z, ¥, wo,w1)
be an F(S)-formula, where z = (z1,...,2,), § =
(y1,---,Ym), wo @andw; is thelist of its variables.Let u,
¥ = (z1,...,2),)andz = (z,...,2,) benew variables,

andlet x(u, z, z, ', 7) bethefollowing formula

n

So(jlag/u/wO: l/wl) A (/\(.CCZ ¢ ZZ)> A

i=1

/\(u—)yj) A (/\(:c; E(uVm,))) )

j=1 i=1

Thenthe formula Vz3g¢(z, 7, 0/wo, 1/wy) is trueif and
onlyif x(u,z,2,%',9) Ecrc ~U-

Proof: Fortheif part,considemnassignmend to thevari-
ablesz thatsatisfieghe formulaVy—¢(Z, §,0/wg, 1 /w1).
Extenda to anassignmeng of all variablesof the formula
x by lettingu = 1,2} = 1fori =1,...,n,y; = 1 for
j=1,...,m,andbygivingtoeachz;, fori = 1,...,n,the
oppositevalueof z;. Becausep is 1-valid, it is easyto see
that satisfiesy. We will show that is actuallya minimal
satisfyingassignmenof x. Firstobsenrethatthe conjuncts
A, (z; £ 2;) ensurethatnoneof thevariablesz or z can
getadifferentvalueat a satisfyingassignmenof y strictly
smallerthang (we expresshisfactby sayingthatthevalues
of z andz arefixed). Also, the Conjuncts/\gnzl(u — ;)
andA;_, (z} = (uV z;)) ensurehatthevaluesof  andz’
areboundto be1 at any assignmensatisfyingx andwith
u = 1. All we haveto proveis thatu cannotgetthe value

0 atasatisfyingassignmenof x smallerthang. Assumeit
did andlet v < 8 bebe a satisfyingassignmenof x with
u = 0. Then,obsere thatin v, becausef the conjunct
Nii (@i = (uV z;)), the valuesof z’ would be equalto
the correspondingraluesof Z. Therefore,becauseof the
first conjunctof x, andbecause; = 0 in -y, the valuesof
Z andy in  would satisfy(Z, 4, 0/wg, 1/w;). Now ob-
sene thaty and 8 coincideon z, becausehe value of z
is “fixed”. Thereforey anda alsocoincideon z, sinceby
constructions extendsa. This is a contradiction,because
we assumedhata satisfiesVy—p(Z, 7, 0/wo, 1/wy).

To prove the corverse, consider a minimal assign-
menta of x with 4 = 1 and also considerthe assign-
ment 8 inducedby a on Z. We claim that g satisfies
Vg—o(Z,§,0/we, 1/wy). If not, thenthereis an assign-
mentof valuesto i whichcombinedwith 3 formsanassign-
ment~ thatsatisfiesp(z, §,0/wq, 1/w). Extendy to an
assignmend of all variablesof x by settingu = 0, z} = z;
fori =1,...,n, andby giving to eachz; fori = 1,...,n
the oppositevalueof z;. It is easyto seethatd satisfiesy
andis strictly smallerthana, whichis a contradiction

Lemma 4.2: (Creignouand Hébrard[CH97]) Let S bea
1-valid, non-Staefersetof logical relations. Thenat least
oneof thefollowing two statementss true.

1. Thee existsan F;(S)-formulae(z, y) with the prop-
ertythat (z — y) = e(z,y).

2. ThelogicalrelationK = {(1,1,1),(0,1,0),(0,0,1)}
is in F1(S), ie., ther exists an F;(S)-formula
k(x,y, z) which is satisfiedonly by the threetruth as-
signmentg1,1, 1), (0,1,0) and(0,0, 1). Therfore:

@) (z —- v) = (32)k(z,y,2); morover,
(32)k(z,y, ) hastheadditionalpropertythat1 is the
only witnessfor thevariable z underthetruth assign-
ment(1, 1) to thevariables(z, y).

(i) (z Vv y) = (32)k(z,z,y); moreover,
(32)k(z, z,y) hastheadditional propertythat1 is the
only witnessfor thevariable z underthetruth assign-
ment(1, 1) to thevariables(z, y).

Proof: SinceS is al-valid, non-Schaefesetof logicalrela-
tions, it mustcontaina 1-valid logical relation R thatis not
affine. As shavn in [CH96], theremustexist two k-tuples
s,t € Rsuchthatl @ s @t ¢ R, wherel is theall-ones
k-tuple(l,...,1) andk isthearity of R. Letzy, ...,z be
propositionalvariablesandlet R’ be a relation symbol of
arity k thatwill beinterpretecby R. For (i,j) € {0,1}?,
let V;; bethe setof all variablesz,, 1 < p < k, such
thatthe p-th coordinateof the tuple s is equalto 7, andthe
p-th coordinateof the tuple ¢ is equalto j. Letz,y,z,w
be four new propositionalvariablesandlet ¢ (z,y, z, w)



bethe F(S)-formulaR'(z/Voo,y/V10, 2/ Vo1, w/Vi1) 0b-
tained from the formula R'(z1,...,2x) by substituting
the variablez for all occurrence®f the variablesin Vg,
and similarly for the variablesy, z, and w. Also let
wa2(z,y,2) bethe Fi(S)-formulay; (z,y, z,1/w). Now
obsene the following: (1) the truth assignmenf1,1,1,1)
satisfiesp, (z,y, z,w), sincel € R; (2) the truth assign-
ment (0,1,0, 1) satisfiesps(z,y, z,w), sinces € R; (3)
the truth assignment0, 0, 1, 1) satisfiesghe p;(z,y, z, w),
sincet € R; (4) the truth assignment1,0,0,1) doesnot
satisfy o1 (z,y, 2,w), sincel ® s ® t ¢ R. Therefore,
(1,1,1), (0,1,0) and (0,0,1) satisfy a(z,y,2), while
(1,0,0) doesnot.

We have noinformationasto whetheror nottheremain-
ing four assignmentg1,1,0), (0,1,1),(1,0,1), (0,0,0)
satisfy o2 (,y, z). Thus,we have sixteenpossibilitiesto
examineregardingthe satisfiability of o2 (x, y, z) by these
four truth assignmentsWe startby branchingon the two
possibilitiesfor the truth assignment0, 0, 0):

CaseA: (0,0,0) satisfiesps(z,y,2). We distinguish
two subcasesSubcaseA.1: (0,1,1) satisfiesps(z,y, 2).
Thensete(z,y) = p2(x,y,y). SubcaseA.2: (0,1,1)
doesnot satisfy 5 (z,y,2). One more branching: Sub-
caseA.2.1: (1,0,1) satisfiespa (z, y, 2). Thensete(z, y) =
w2(y,z,1). SubcaseA.2.2: (1,0,1) does not satisfy
p2(x,y, 2). Thensete(z,y) = pa2(x,y,z). Thiscompletes
the examinationof CaseA.

CaseB: (0,0,0) doesnot satisfy 2 (z,y, z). Consider
the following branching: CaseB.1: None of the three
assignmentél, 1,0), (1,0, 1), (0,1, 1) satisfiesps(x, y, 2).
Thenk(z,y,2) = ¢a2(x,y,2). CaseB.2: At leastone
the three assignmentg(1, 1,0),(1,0,1), (0,1,1) satisfies
pa(z,y,2). We make a three-vay branchingdepending
on which of thesethree assignmentsatisfiesps (z, y, z).
CaseB.2.1: (1,1,0) satisfiesgs(z,y,2). Then obsene
that(z V y) = ¢a(z,z,y). We postponefor a while the
continuatiorof this casewherewe have alreadyestablished
that (z Vv y) is definedby an F; (S)-formula. CaseB.2.2.:
(1,0,1) satisfiesps(z,y,2). Thenobsenethat(z vV y) =
pa2(z,y,z). Again, we postponethe continuationof this
case.CaseB.2.3: (0,1,1) satisfiesps(z,y,2). Sincewe
have alreadyexaminedB.2.2, we mayassumehat (1,0, 1)
doesnotsatisfyys (z,y, z). Thensete(z,y) = pa(x,y,1).
At this point all we areleft to dealwith is the casewhere
(z V y) is definedby an F; (S)-formula. We examinethis
casebelow.

Sincenot every elementof S is a dualHorn relation, S
mustcontainalogical relation for which therearetuples
s,t € @@ suchthats v t € @ (herewe usethe closureprop-
erty thatcharacterizeslual Horn relations). By arguments
similar to the precedingones,we canconstructan ¢ (S)-
formulays(z, y, 2) thatis satisfiedby (1,1, 1), (0,1,0) and
(0,0,1), butit is not satisfiedby (0,1,1). Lets(z,y, 2)

bethe Fc(S)-formulas(z,y, 2) A (y V z). Obsere that
¥s(x,y, 2) is satisfiedoy (1, 1,1), (0,1, 0) and(0, 0, 1), but
it is not satisfiedby (0, 1, 1), (1,0, 0), (0, 0, 0). We arenow
left with thetriples (1, 1,0) and(1,0, 1) aboutwhich there
is no informationasto whetherthey satisfy s (z,y, z) or
not. We consideithefollowing threeexhaustve cases:

(1) If (1,1,0) satisfiesy3(z,y, 2), thensete(z,y) =
Y3y, 1,2); (2) if (1,0,1) satisfiesys(z,y, 2), then set
e(z,y) = ¥3(y,z,1); (3)if neither(1,1,0) nor (1,0,1)
satisfiesys(z,y, 2), then k(z,y,2) = ¥s3(x,y,2). This
completeghe proof of theLemma4.2.11

Lemma 4.3: Let S be a 1-valid, non-Staefersetof log-
ical relations. Thenthere exists a three-variable 7 (S)-
formulak’(z,y, z) thatis satisfiedby thetruth assignments
(1,1,1), (1,0,0) and (0,0,1) but is not satisfiedby the
truth assignmentl, 0, 1) (noinformationabouttheremain-
ing four possibleassignmentss required). Moreover, if we
setA(z',u, 2, 2') to betheformula

(u=2YANE'V2)AN(z = 2")A(u—2")AK (2, u,2"),

we havethefollowing properties:

(i) theformulaz’ = (u V —z) is logically equivalento
theformula (32")A\(2', u, 2, 2');

(i) theonlywitnesseg’ for eadh of thefour assignments
(' =1,u=1,2=0),( = 1Lu =02 =0),( =
l,u=1,z=1)and(z' =0,u =0,z = 1) thatsatisfythe
formula(32")A(z',u, 2,2 ) arez’ = 1,2/ =0,z = 1 and
z' = 1, respectively

Proofof Lemma 4.3

Let s'(z,y, z) betheformulays (y, z, z) constructedn the
last part of the proof of Lemma4.2 (notice the inversion
of  andy in v,). Fromthe propertiesof i, it immedi-
ately follows that ' is satisfiedby the truth assignments
(1,1,1), (1,0,0) and (0,0,1) but is not satisfiedby the
truth assignment1,0,1). To prove the properties(i)—(ii),
we essentiallydo exhaustve caseanalysisfor all the pos-
sible assignmentso the variablesz’, z, u. We canimme-
diately checkthatthe formulaz’ = (u Vv —z) is satisfied
by the assignments$1,1,0), (1,0,0), (1,1,1) and (0,0, 1)
(eachbhit in eachassignments assignedto z',« and z
in this order), while it is not satisfiedby the assignments
(0,1,0),(0,0,0),(0,1,1) and(1,0,1). Now by plugging
into the formula (32")\(2',u, z, 2') the latter four assign-
ments,one after the other we can checkthat they do not
satisfyit. In the sameway we cancheckthat the former
four assignmentsl, 1,0), (1,0,0), (1,1,1) and(0,0, 1) do
satisfy (32")A(z', u, 2, 2"). During the checkthattheabove
four assignmentareindeedsatisfying,we alsodetermine
all possibilitiesfor thewitnessz’, in orderto verify thatthe
uniquenespropertiesequiredfrom 2’ areindeedtrue (we
will only needsomeof theseuniquenesgroperties)ll



