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Abstract

The inference problem for propositional circumscrip-
tion is knownto be highly intractableand, in fact, harder
thantheinferenceproblemfor classicalpropositionallogic.
More precisely, in its full generality this problemis �6�� -
complete, which meansthat it hasthe sameinherentcom-
putationalcomplexity asthesatisfiabilityproblemfor quan-
tified Booleanformulaswith two alternations(universal-
existential)of quantifiers. We useSchaefer’s framework of
generalizedsatisfiabilityproblemsto studythefamily of all
restrictedcasesof the inferenceproblemfor propositional
circumscription.Our mainresultyieldsa completeclassifi-
cationof the“truly hard” ( �6�� -complete)andthe“easier”
casesof this problem(reducibleto the inferenceproblem
for classicalpropositionallogic). Specifically, weestablish
a dichotomytheoremwhich assertsthateachsuch restricted
caseeitheris � � � -completeor is in coNP. Moreover, wepro-
vide efficiently checkablecriteria that tell apart the “truly
hard” casesfromthe“easier” ones.

1 Intr oduction and Summary of Results

Duringthepastthreedecades,researchersin artificial in-
telligencehave investigatedin depthvariousformalismsof
nonmonotonicreasoning.Circumscription,introducedby
McCarthy [McC80], is perhapsthe most well-known and
extensively studiedsuchformalism. It enjoys high expres-
sive power andthusis suitablefor modelinga wide variety
of problemsrequiringnonmonotonicreasoning.Moreover,
propositionalcircumscriptionhasbeenshownbyGelfondet
al. [GPP89] to coincidewith reasoningundertheextended
closedworld assumption(ECWA), whichis oneof themain
formalismsfor reasoningwith incompleteinformation.�
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A fundamentalproblemin every logical formalismis in-
ference, i.e., the problemof decidingwhether, given two
formulas ¡ and ¢ , theformula ¢ canbeinferredfrom ¡ in
thecontext of the logical formalismat hand. Intuitively, ¡
representsaknowledgebase,while ¢ representsastatement
thatweareinterestedin decidingwhetherit canbeinferred
from theknowledgebase.In the caseof classicalproposi-
tional logic, inferenceamountsto tautological implication¡�£ ¤¥¢ , i.e., to the problemof decidingwhether ¢ is sat-
isfied by every truth assignmentthat satisfies¡ . Conse-
quently, inferencein classicalpropositionallogic is acoNP-
completeproblemandthusconsideredto beintractable.In
the caseof propositionalcircumscription,inferenceturns
out to have even higher inherentcomputationalcomplex-
ity. Indeed,as shown by Eiter and Gottlob [EG93], the
inferenceproblemfor propositionalcircumscriptionis �6�� -
complete. Recall that the class � � � constitutesthe second
level of thepolynomialhierarchyPHandthuscontainsboth
NPandcoNPassubclasses.Moreover, theprototypical� � � -
completeproblemis � � � -SAT, i.e.,thesatisfiabilityproblem
for quantifiedBooleanformulasof the form ¦�§¨�© §ª:«@¬ §¨*­ §ª0® ,
where §¨ , §ª aretuplesof propositionalvariablesand «@¬ §¨*­ §ªW®
is a CNF-formula(see[Pap94]).

Classicalpropositionallogic is concernedwith all mod-
els of a given formula, i.e., with all truth assignmentsthat
satisfytheformula. In contrast,propositionalcircumscrip-
tion is concernedwith the minimal modelsof a given for-
mula,i.e.,with thosesatisfyingtruthassignmentsfor which
thereis no smallersatisfyingtruth assignmentwith respect
to the coordinate-wisepartial order betweentruth assign-
ments. Consequently, in its full generality, the inference
problemfor propositionalcircumscriptioncanbe statedas
follows: giventwo CNF-formulas¡ and ¢ , is ¢ truein ev-
ery minimal model of ¡ ? A moment’s reflectionreveals
that this problemis polynomial-timeequivalentto thespe-
cial casein which ¢ is simplyaclause(i.e.,adisjunctionof
literals),since¢ canbeinferredfrom ¡ underpropositional
circumscriptionif andonly if eachclauseof ¢ canbesoin-
ferred.Moreover, EiterandGottlob[EG93] establishedthat
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theinferenceproblemfor propositionalcircumscriptionre-
mains � � � -completeeven when ¡ is a 3CNF-formulaand
theclause¢ consistsof a singlenegatedvariable.

Are thererestrictedclassesof propositionalformulason
which theinferenceproblemfor propositionalcircumscrip-
tion has complexity lower than � � � -complete? To make
this questionprecise,onecanconsiderrestrictionson both
theformulasrepresentingknowledgebasesandthe formu-
las representingstatementsto be inferred. Sinceclauses
are the syntacticallysimplestpropositionalformulas, it is
naturalto considerrestrictionson the formulasrepresent-
ing knowledge basesonly. Thus, for every class ¯ of
propositionalformulas,welet INF-CIRC

¬ ¯ ® denotethefol-
lowing decisionproblem: given a formula ¡±°)¯ anda
clause ¢ , is ¢ true on every minimal model of ¡ ? The
questionthen is to analyzethe computationalcomplexity
of INF-CIRC

¬ ¯ ® for different classes̄ of propositional
formulasandidentify classes̄ for which the complexity
of INF-CIRC

¬ ¯ ® is lower than � � � -complete.Evenbefore
the �6�� -completenessof the full problemwasestablished,
this questionwasstudiedby CadoliandLenzerini[CL94],
whereINF-CIRC

¬ ¯ ® wasshown to be in P or to becoNP-
completefor several different classes̄ of propositional
formulas. Specifically, CadoliandLenzeriniobservedthat
if a class ¯ of propositionalformulasis suchthat testing
satisfying truth assignmentsfor minimality is in polyno-
mial time, thenINF-CIRC

¬ ¯ ® is in coNP. Sinceminimality
testingis in polynomial time for the classesof Horn for-
mulas,dual Horn formulasand2CNF-formulas,it follows
that INF-CIRC

¬ ¯ ® is in coNP, when ¯ is oneof thesethree
classes.Moreover, if ¯ is the classof all Horn formulas,
thenINF-CIRC

¬ ¯ ® is solvablein polynomialtime,sinceev-
ery satisfiableHorn formulahasa minimum(uniquemini-
mal) model that canbe computedin polynomial time. In
[CL94], it was also proved that INF-CIRC

¬ ¯ ® is actually
coNP-complete,when ¯ is the classof all dual Horn for-
mulasor theclassof all 2CNF-formulas.

The aforementionedresultsidentify several interesting
caseswhere the complexity of the inferenceproblem in
propositionalcircumscriptionis lower than � � � -complete.
Nonetheless,they do not provide a completeclassification
of the “truly hard” ( � � � -complete)and the “easier” cases
of this problem. In particular, except for the classof all
CNF-formulasandtheclassof all 3CNF-formulas,noother
interestingclasses̄ of propositionalformulasfor which
INF-CIRC

¬ ¯ ® is � � � -completewere known prior to the
work reportedhere. This should be contrastedwith the
stateof affairs concerningthe complexity of the inference
problem for classicalpropositionallogic, where a com-
pleteclassificationcanbederivedfrom thepioneeringwork
by Schaefer[Sch78] on the complexity of GENERALIZED

SATISFIABIL ITY problems.In orderto describeSchaefer’s
work andrelateit to the inferenceproblem,we needto in-

troducesometerminologyandnotation.

A logical relation (or generalized connective) ² is
a non-emptysubsetof ³ Q ­ V>´fµ , for some ¶¸· V

. If¹ ¤ ³f²2º ­g»g»�»�­ ²8¼ ­g»g»�» ´ is a set of logical relations,
then an ¯ ¬ ¹ ® -formula is a conjunction of expressions
(calledgeneralizedclausesor, simply, clauses) of theform$�½ ¬¾¨ º ­g»�»g»�­;¨ µ ® , whereeach

$+½
is a relationsymbolrepre-

sentingthelogical relation ² ½ in ¹ andeacḧW¿ is aBoolean
variable.Furthermore,an ¯6À ¬ ¹ ® -formula is a formulaob-
trainedfrom an ¯ ¬ ¹ ® -formula by substitutingsomeof the
variablesby the constantsymbols Á and Â . Each set

¹
of logical relationsgivesrise to the following GENERAL-
IZED SATISFIABIL ITY problemSAT À ¬ ¹ ® : givenan ¯ À ¬ ¹ ® -
formula ¡ , is ¡ satisfiable?In a similar manner, oneob-
tainsthefamily of SAT

¬ ¹ ® problemsby considerinḡ ¬ ¹ ® -
formulas,insteadof ¯ À ¬ ¹ ® -formulas.

In [Sch78], four conditionswereisolatedandthefollow-
ing remarkableclassificationtheoremfor the family of all
GENERALIZED SATISFIABIL ITY problemsSAT À ¬ ¹ ® was
established:if the set

¹
satisfiesat leastoneof thesefour

conditions,then SAT À ¬ ¹ ® is solvable in polynomial time;
otherwise,SAT À ¬ ¹ ® is NP-complete.Thesefour conditions
are: (1) every relationin

¹
is the setof modelsof a Horn

formula;(2) everyrelationin
¹

is thesetof modelsof adual
Horn formula;(3) everyrelationin

¹
is thesetof modelsof

a2CNFformula;(4) everyrelationin
¹

is thesetof models
of anaffineformula,i.e.,aconjunctionof formulasbuilt us-
ing the Ã (exclusiveor) connective. It shouldbenotedthat
eachof theseconditionsturnedout to beefficiently check-
able. Schaeferalso obtaineda classificationtheoremfor
the family of SAT

¬ ¹ ® problems,which involvestwo addi-
tional conditionsthat trivially give rise to polynomial-time
solvableSAT

¬ ¹ ® problems.Notethat theNP-completeness
of POSITIVE 1-IN-3-SAT, NOT-ALL-EQUAL 3-SAT and
otherwell known variantsof SAT is an immediateconse-
quenceof Schaefer’s results. Morover, the above results
constitutethe first instanceof a dichotomytheorem for a
family of decisionproblemsin NP, i.e., resultsthat con-
cern an infinite family Ä of decisionproblemsand assert
that certainproblemsin Ä areNP-complete,while on the
contraryall otherproblemsin Ä aresolvablein polynomial
time. It shouldbepointedout that thea priori existenceof
dichotomytheoremscannotbetakenfor granted,sinceLad-
ner’s theoremin [Lad75] assertsthatif

AaÅ¤ J�A , thenthere
areproblemsin NP thatareneitherNP-completenor in P.

The inferenceproblemin classicalpropositionallogic
is polynomial-timereducibleto the satisfiabilityproblem.
Using this fact, it is easyto seethat Schaefer’s dichotomy
theoremfor satisfiabilityproblemsyieldsa dichotomythe-
orem for the inferenceproblemin classicalpropositional
logic. Specifically, if

¹
is a set of logical relationsthat

satisfyat leastoneof the four aforementionedconditions,
thenthe inferenceproblemin classicalpropositionallogic



for ¯ À ¬ ¹ ® -formulasis solvablein polynomialtime; other-
wise,it is coNP-complete.In addition,a similardichotomy
theoremcanbederivedfor theinferenceproblemin classi-
calpropositionallogic for ¯ ¬ ¹ ® -formulas.

In this paper, we useSchaefer’s framework to investi-
gatethe computationalcomplexity of the inferenceprob-
lem in propositional circumscription. Our main result
assertsthat, for every set

¹
of logical relations, either

INF-CIRC
¬ ¯6À ¬ ¹ ®;® is �6�� -completeor INF-CIRC

¬ ¯6À ¬ ¹ ®Æ®
is in coNP. In otherwords,our main result tells that each
restrictedcasesof the inferenceproblemfor propositional
circumscriptioneitheris ashardasthegeneralcaseor is re-
ducibleto theinferenceproblemfor classicalpropositional
logic. Moreover, it providesefficiently checkablecriteria
that,givena finite set

¹
of logical relations,distinguishthe

two possibilitiesfor the complexity of INF-CIRC
¬ ¯ À ¬ ¹ ®Æ® .

This constitutesa dichotomy theoremfor the inference
problemin propositionalcircumscription,sinceresultsby
Ladner[Lad75] imply that if � � � Å¤|Ç LUJ�A , thenthereare
decisionproblemsin � � � thatareneither � � � -completenor
in coNP. It shouldalsobepointedout that theboundaryin
thedichotomyseparating� � � -completenessfrom member-
shipin coNPturnsout to bedifferentfrom theboundaryin
thedichotomytheoremfor theinferenceproblemin classi-
calpropositionallogic.

Our main result is establishedin two stages. In the
first stage,we prove a dichotomytheoremfor the family
of INF-CIRC

¬ ¯ À ¬ ¹ ®;® problems,where
¹

is a setof
V
-valid

logicalrelations,i.e.,eachrelationin
¹

containstheall-ones
tuple ¬ V ­�»g»g»g­ V ® . In thesecondstage,we usethis restricted
dichotomy theoremas a steppingstoneto derive the di-
chotomytheoremfor the full family of INF-CIRC

¬ ¯6À ¬ ¹ ®Æ®
problems,where

¹
is an arbitrarysetof logical relations.

To this effect, we apply the restricteddichotomytheorem
to the set

¹IÈ
of all

V
-valid logical relationsobtainedfrom

relationsin
¹

by replacingsomevariablesby
Q
. A two-

stageapproachwasusedfor thefirst time in a recentpaper
[KK01], wherea dichotomytheoremfor minimal satisfia-
bility problemswasestablished.With someextra work, we
canalsoobtaina dichotomytheoremfor the family of all
INF-CIRC

¬ ¯ ¬ ¹ ®;® problems,where
¹

is asetof logicalrela-
tions.Dueto spacelimitations,this resultwill bepresented
in thefull versionof thepresentpaper.

Since the publication of the original dichotomy theo-
remby Schaefer[Sch78], researchershaveobtainedseveral
other dichotomytheoremsfor certainvariantsof satisfia-
bility problems(see,for instance,[Cre95, KSW97,CH96,
CH97, KS98, RV00, KK01]). The resultsreportedhere
provide thefirst dichotomybetween� � � -completenessand
membershipin coNP. At the technical level, the proofs
make extensive use of Schaefer’s expressibility theorem
[Sch78, Theore3.0], aswell asof a definability resultby
Creignouand Hébrard[CH97] and other special-purpose

definabilityresultsestablishedhere.
Finally, we conjecture that a trichotomy theorem

holds for the complexity of propositional circumscrip-
tion. Specifically, we conjecture that, for every set¹

of logical relations, exactly one of the following
three alternatives holds: (1) INF-CIRC

¬ ¯6À ¬ ¹ ®;® is � � � -
complete; (2) INF-CIRC

¬ ¯6À ¬ ¹ ®;® is coNP-complete;(3)
INF-CIRC

¬ ¯6À ¬ ¹ ®;® is solvable in polynomial time. Note
that if this conjectureis confirmed,it will yield the first
trichotomytheoremfor a family of naturaldecisionprob-
lems in a complexity classbeyond NP. In view of the di-
chotomytheoremestablishedhere,it remainsto establisha
dichotomytheoremfor thoseINF-CIRC

¬ ¯ À ¬ ¹ ®;® problems
thatarein coNP. Althoughtheresultsin [CL94] yield parts
of this conjectureddichotomy, much more remainsto be
donein orderto completethepicture.

2 Preliminaries and Background

This sectioncontainsa minimum amountof the neces-
sarybackgroundmaterialon thecomplexity of GENERAL-
IZED SATISFIABIL ITY problemsfrom [Sch78].

Let
¹ ¤�³É² º ­�»g»�»�­ ² ¼ ­�»g»�» ´ bea setof logical relations

of variousarities.As statedin Section1, an ¯ ¬ ¹ ® -formula
is a finite conjunctionof clausesbuilt usingrelationsfrom¹

andpropositionalvariables,while an ¯ À ¬ ¹ ® -formula is
a formula built usingrelationsfrom

¹
, propositionalvari-

ables,and the constantsymbols Á or Â . Recall also that
SAT
¬ ¹ ® is thefollowing decisionproblem:givenan ¯ ¬ ¹ ® -

formula ¡ , is it satisfiable?(i.e., is therea truth assignment
to thevariablesof ¡ thatmakeseveryclauseof ¡ true?)The
decisionproblemSAT À ¬ ¹ ® is definedin asimilar way.

Clearly, for eachfinite set
¹

of logical relations,both
SAT
¬ ¹ ® and SAT À ¬ ¹ ® are problemsin NP. Several well-

known NP-completeproblemscaneasilybecastasSAT
¬ ¹ ®

problemsfor particularsets
¹

of logical relations.For ex-
ample,3-SAT coincideswith the problemSAT

¬ ¹ ® , where¹ ¤Ê³É²�Ë ­ ² º ­ ² � ­ ²�Ì ´ and ²�Ë8¤Ê³ Q ­ V>´ ÌIÍ ³ ¬ Q ­ Q ­ Q ® ´ (ex-
pressingtheclause¬¾¨8Î�ªÏÎ�Ð:® ), ² º ¤a³ Q ­ VR´ ÌCÍ ³ ¬ V ­ Q ­ Q ® ´
(expressingthe clause ¬\Ñ*¨ÒÎÓª�ÎÔÐU® ), ² � ¤Õ³ Q ­ VR´ Ì�Í³ ¬ V ­ V ­ Q ® ´ (expressingthe clause ¬ÖÑ*¨ÓÎÊÑ*ª×ÎÊÐU® ), and²�Ìm¤Ø³ Q ­ VR´ Ì2Í ³ ¬ V ­ V ­ V ® ´ (expressingthe clause ¬\Ñ*¨BÎÑ*ª�Î%ÑCÐ:® ). Similarly, theNP-completeproblemPOSITIVE-
1-IN-3-SAT ([GJ79, LO4, page259]) is preciselytheprob-
lem SAT

¬ ¹ ® , where
¹

is thesingletonconsistingof there-
lation ² ºÆÙ Ì ¤a³ ¬ V ­ Q ­ Q ®�­�¬ Q ­ V ­ Q ®�­�¬ Q ­ Q ­ V ® ´ .

Recall that a Horn formula is a conjunctionof clauses
eachof which is a disjunctionof literals suchthat at most
oneof themis a variable.Similarly, adual Horn formulais
a conjunctionof clauseseachof which is disjunctionof lit-
eralssuchthatatmostoneof themis anegatedvariable.As
mentionedin Section1,anaffineformulais aconjunctionof
subformulaseachof which is anexclusivedisjunction Ã of



literalsor a negationof anexclusivedisjunctionof literals.

Definition 2.1: Let ² bea logical relationand
¹

afinite set
of logical relations.² is

V
-valid if it containsthetuple ¬ V ­ V ­�»g»�»�­ V ® , whereas² is

Q
-valid if it containsthe tuple ¬ Q ­ Q ­�»g»g»g­ Q ® . We say

that
¹

is
V
-valid (

Q
-valid) if every memberof

¹
is 1-valid

(0-valid).² is 2CNF (Horn, dual Horn, or affine, respectively) if
thereis a propositionalformula ¡ which is 2CNF (Horn,
dualHorn,or affine,respectively)andsuchthat ² coincides
with thesetof truth assignmentssatisfying ¡ .¹

is Schaeferif at leastoneof thefollowing four condi-
tionshold: every memberof

¹
is 2CNF;every memberof¹

is Horn; every memberof
¹

is dualHorn; every member
of
¹

is affine. Otherwise,we saythat
¹

is non-Schaefer.

Thereare efficient criteria to determinewhethera logical
relationis 2CNF, Horn, dualHorn, or affine. In fact,a set
of suchcriteriawasalreadyprovidedby Schaefer[Sch78];
moreover, evensimplercriteria for a relationto beHorn or
dualHorn weregivenby DechterandPearl[DP92]. Each
of thesecriteria involvesa closure propertyof the logical
relationsat handundera certainfunction. Specifically, a
relation ² is 2CNF if andonly if for all Ú º ­ Ú � ­ Ú4Ì+°�² , we
have that ¬ Ú º Î Ú � ®*ÛÜ¬ Ú � Î Ú4Ì ®*ÛÜ¬ Ú º Î Ú4Ì ® °Ý² , wherethe
operatorsÎ and Û areappliedcoordinate-wiseto bit tuples.² is Horn (respectively, dual Horn) if and only if for allÚ º ­ Ú � °B² , wehavethat Ú º Û Ú � °�² (respectively, Ú º Î Ú � °² ). Finally, ² is affine if andonly if for all Ú º ­ Ú � ­ Ú4Ì�°Ü² ,
wehave that Ú º ÃÜÚ � Ã×Ú4Ì�°�² .

If
¹

is a
Q
-valid or a

V
-valid setof logical relations,then

SAT
¬ ¹ ® is a trivial decisionproblem(theansweris always

“yes”). If
¹

is anaffinesetof logical relations,thenSAT
¬ ¹ ®

canbe solved in polynomial time usingGaussianelimina-
tion. Moreover, therearewell-known polynomial-timeal-
gorithmsfor the satisfiability problemfor the classof all
2CNFformulas(2-SAT), theclassof all Hornformulas,and
theclassof all dualHorn formulas.Schaefer’sseminaldis-
covery was that the above six casesare the only tractable
casesof SAT

¬ ¹ ® ; furthermore,the last four are the only
tractablecasesof SAT À ¬ ¹ ® .
Theorem2.2: [DichotomyTheorems,[Sch78]]
Let
¹

bea finite setof logical relations.
If
¹

is
Q
-valid or

V
-valid or Schaefer, then SAT

¬ ¹ ® is
solvablein polynomialtime;otherwise, it is NP-complete.

If
¹

is Schaefer, thenSAT À ¬ ¹ ® is solvablein polynomial
time;otherwise, it is is NP-complete.

Theorem2.2 immediatelyimplies that POSITIVE-1-IN-3-
SAT is NP-complete,since this is the sameproblem as
SAT
¬ ² ºÆÙ Ì ® , and ² ºÆÙ Ì is neither

Q
-valid, nor

V
-valid, nor

Schaefer, as can be seenby applying the aforementioned
closureproperties.

To obtainthe above dichotomytheorems,Schaeferhad
to first establisha resultassertingthat every non-Schaefer
set
¹

has extremely high expressive power, in the sense
that every logical relationcanbe definedfrom an ¯6À ¬ ¹ ® -
formulausingexistentialquantification.

Theorem2.3: [ExpressibilityTheorem,[Sch78]]
Let
¹

be a finite set of logical relations. If
¹

is non-
Schaefer, thenfor every ¶ -ary logical relation ² there is an¯6À ¬ ¹ ® -formula ¡ ¬¾¨ º ­�»g»�»�­;¨ µ ­ÆÐ º ­�»g»�»g­ÆÐ ¼ ® such that ² co-
incideswith thesetof all truth assignmentsto thevariables¨ º ­g»�»g»�­Æ¨ µ that satisfytheformula ¬\© §ÐU® ¡ ¬ §¨*­ §ÐS® .
3 Propositional Cir cumscription

In circumscription,propertiesarespecifiedin somelog-
ical formalism, a naturalpartial order betweenmodelsof
eachformulais considered,andthefocusis on modelsthat
areminimalwith respectto thispartialorder. Minimal mod-
elsarepreferredbecausethey have asfew “exceptions”as
possibleandthusembodycommonsense.In propositional
circumscription,propertiesarespecifiedusingpropositional
formulasandthefocusis on modelsthatareminimal with
respectto the coordinate-wisepartial order betweentruth
assignments,asdefinedbelow.

Let ¶m· V bean integerandlet Þß¤ ¬áà º ­g»�»g»�­�à µ ® , âÔ¤¬Öã º ­g»�»g»g­äã µ ® betwo ¶ -tuplesin ³ Q ­ V>´fµ . We write â�åßÞ to
denotethat,for every æIåç¶ , wehavethat ã ½ å à ½ (asusual,Q å V ). Also, âKè#Þ meansthat âéå�Þ and â Å¤yÞ . If ¡
is apropositionalformulaand Þ is a truthassignmentto the
variablesof ¡ , thenwe saythat Þ is a minimalmodelof ¡
if Þ satisfies¡ andno truthassignmentâmèÓÞ satisfies¡ .

Let ¡ and ¢ betwo propositionalformulasin CNF. We
saythat ¢ canbe inferred from ¡ underpropositionalcir-
cumscription, and write ¡{£ ¤ CIRC ¢ , if ¢ is true in ev-
ery minimal model of ¡ . Clearly, if ¢ is a conjunctionê ¼½ìë º'í ½ of clausesí ½ , then ¡t£ ¤ CIRC ¢ if and only if¡Ý£ ¤ CIRC í ½ , for every æIåÝî . Thus,theinferenceproblem
for propositionalcircumscriptioncanbe statedasfollows:
givenapropositionalformula ¡ in CNFandaclause¢ , does¡ï£ ¤ CIRC ¢ ? Sincetestinga truth assignmentfor mini-
mality is in coNP, it follows that the inferenceproblemfor
propositionalcircumscriptionis in � � � . As mentionedear-
lier, in [EG93] thisproblemwasshown to be � � � -complete,
even when ¡ is a 3CNF-formulaand ¢ is just a negative
literal Ñ*ð . Our goal is to investigatethecomplexity of the
inferenceproblemfor propositionalcircumscriptionin the
context of Schaefer’s framework. More precisely, eachset¹

of logical relationsgivesrise to the following decision
problem INF-CIRC

¬ ¯6À ¬ ¹ ®Æ® : given an ¯6À ¬ ¹ ® -formula ¡
anda clause¢ , does ¡¥£ ¤ CIRC ¢ ? The next proposition
assertsthateachof thesedecisionproblemsis equivalentto
aspecialcaseof it.



Proposition3.1: For every set
¹

of logical relations,
INF-CIRC

¬ ¯ À ¬ ¹ ®;® is equivalentto the following decision
problem:givenan ¯6À ¬ ¹ ® -formula ¡ anda negativeclause¬ÖÑ*ð º Î
ñ�ñgñfÎ Ñ*ð�ò0® , does¡Ô£ ¤ CIRC

¬\Ñ*ð º Î
ñ�ñgñ�ÎBÑ*ð�ò0® ?
Proof: Given an ¯6À -formula ¡ anda clause ¬¾¨ º ÎÓñgñ�ñ:Î¨ ¼ Î�Ñ*ð º Î
ñgñgñgÎ�Ñ*ð�ò0® , let ¡Có bethe ¯6À -formulaobtained
from ¡ by replacingeachoccurrenceof ¨ ½ , V åçæÏåçî , byÁ . It is easyto verify that ¡Ó£ ¤ CIRC

¬¾¨ º Î�ñgñgñ4Î2¨ ¼ Î�Ñ*ð º ÎñgñgñÉÎ�Ñ*ª ò ® if andonly if ¡*ó*£ ¤ CIRC
¬\Ñ*ð º Î
ñ�ñgñ�Î ð ò ® .

Consider the following restricted case of
INF-CIRC

¬ ¯ À ¬ ¹ ®;® : givenan ¯ À ¬ ¹ ® -formula ¡ andaposi-
tiveclause¬á¨ º Î%ñgñ�ñÖÎ�¨ ¼ ® , does¡Ý£ ¤ CIRC

¬á¨ º Î%ñgñ�ñÖÎ6¨ ¼ ® ?
This problemis in coNP, becauseit is easyto checkthat¡Ý£ ¤ CIRC

¬¾¨ º Î6ñ�ñgñìÎI¨ ¼ ® if andonly if ¡Ó£ ¤ ¬¾¨ º Î�ñgñ�ñìÎ.¨ ¼ ® .
Thus, the inferenceof clauseswith negative literals is es-
sential in establishing that certain INF-CIRC

¬ ¯6À ¬ ¹ ®Æ®
problemsare � � � -complete.

We are now ready to state the main results of
this paper. These results classify the complexity
of all INF-CIRC

¬ ¯6À ¬ ¹ ®;® problems and, in particular,
give efficiently checkablecriteria that characterizewhen
INF-CIRC

¬ ¯ À ¬ ¹ ®;® is a � � � -completeproblem. As men-
tionedin Section1, we first establisha dichotomytheorem
for INF-CIRC

¬ ¯ À ¬ ¹ ®;® , where
¹

is assumedto bea
V
-valid

setof logical relations,i.e., every relationin
¹

containsthe
all-onestuple ¬ V ­ V ­�»g»g»g­ V ® .
Theorem3.2: Let

¹
bea

V
-valid setof logical relations.

If
¹

is Schaefer, thenINF-CIRC
¬ ¯ À ¬ ¹ ®;® is in coNP; oth-

erwise, it is � � � -complete. Actually, if
¹

is non-Schaefer,
theneventhe following specialcaseof INF-CIRC

¬ ¯6À ¬ ¹ ®Æ®
is � � � -complete:givenan ¯6À ¬ ¹ ® -formula ¡ anda negative
literal Ñ*ð , does¡Ô£ ¤ CIRC

Ñ*ð ?
Moreover, there is a polynomial-timealgorithm to de-

cidewhether, givena finite
V
-valid setof logical relations,

INF-CIRC
¬ ¯ À ¬ ¹ ®;® is in coNPor � � � -complete.

An outline of the proof of Theorem3.2 is presentedin
Section4. Thefollowing examplesillustratethepreceding
Theorem3.2 andprovide new instancesof restrictedcases
of the inferenceproblemfor propositionalcircumscription
having thesameinherentcomplexity asthegeneralcase.

Example3.3: Considerthe ternarylogical relation ôõ¤³ ¬ V ­ V ­ V ®�­�¬ Q ­ V ­ Q ®�­�¬ Q ­ Q ­ V ® ´ » Using the closureproperties
that characterizewhen a logical relation is 2CNF, Horn,
dual Horn, or affine, it is easyto seethat ô is noneof
theabove. For instance,ô is not Horn because¬ Q ­ V ­ Q ®�Û¬ Q ­ Q ­ V ® ¤ ¬ Q ­ Q ­ Q ® Å°�ô . Consequently, Theorem3.2 im-
pliesthat INF-CIRC

¬ ¯6À ¬ ³Éô ´ ®Æ® is � � � -complete.

Example3.4: Considerthe
V
-valid set

¹ ¤X³f²�Ë ­ ² º ­ ² � ´ ­
where ²�ËÝ¤!³ Q ­ V>´ Ì�Í ³ ¬ Q ­ Q ­ Q ® ´ (expressingthe clause

¬¾¨BÎÒª�ÎmÐ:® ), ² º ¤�³ Q ­ VR´ Ì2Í ³ ¬ V ­ Q ­ Q ® ´ (expressingthe
clause¬ÖÑ*¨IÎ�ª*Î�ÐU® ), ² � ¤Ê³ Q ­ V>´ Ì�Í ³ ¬ V ­ V ­ Q ® ´ (expressing
theclause¬ÖÑ*¨ÏÎ�Ñ*ªIÎ�Ð:® ). Usingtheclosureproperties,it is
easyto verify that ²2º is neither2CNF, norHorn,noraffine,
andthat ² � is not dual Horn. Consequently, Theorem3.2
impliesthat INF-CIRC

¬ ¯6À ¬ ¹ ®;® is � � � -complete.

As mentionedin Section1, Theorem3.2 canbeusedas
steppingstoneto obtainadichotomytheoremfor thefamily
of all INF-CIRC

¬ ¯ À ¬ ¹ ®;® problems,where
¹

is anarbitrary
setof logical relations.To this effect,we usethefollowing
crucialconcept,which wasfirst introducedin [KK01].

Definition 3.5: Let ² be a ¶ -ary logical relation. We say
that a logical relation ö is a

Q
-sectionof ² if either ö is

the relation ² itself or ö canbe definedfrom the formula² ¬¾¨ º ­g»�»g»�­Æ¨ µ ® by replacingat leastone,but not all, of the
variables̈ º ­�»g»�»g­;¨ µ by

Q
.

To illustrate this concept,considerthe logical relation² ºÆÙ Ì ¤|³ ¬ V ­ Q ­ Q ®�­É¬ Q ­ V ­ Q ®�­É¬ Q ­ Q ­ V ® ´ . Thenthe logical re-
lation ³ V>´ is a

Q
-sectionof ² ºÆÙ Ì , sinceit is definableby² ºÆÙ Ì ¬á¨ º ­ Q ­ Q ® . In fact,it is easyto seethat ³ ¬ V ® ´ is theonly

logical relationthatis both
V
-valid anda

Q
-sectionof ² ºÆÙ Ì .

Theorem3.6: Let
¹

be a set of logical relationsand let¹IÈ
be thesetof all logical relations ÷ such that ÷ is bothV

-valid anda
Q
-sectionof somerelationin

¹
.

If
¹IÈ

is Schaefer, then INF-CIRC
¬ ¯6À ¬ ¹ ®Æ® is in

coNP; otherwise, it is �6�� -complete. Actually, if
¹ È

is non-Schaefer, then even the following special caseof
INF-CIRC

¬ ¯6À ¬ ¹ ®;® is � � � -complete: given an ¯6À ¬ ¹ ® -
formula ¡ anda negativeliteral Ñ*ð , does¡Ý£ ¤ CIRC

Ñ*ð ?
Moreover, there is a polynomial-timealgorithm to de-

cide whether, given a finite set
¹

of logical relations,
INF-CIRC

¬ ¯6À ¬ ¹ ®;® is in coNPor � � � -complete.

Theproofof Theorem3.6will begivenin thefull paper.
Wenow presentseveraldifferentexamplesthatillustratethe
powerof Theorem3.6.Thefirst showshow themainresult
in [EG93] canbeeasilyderivedfrom Theorem3.6.

Example3.7: Recall that 3-SAT coincideswith SAT
¬ ¹ ® ,

where
¹ ¤ ³É² Ë ­ ²2º ­ ² � ­ ² Ì ´ and ² Ë ¤ ³ Q ­ V>´ Ì Í³ ¬ Q ­ Q ­ Q ® ´ (expressingthe clause ¬á¨ÝÎéªmÎÊÐ:® ), ²�º�¤³ Q ­ VR´ ÌGÍ ³ ¬ V ­ Q ­ Q ® ´ (expressingtheclause¬ÖÑ*¨�ÎBª�Î�Ð:® ),² � ¤Ø³ Q ­ VR´ Ì Í ³ ¬ V ­ V ­ Q ® ´ (expressingthe clause ¬\Ñ*¨BÎÑ*ª�ÎÒÐ:® ), and ²�Ì�¤±³ Q ­ VR´ Ì�Í ³ ¬ V ­ V ­ V ® ´ (expressingthe

clause¬\Ñ*¨�Î�Ñ*ª2ÎBÑCÐ:® ).
Sincethe logical relations ² Ë , ²�º , ² � are

V
-valid, they

aremembersof
¹IÈ

. It followsthat
¹IÈ

is notSchaefer, since² º is not 2CNFor Horn or affine,and ² � is not dualHorn.
Theorem3.6 immediatelyimplies that INF-CIRC

¬ ¯ À ¬ ¹ ®;®
(i.e., INF-CIRC

¬ Y:øùJ�ú ® ) is � � � -complete.



Example3.8: Considerthe set
¹ ¤{³f²�Ë ­ ²8Ì ´ , where ²�Ë

and ²�Ì areasin the precedingExample3.7. In this case,
SAT
¬ ¹ ® is the problemMONOTONE 3-SAT, that is to say,

the restrictionof 3-SAT to 3CNF-formulasin which every
clauseis eitherthedisjunctionof positive literalsor thedis-
junctionof negative literals. It is well known thatthis prob-
lem is NP-complete(this canalsobe derived from Schae-
fer’s DichotomyTheorem2.2). It is not hardto verify that
every relationin

¹�È
is dualHorn (for instance,

¹IÈ
contains²�Ë , which is dual Horn). Consequently, Theorem3.6 im-

pliesthat INF-CIRC
¬ ¯ À ¬ ¹ ®Æ® is in coNP.

Theprecedingexamplerevealsthat theboundaryin the
dichotomyfor the inferenceproblemin classicalproposi-
tional logic is different than that in the dichotomyfor the
inferenceproblemin propositionalcircumscription. Sev-
eralotherinstancesof thisphenomenonareprovidedby the
final exampleof thissection.

Example3.9: If î and û are two positive integerswithî!è�û , then ² ¼GÙ ò is the û -ary logical relationconsisting
of all û -tuplesthat have î onesand û Í î zeros. It is
easyto seethat ² ¼GÙ ò is not Schaefer. Consequently, if

¹
is a set of logical relationseachof which is of the form² ¼ÏÙ ò for someî and û with î�èßû , thenSAT

¬ ¹ ® is NP-
complete.On theotherhand,

¹IÈ
is easilyseento beHorn

(and, hence,Schaefer),sinceevery relation ÷ in
¹�È

is a
singleton÷a¤�³ ¬ V ­g»�»g»�­ V ® ´ consistingof the î -aryall-ones
tuplefor someî . Consequently, Theorem3.6 implies that
INF-CIRC

¬ ¯ À ¬ ¹ ®;® is in coNP.
This family of examplescontains POSITIVE-1-IN-3-

SAT asthespecialcasewhere
¹ ¤�³É² ºÆÙ Ì ´ .

4 Outline of Proof of Theorem 3.2

In this section,we presentan outline of the dichotomy
theoremfor INF-CIRC

¬ ¯ ¬ ¹ ®Æ® , where
¹

is a
V
-valid setof

logical relations.Dueto spacelimitations,we have to con-
fine ourselves to stating the main technicalstepsand to
makinga few high-level comments.

Assumefirst that
¹

is Schaefer. In this case,is easy
to seethat thereis a polynomial-timealgorithmto decide
whethera given model of an ¯ À ¬ ¹ ® -formula is minimal.
Fromthis fact,it follows immediatelythat if

¹
is Schaefer,

thenINF-CIRC
¬ ¯ À ¬ ¹ ®Æ® is in coNP.

Towardsthe � � � -hardnessresult, assumethat
¹

is not
Schaefer. Using Schaefer’s Expessibility Theorem2.3,
the following decisionproblemcan be shown to be � � � -
complete: Given a ¯ ¬ ¹ ® -formula ¡ ¬ §¨*­ §ª�­Æü Ë ­;ü º ® , decide
whetherthesentence¦�§¨�© §ª ¡ ¬ §¨C­ §ª�­ Á�ý ü Ë ­ ÂWý ü º ® is true.Our
goalis to show thatthis problemhasa polynomial-timere-
duction to INF-CIRC

¬ ¯ ¬ ¹ ®Æ® . Oneof the key stepsin the
reductionis thefollowing lemma,which wasinspiredfrom
aresultin [EG93]. A proof canbefoundin theAppendix.

Lemma 4.1: Let
¹

be
V
-valid setand let ¡ ¬ §¨*­ §ª�­;ü Ë ­Æü º ®

be an ¯ ¬ ¹ ® -formula, where §¨ ¤ ¬¾¨ º ­g»�»g»�­;¨ ò ® , §ª ¤¬¾ª º ­g»�»g»g­Æª ¼ ® , ü Ë and ü º is the list of its variables. Let ð ,§¨ óE¤ ¬¾¨ ó º ­�»g»g»�­;¨ óò ® and §Ð ¤ ¬áÐ º ­�»g»�»�­ÆÐfò0® benew variables,
andlet þ ¬¾ð*­ §¨E­ §Ð@­ §¨ ó ­ §ª:® bethefollowing formula

¡ ¬ §¨ ó ­ §ª�­;ð ý ü Ë ­ ÂWý ü º ®'Û�ÿ ò�½ ë º ¬¾¨ ½ Å� Ð ½ ®���Û�� ¼�¿ ë º ¬¾ð���ª`¿É®	�
)Û�ÿ ò�½ ë º ¬¾¨ ó½ � ¬áð�Î+¨ ½ ®;®��ç»
Thenthe formula ¦ù§¨�© §ª ¡ ¬ §¨C­ §ª�­ Á�ý ü Ë ­ ÂWý ü º ® is true if and
only if þ ¬áðE­ §¨E­ §Ð0­ §¨ ó ­ §ª0® £ ¤ CIRC

Ñ*ð .
Although ¡ is an ¯ À ¬ ¹ ® -formula, the formula þ in the

precedinglemmais not an ¯6À ¬ ¹ ® -formula,becauseit con-
tainselementaryconnectives,suchas � , � , and Î . So,the
tasknow is to constructan ¯6À ¬ ¹ ® -formula « in polynomial
timesuchthat þ�£ ¤ CIRC

Ñ*ð if andonly if « £ ¤ CIRC
Ñ*ð . It

is now naturalto apply Schaefer’s ExpressibilityTheorem
2.3 againand expresseachof the above elementarycon-
nectivesusing an © ¯ À ¬ ¹ ® -formula, i.e., a formula of the
form © §ü�� , where � is an ¯ À ¬ ¹ ® -formula. After thesesteps
arecompleted,weobtainan © ¯ À ¬ ¹ ® -formula © §
 þEó with the
samefreevariablesas þ suchthat þ�£ ¤ CIRC

Ñ*ð if andonly
if © §
 þEó £ ¤ CIRC

Ñ*ð . At this point, one may be tempted
to simply drop the existentialquantifiers© §
 , focuson the© ¯ À ¬ ¹ ® -formula þ*ó , andclaim that þ £ ¤ CIRC

Ñ*ð if and
only if þ ó £ ¤ CIRC

Ñ*ð . The flaw in this argumentis that
Schaefer’s ExpressibilityTheorem2.3 givesno explicit in-
formationaboutthepossiblevaluesof theexistentialquan-
tifiers in © ¯6À ¬ ¹ ® -formulasexpressinglogical relations.As
a result, the witnessesto the variables §
 in the existential
quantifiers© §
 maynot give riseto minimal satisfyingtruth
assignmentsof þEó , hencetheclaimedequivalencemayfail.

To bypassthis seriousobstacle,we mustgive up apply-
ing Schaefer’sExpressibilityTheorem2.3andinsteadhave
tousecertainexpressibilitylemmasto theeffectthatall nec-
essaryelementaryconnectives are definableby © ¯ À ¬ ¹ ® -
formulaswith explicit information aboutthe witnessesto
the existentialquantifiers. The first of theselemmas,due
to CreignouandHébrard[CH97], concernsthedefinability
of the connectives � and Î ; it alsobringsout the impor-
tanceof the logical relation ô introducedin Example3.3.
In whatfollows, ¯�º ¬ ¹ ® denotestheclassof all formulasob-
tainedfrom ¯ ¬ ¹ ® -formulasby substitutingsomevariables
by theconstantÂ .
Lemma 4.2: (CreignouandHébrard[CH97]) Let

¹
be aV

-valid, non-Schaefersetof logical relations.Thenat least
oneof thefollowing twostatementsis true.

1. There existsan ¯ º ¬ ¹ ® -formula � ¬á¨�­ÆªW® with the prop-
erty that ¬¾¨���ª0® � � ¬á¨�­;ª0® .



2. Thelogical relation ô±¤a³ ¬ V ­ V ­ V ®�­É¬ Q ­ V ­ Q ®�­�¬ Q ­ Q ­ V ® ´
is in ¯ º ¬ ¹ ® , i.e., there exists an ¯ º ¬ ¹ ® -formula��¬á¨�­Æª�­�ÐU® which is satisfiedonly by thethreetruth as-
signments¬ V ­ V ­ V ®�­�¬ Q ­ V ­ Q ® and ¬ Q ­ Q ­ V ® . Therefore:

(i) ¬¾¨ � ª0® � ¬\©WÐ:®��E¬¾¨�­Æª�­ÆÐ:® ; moreover,¬Ö©WÐ:®��E¬¾¨E­;ª�­ÆÐ:® hastheadditionalpropertythat
V

is the
only witnessfor thevariable Ð underthetruth assign-
ment ¬ V ­ V ® to thevariables ¬¾¨�­Æª0® .
(ii) ¬á¨ïÎØª0® � ¬\©WÐ:®��E¬áÐM­;¨�­Æª0® ; moreover,¬Ö©WÐ:®��E¬áÐM­;¨E­;ª0® hastheadditionalpropertythat

V
is the

only witnessfor thevariable Ð underthetruth assign-
ment ¬ V ­ V ® to thevariables ¬¾¨�­Æª0® .

Thesecondexpressibilitylemmaconcernsthedefinabil-
ity of theconnective � .

Lemma 4.3: Let
¹

be a
V
-valid, non-Schaefersetof log-

ical relations. Thenthere exists a three-variable ¯�º ¬ ¹ ® -
formula � ó ¬á¨�­Æª�­�ÐU® that is satisfiedby thetruth assignments¬ V ­ V ­ V ® , ¬ V ­ Q ­ Q ® and ¬ Q ­ Q ­ V ® but is not satisfiedby the
truth assignment¬ V ­ Q ­ V ® (noinformationabouttheremain-
ing four possibleassignmentsis required). Moreover, if we
set � ¬¾¨ ó ­ÆðE­�Ð@­�Ð ó ® to betheformula¬¾ð���¨ ó ®cÛ ¬¾¨ ó Î ÐU®cÛ ¬áÐ��ØÐ ó ®cÛ
¬áð���Ð ó ®cÛ�� ó ¬á¨ ó ­;ð*­ÆÐ ó ®�­
wehavethefollowing properties:

(i) the formula ¨ ó � ¬áð�Î ÑCÐU® is logically equivalentto
theformula ¬Ö©WÐ ó ® � ¬á¨ ó ­ÆðE­�Ð@­�Ð ó ®��

(ii) theonlywitnessesÐ ó for each of thefour assignments¬¾¨ ó ¤ V ­;ð ¤ V ­ÆÐ ¤ Q ®�­�¬¾¨ ó ¤ V ­;ð ¤ Q ­�Ð ¤ Q ®�­�¬á¨ ó ¤V ­;ð ¤ V ­�Ð ¤ V ® and ¬á¨ ó�¤ Q ­Æð ¤ Q ­ÆÐ ¤ V ® that satisfythe
formula ¬Ö©WÐ ó ® � ¬¾¨ ó ­ÆðE­�Ð@­�Ð ó ® are Ð ó�¤ V ­�Ð ó�¤ Q ­ÆÐ ó�¤ V andÐ ó@¤ V , respectively.

Theproof of Lemma4.3 canbefoundin theAppendix,
which alsocontainsa self-containedproof of Lemma4.2,
sincethatproof is usedin theproof of Lemma4.3.

We are now ready to return to the proof of
Theorem 3.2. As stated earlier, our goal is to
show that the following problem has a polynomial-
time reduction to INF-CIRC

¬Æ¬Ö® ¯ À ¬ ¹ ®;® : given a ¯ ¬ ¹ ® -
formula ¡ ¬ §¨*­ §ª�­;ü Ë ­Æü º ® , decide whether the sentence¦�§¨M© §ª ¡ ¬ §¨*­ §ª�­ ÁMý ü Ë ­ Â0ý ü º ® is true. Towardsthis goal, we
startwith the formula þ describedin Lemma4.1 andthen
adjust þ in six successive steps �Ô¤ V ­g»�»g»�­ ] (enumer-
ated below). At the last step, we will have constructed
an ¯6À ¬ ¹ ® -formula for which the desiredreductionholds.
More formally, at eachstep �C¤ V ­�»g»�»�­ ] , we will construct
aformula þ�� suchthatfor all ��¤ Q ­g»g»�»�­ O (assumingthat þ Ë
is þ ), thesetof freevariablesof þ�� is going to bea subset
(notnecessarilyproper)of þ ���Eº and,in addition,theformu-
las þ � will satisfythefollowing threerequirements:

R1: Every truth assignmentthat satisfiesþ � canbe ex-
tendedto a truthassignmentthatsatisfiesþ ���Eº .

R2: Therestrictionof every truth assignmentthatsatis-
fies þ����Eº to thevariablesof þ�� alsosatisfiesþ�� .

R3: Let Þ and ÞEó betwo satisfyingtruth assignmentsofþ � suchthat Þ ¬áð�® ¤ V and ÞEóIåÊÞ . If â is anextensionofÞ to a satisfyingtruth assignmentof þ ���Eº , thenthereis an
extensionâ ó of Þ ó to a satisfyingtruth assignmentof þ ���Eº
suchthat âEó'å�â .

It is easyto seethat oncewe prove the above threere-
quirements,thenfor each�E· Q , þ � hasaminimalsatisfying
truthassignmentwith ð ¤ V if andonly if þ ���Eº does.From
Lemma4.1 andthefact that theformulaconstructedat the
laststepwill bein ¯ À ¬ ¹ ® , it follows thatthereductionwill
becomplete.

Noticefirst that if þ � and þ ���Eº have thesamesetof free
variables,thentheabove threerequirementsareequivalent
to assertingthat þ�� and þ����*º arelogically equivalent.

Step1: In þ , replaceeachconnective ¨ ó½ � ¬¾ð�Î+¨ ½ ® , foræ�¤ V ­g»�»g»�­ û , with ¨ ó½ � ¬¾ðBÎÒÑCÐ ½ ® . The formula þ º has
the samevariablesas þ andit is equivalentto þ , sincethe
conjunct

ê ò½ ë º ¬á¨ ½ Å� Ð ½ ® appearsin both þ and þ º Therefore
therequirementsR1–R3aresatisfied.

Step2: In þ º , replaceeachconnective ¨ ó½ � ¬áð�Î
ÑCÐ ½ ® ,
for æ�¤ V ­g»g»�»�­ û , by � ¬¾¨ ó½ ­ÆðE­�Ð ½ ­ÆÐ ó½ ® , where the Ð ó½ , foræ#¤ V ­�»g»g»g­ û , are new variablesand � is the formula
describedin Lemma4.3. Becauseof the equivalenceof¨ ó½ � ¬¾ð ÎÜÑCÐ ½ ® with ¬Ö©WÐ ó½ ® � ¬¾¨ ó½ ­ÆðE­�Ð ½ ­ÆÐ ó½ ® , we can imme-
diatelyconcludethattherequirementsR1 andR2 aresatis-
fied. To prove requirementR3, observe that becauseonly
the variables ¨ ó½ ­;ð*­ÆÐ ½ , for æÜ¤ V ­g»�»g»�­ û , are involved in
the connectives that are replacedat the currentstep,and
becausewe have associateda differentwitnessÐ ó½ for each
triple of variables̈ ó½ ­;ð*­ÆÐ ½ , we canrestrictour attentionto
assignmentsto thethreevariables̈ ó½ ­;ð and Ð ½ only (for an
arbitrarybut fixed æ ). Supposethat Þ and Þ*ó aretwo assign-
mentsto ¨ ó½ ­;ð and Ð ½ suchthat ÞEó is lessthanor equaltoÞ and ð ¤ V in Þ . Thenfirst observe that becauseof the
conjunct ¨ ó½ � ¬áð ÎÒÑCÐ ½ ), ¨ ó½ ¤ V in Þ . Also observe that
becauseof theconjunct ¨ ½ Å� Ð ½ , thevaluesof Ð ½ in Þ andÞEó areequal(recall from the proof of the Key Lemma4.1
that we expressthis fact by sayingthat the valueof Ð ½ , as
well as ¨ ½ , remain“fix ed”). Theproof of this stepcanthen
becompletedby distinguishingtwo casesaccordingto the
commonvalueof Ð ½ in Þ and ÞEó . Thedetailswill appearin
thefull paper.

Step3: In þ � , replaceeachconnective ¨ ó½ Î�Ð ½ (thatap-
pearsaspart of the formula � ¬¾¨ ó½ ­ÆðE­�Ð ½ ­ÆÐ ó½ ® ) by ¨ ½ �õ¨ ó½ .
Thesatisfactionof therequirmentsR1–R3is provedexactly
asin Step1.

Observe that, apartfrom the conjunct
ê ò½ ë º ¬á¨ ½ Å� Ð ½ ® ,

theonly logicalconnectivesthathavenotyetbeenreplaced
by an ¯ À ¬ ¹ ® -formula areconnectivesof the form ¨��kª



( ¨ and ª areusedasgenericnamesof variables),where ¨
is either ð or ¨ ½ or Ð ½ for someæ . In thenext two steps,we
dealwith theseconnectives.Noticefirst that if therelationô ¤�³ ¬ V ­ V ­ V ®�­�¬ Q ­ V ­ Q ­�¬ Q ­ Q@V ® ´ is not in ¯�º ¬ ¹ ® , thenwe
are in Case1 of Lemma4.2, thereforethereis an ¯�º ¬ ¹ ®
formula � ¬á¨�­ÆªW® equivalentto ¨��kª . In this case,in one
stepthatsubsumesthefollowing two steps,we just replace
every occurrenceof ¨�� ª with � ¬¾¨E­;ª0® . So in the next
two steps,we assumethat the relation ô is in ¯ º ¬ ¹ ® , and
thereforewe arein Case2 of Lemma4.2.

Step 4: In þEÌ , replaceeachconnective ð � ¨ ( ¨ is
againa genericnamefor variables)with ��¬áðE­Æ¨�­;¨ ó ® , where¨ ó is a new variabledistinctfor eacḧ and � is theformula
describedin Case2 of Lemma4.2. Thevalidity of the re-
quirementsR1 andR2 is immediate. As for requirement
R3, restrictattentionto the variablesð and ¨ , for an arbi-
trary but fixed variable ¨ . The validity of R3 thenfollows
from thewitnessproperty(i) establishedin Lemma4.2.

Step5: Noticefirst thatwecannotimitateStep4 andre-
placetheconnectivesof theform ¨ ½ ��¨ with �E¬¾¨ ½ ­Æ¨�­;¨ ó ® ,
sincein two modelsÞ and Þ*ó of ¨ ½ ��¨ suchthat ÞEó is less
thanor equalto Þ , thevalueof ¨ ½ remainsfixed,while it is
thevalueof ¨ thatmaydropfrom 1 in Þ to 0 in Þ*ó . There-
fore,thewitnessproperty(i) of Lemma4.2doesnotsuffice
to proveR3 for thecasewhen ¨ ½ ¤ Q . Instead,wefirst sub-
stitute ¨ ½ ��¨ with Ð ½ Î�¨ andthensubstitutethelatterwith��¬á¨ ó ­ÆÐ ½ ­Æ¨�® . If we usethe witnessproperty(ii) in Lemma
4.2 for theconnective Ð ½ Î�¨ , everythinggoesthrough,for
bothpossibilitiesÐ ½ ¤ V and Ð ½ ¤ Q , asit canbeeasilyseen.
We dealsimilarly with theconnectivesof theform Ð ½ ��¨ .

Step6: By Schaefer’sExpressibilityTheorem2.3,there
is an ¯�º ¬ ¹ ® formula, say �@¬¾¨E­;ª�­ ÚÆº ­g»�»g»g­ Ú�! ­;ü Ë ® , suchthat
for each æç¤ V ­g»g»�»�­ û , the connective ¨ ½ Å� Ð ½ is log-
ically equivalent to ¬\© §Ú ®"�0¬¾¨ ½ ý ¨�­�Ð ½ ý ª�­ §Ú ­ Q ý ü Ë ® . To con-
struct þ$# , replacein þ�% the connectives ¨ ½ Å� Ð ½ with�0¬¾¨ ½ ý ¨�­�Ð ½ ý ª�­Æ¨ ó ó½'& º ýfÚ º ­g»g»�»g­Æ¨ ó ó½'& ! ýfÚ ! ­ Q ý ü Ë ® , where ¨ ó ó½'& ( foræ�¤ V ­�»g»g»g­ û and )�¤ V ­g»�»g»�­+* arenew variables.It is not
hardto seethat requirementsR1–R3canbe provedin this
casewith no specialpropertiesfor the witnesses.Notice
that þ$# is in ¯ À ¬ ¹ ® (andthat theconstant

Q
wasonly used

in thelaststep).

This concludestheoutlineof theproof of Theorem3.2.
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Appendix: Proof of Lemmas4.1,4.2,and 4.3

Lemma 4.1: Let
¹

be
V
-valid setand let ¡ ¬ §¨E­ §ª�­Æü Ë ­;ü º ®

be an ¯ ¬ ¹ ® -formula, where §¨ ¤ ¬á¨ º ­g»�»g»�­Æ¨ ò ® , §ª ¤¬¾ª º ­g»g»�»�­;ª ¼ ® , ü Ë and ü º is the list of its variables.Let ð ,§¨ óe¤ ¬á¨ ó º ­g»�»g»�­Æ¨ óò ® and §Ð ¤ ¬ÖÐ º ­g»�»g»�­ÆÐ ò ® benew variables,
andlet þ ¬¾ð*­ §¨E­ §Ð0­ §¨ ó ­ §ª0® bethefollowing formula

¡ ¬ §¨ ó ­ §ª�­;ð ý ü Ë ­ ÂWý ü º ®'Û ÿ ò�½ìë º ¬á¨ ½ Å� Ð ½ ® � Û�� ¼�¿ ë º ¬áð���ª ¿ ® �
)Û ÿ ò�½ ë º ¬á¨ ó½ � ¬¾ð�Î+¨ ½ ®Æ® � »
Thenthe formula ¦�§¨�© §ª ¡ ¬ §¨E­ §ªM­ Á�ý ü Ë ­ Â0ý ü º ® is true if and
only if þ ¬¾ð*­ §¨*­ §Ð@­ §¨ ó ­ §ª0® £ ¤ CIRC

Ñ*ð .
Proof: For theif part,consideranassignmentÞ to thevari-
ables §¨ thatsatisfiestheformula ¦ù§ªWÑ ¡ ¬ §¨E­ §ª�­ ÁMý ü Ë ­ Â0ý ü º ® .
Extend Þ to anassignmentâ of all variablesof theformulaþ by letting ð ¤ V , ¨ ó½ ¤ V for æ%¤ V ­�»g»�»�­ û , ªf¿ ¤ V for, ¤ V ­g»�»g»�­ î , andbygiving toeachÐ ½ , for æe¤ V ­g»g»�»�­ û , the
oppositevalueof ¨ ½ . Because¡ is

V
-valid, it is easyto see

that â satisfiesþ . Wewill show that â is actuallyaminimal
satisfyingassignmentof þ . First observe thattheconjunctsê ò½ ë º ¬¾¨ ½ Å� Ð ½ ® ensurethatnoneof thevariables§¨ or §Ð can
geta differentvalueat a satisfyingassignmentof þ strictly
smallerthanâ (weexpressthisfactbysayingthatthevalues
of §¨ and §Ð arefixed). Also, the conjuncts

ê ¼¿ ë º ¬¾ð-� ª ¿ ®
and
ê ò½ ë º ¬¾¨ ó½ � ¬áð%Î�¨ ½ ®Æ® ensurethatthevaluesof §ª and §¨ ó

areboundto be
V

at any assignmentsatisfying þ andwithð ¤ V . All we have to prove is that ð cannotget thevalue

Q
at a satisfyingassignmentof þ smallerthan â . Assumeit

did andlet .Ôè�â bebea satisfyingassignmentof þ withð ¤ Q . Then,observe that in . , becauseof the conjunctê ò½ìë º ¬¾¨ ó½ � ¬¾ð Î ¨ ½ ®;® , the valuesof §¨ ó would be equalto
the correspondingvaluesof §¨ . Therefore,becauseof the
first conjunctof þ , andbecauseð ¤ Q in . , the valuesof§¨ and §ª in . would satisfy ¡ ¬ §¨*­ §ª�­ Á�ý ü Ë ­ Â0ý ü º ® . Now ob-
serve that . and â coincideon §¨ , becausethe valueof §¨
is “fix ed”. Therefore. and Þ alsocoincideon §¨ , sinceby
constructionâ extendsÞ . This is a contradiction,because
weassumedthat Þ satisfies¦G§ª:Ñ ¡ ¬ §¨*­ §ª�­ Á�ý ü Ë ­ ÂWý ü º ® .

To prove the converse, consider a minimal assign-
ment Þ of þ with ð ¤ V

and also considerthe assign-
ment â inducedby Þ on §¨ . We claim that â satisfies¦ù§ªWÑ ¡ ¬ §¨*­ §ª�­ Á�ý ü Ë ­ ÂWý ü º ® . If not, then thereis an assign-
mentof valuesto §ª whichcombinedwith â formsanassign-
ment . that satisfies¡ ¬ §¨*­ §ª�­ ÁMý ü Ë ­ Â0ý ü º ® . Extend . to an
assignment/ of all variablesof þ by settingð ¤ Q , ¨ ó½ ¤ ¨ ½
for æù¤ V ­g»�»g»�­ û , andby giving to eachÐ ½ for æG¤ V ­g»�»g»�­ û
theoppositevalueof ¨ ½ . It is easyto seethat / satisfiesþ
andis strictly smallerthan Þ , which is acontradiction.

Lemma 4.2: (CreignouandHébrard[CH97]) Let
¹

be aV
-valid, non-Schaefersetof logical relations.Thenat least

oneof thefollowing twostatementsis true.

1. There existsan ¯�º ¬ ¹ ® -formula � ¬á¨�­ÆªW® with the prop-
erty that ¬¾¨���ª0® � � ¬á¨�­;ª0® .

2. Thelogical relation ô±¤a³ ¬ V ­ V ­ V ®�­�¬ Q ­ V ­ Q ®�­�¬ Q ­ Q ­ V ® ´
is in ¯ º ¬ ¹ ® , i.e., there exists an ¯ º ¬ ¹ ® -formula�E¬¾¨�­Æª�­ÆÐ:® which is satisfiedonly by thethreetruth as-
signments¬ V ­ V ­ V ®�­É¬ Q ­ V ­ Q ® and ¬ Q ­ Q ­ V ® . Therefore:

(i) ¬¾¨ � ª0® � ¬Ö©WÐ:®��E¬¾¨E­;ª�­ÆÐ:® ; moreover,¬Ö©0ÐU®"��¬á¨�­;ª�­�ÐU® hastheadditionalpropertythat
V

is the
only witnessfor thevariable Ð underthetruth assign-
ment ¬ V ­ V ® to thevariables ¬¾¨E­;ª0® .
(ii) ¬á¨±Î�ª0® � ¬Ö©WÐ:®��E¬áÐM­;¨E­;ª0® ; moreover,¬Ö©0ÐU®"��¬ÖÐ@­Æ¨�­;ª0® hastheadditionalpropertythat

V
is the

only witnessfor thevariable Ð underthetruth assign-
ment ¬ V ­ V ® to thevariables ¬¾¨E­;ª0® .

Proof: Since
¹

is a
V
-valid,non-Schaefersetof logicalrela-

tions,it mustcontaina
V
-valid logical relation ² thatis not

affine. As shown in [CH96], theremustexist two ¶ -tuples*S­ Ú%°Ó² suchthat § V Ã * ÃÔÚ Å°Ô² , where § V is the all-ones¶ -tuple ¬ V ­�»g»�»�­ V ® and ¶ is thearity of ² . Let ¨ º ­�»g»�»�­;¨ µ be
propositionalvariablesandlet ²8ó be a relationsymbolof
arity ¶ that will be interpretedby ² . For ¬ æ ­ , ® °K³ Q ­ VR´ � ,
let 0 ½ ¿ be the set of all variables ¨21 , V å43¥å ¶ , such
that the 3 -th coordinateof the tuple * is equalto æ , andthe3 -th coordinateof the tuple Ú is equalto

,
. Let ¨E­;ª�­ÆÐM­;ü

be four new propositionalvariablesand let ¡ º ¬á¨�­Æª�­�Ð@­Æü�®



be the ¯ ¬ ¹ ® -formula ²2ó ¬¾¨ ý50@ËÆË ­;ª ý50 º Ë ­ÆÐ ý50@Ë º ­;ü ý60 º�º ® ob-
tained from the formula ²2ó ¬á¨ º ­g»�»g»�­Æ¨ µ ® by substituting
the variable ¨ for all occurrencesof the variablesin 0 Ë�Ë ,
and similarly for the variables ª , Ð , and ü . Also let¡ � ¬¾¨E­;ª�­ÆÐ:® be the ¯�º ¬ ¹ ® -formula ¡.º ¬¾¨�­Æª�­ÆÐM­ Â:ý ü�® . Now
observe the following: (1) the truth assignment¬ V ­ V ­ V ­ V ®
satisfies¡.º ¬¾¨E­;ª�­ÆÐM­;ü8® , since § V °Ê² ; (2) the truth assign-
ment ¬ Q ­ V ­ Q ­ V ® satisfies¡ º ¬¾¨E­;ª�­ÆÐM­;ü�® , since * °�² ; (3)
the truth assignment¬ Q ­ Q ­ V ­ V ® satisfiesthe ¡ º ¬¾¨E­;ª�­ÆÐM­;ü8® ,
since Ú�°é² ; (4) the truth assignment¬ V ­ Q ­ Q ­ V ® doesnot
satisfy ¡ º ¬¾¨E­;ª�­ÆÐM­;ü�® , since § V Ã * Ã�Ú Å° ² . Therefore,¬ V ­ V ­ V ® , ¬ Q ­ V ­ Q ® and ¬ Q ­ Q ­ V ® satisfy ¡ � ¬¾¨E­;ª�­ÆÐ:® , while¬ V ­ Q ­ Q ® doesnot.

Wehavenoinformationasto whetheror not theremain-
ing four assignments¬ V ­ V ­ Q ®�­É¬ Q ­ V ­ V ®�­�¬ V ­ Q ­ V ® , ¬ Q ­ Q ­ Q ®
satisfy ¡ � ¬á¨�­;ª�­�ÐU® . Thus,we have sixteenpossibilitiesto
examineregardingthe satisfiabilityof ¡ � ¬¾¨E­;ª�­ÆÐ:® by these
four truth assignments.We startby branchingon the two
possibilitiesfor thetruthassignment¬ Q ­ Q ­ Q ® :

CaseA: ¬ Q ­ Q ­ Q ® satisfies ¡ � ¬¾¨�­Æª�­ÆÐ:® . We distinguish
two subcases:SubcaseA.1: ¬ Q ­ V ­ V ® satisfies¡ � ¬¾¨E­;ª�­ÆÐ:® .
Then set � ¬á¨�­ÆªW® � ¡ � ¬¾¨E­;ª�­;ª0® . SubcaseA.2: ¬ Q ­ V ­ V ®
doesnot satisfy ¡ � ¬á¨�­Æª�­�ÐU® . One more branching: Sub-
caseA.2.1: ¬ V ­ Q ­ V ® satisfies¡ � ¬á¨�­Æª�­�ÐU® .Thenset � ¬á¨�­;ª0® �¡ � ¬¾ª�­;¨E­ V ® . SubcaseA.2.2: ¬ V ­ Q ­ V ® does not satisfy¡ � ¬¾¨E­;ª�­ÆÐ:® . Thenset � ¬á¨�­;ª0® � ¡ � ¬á¨�­;ª�­Æ¨�® . Thiscompletes
theexaminationof CaseA.

CaseB: ¬ Q ­ Q ­ Q ® doesnot satisfy ¡ � ¬¾¨E­;ª�­ÆÐ:® . Consider
the following branching: CaseB.1: None of the three
assignments¬ V ­ V ­ Q ®�­�¬ V ­ Q ­ V ®�­É¬ Q ­ V ­ V ® satisfies¡ � ¬¾¨E­;ª�­ÆÐ:® .
Then ��¬á¨�­Æª�­�ÐU® � ¡ � ¬á¨�­Æª�­�ÐU® . CaseB.2: At least one
the three assignments¬ V ­ V ­ Q ®�­É¬ V ­ Q ­ V ®�­�¬ Q ­ V ­ V ® satisfies¡ � ¬¾¨E­;ª�­ÆÐ:® . We make a three-way branchingdepending
on which of thesethreeassignmentssatisfies¡ � ¬¾¨E­;ª�­ÆÐ:® .
CaseB.2.1: ¬ V ­ V ­ Q ® satisfies ¡ � ¬á¨�­;ª�­�ÐU® . Then observe
that ¬á¨BÎÒª0® � ¡ � ¬¾¨E­;¨E­;ª0® . We postponefor a while the
continuationof thiscasewherewehavealreadyestablished
that ¬á¨+Î�ª0® is definedby an ¯ º ¬ ¹ ® -formula. CaseB.2.2.:¬ V ­ Q ­ V ® satisfies¡ � ¬¾¨E­;ª�­ÆÐ:® . Thenobserve that ¬¾¨�Î�ª0® �¡ � ¬¾¨E­;ª�­;¨�® . Again, we postponethe continuationof this
case. CaseB.2.3: ¬ Q ­ V ­ V ® satisfies¡ � ¬á¨�­;ª�­�ÐU® . Sincewe
havealreadyexaminedB.2.2,we mayassumethat ¬ V ­ Q ­ V ®
doesnotsatisfy ¡ � ¬á¨�­Æª�­�ÐU® . Thenset � ¬¾¨E­;ª0® � ¡ � ¬¾¨E­;ª�­ V ® .
At this point all we areleft to dealwith is the casewhere¬¾¨�Î�ª0® is definedby an ¯ º ¬ ¹ ® -formula. We examinethis
casebelow.

Sincenot every elementof
¹

is a dualHorn relation,
¹

mustcontaina logical relation 7 for which therearetuples*>­ Ú�°87 suchthat *ùÎ Ú Å°97 (herewe usetheclosureprop-
erty that characterizesdualHorn relations).By arguments
similar to theprecedingones,we canconstructan ¯;: ¬ ¹ ® -
formula ¢ � ¬¾¨E­;ª�­ÆÐ:® thatis satisfiedby ¬ V ­ V ­ V ® , ¬ Q ­ V ­ Q ® and¬ Q ­ Q ­ V ® , but it is not satisfiedby ¬ Q ­ V ­ V ® . Let ¢CÌ ¬¾¨E­;ª�­ÆÐ:®

be the ¯ : ¬ ¹ ® -formula ¢ � ¬¾¨E­;ª�­ÆÐ:®EÛÜ¬¾ª%Î Ð:® . Observe that¢eÌ ¬¾¨E­;ª�­ÆÐ:® is satisfiedby ¬ V ­ V ­ V ® , ¬ Q ­ V ­ Q ® and ¬ Q ­ Q ­ V ® , but
it is not satisfiedby ¬ Q ­ V ­ V ®�­�¬ V ­ Q ­ Q ®�­É¬ Q ­ Q ­ Q ® . We arenow
left with thetriples ¬ V ­ V ­ Q ® and ¬ V ­ Q ­ V ® aboutwhich there
is no informationasto whetherthey satisfy ¢ Ì ¬¾¨E­;ª�­ÆÐ:® or
not. We considerthefollowing threeexhaustivecases:

(1) If ¬ V ­ V ­ Q ® satisfies¢ Ì ¬¾¨�­Æª�­ÆÐ:® , then set � ¬á¨�­;ª0® �¢eÌ ¬¾ª�­ V ­;¨�® ; (2) if ¬ V ­ Q ­ V ® satisfies ¢eÌ ¬á¨�­;ª�­�ÐU® , then set� ¬¾¨�­Æª0® � ¢CÌ ¬¾ª�­;¨E­ V ® ; (3) if neither ¬ V ­ V ­ Q ® nor ¬ V ­ Q ­ V ®
satisfies ¢eÌ ¬¾¨E­;ª�­ÆÐ:® , then �E¬¾¨�­Æª�­ÆÐ:® � ¢eÌ ¬¾¨�­Æª�­ÆÐ:®�» This
completestheproof of theLemma4.2.

Lemma 4.3: Let
¹

be a
V
-valid, non-Schaefersetof log-

ical relations. Thenthere exists a three-variable ¯�º ¬ ¹ ® -
formula � ó ¬¾¨�­Æª�­ÆÐ:® that is satisfiedby thetruth assignments¬ V ­ V ­ V ® , ¬ V ­ Q ­ Q ® and ¬ Q ­ Q ­ V ® but is not satisfiedby the
truth assignment¬ V ­ Q ­ V ® (noinformationabouttheremain-
ing four possibleassignmentsis required). Moreover, if we
set � ¬¾¨ ó ­;ð*­ÆÐM­ÆÐ ó ® to betheformula¬¾ð���¨ ó ®cÛ
¬á¨ ó Î+Ð:®�Û
¬ÖÐ<��Ð ó ®cÛÒ¬¾ð���Ð ó ®cÛ�� ó ¬á¨ ó ­;ð*­ÆÐ ó ®�­
wehavethefollowingproperties:

(i) the formula ¨ ó � ¬¾ð�Î ÑCÐ:® is logically equivalentto
theformula ¬Ö©0Ð ó ® � ¬¾¨ ó ­ÆðE­�Ð@­�Ð ó ®=�

(ii) theonlywitnessesÐ ó for each of thefour assignments¬¾¨ ó8¤ V ­;ð ¤ V ­�Ð ¤ Q ®�­�¬á¨ ó�¤ V ­Æð ¤ Q ­�Ð ¤ Q ®�­�¬á¨ ó2¤V ­Æð ¤ V ­ÆÐ ¤ V ® and ¬á¨ ó�¤ Q ­;ð ¤ Q ­ÆÐ ¤ V ® that satisfythe
formula ¬Ö©0Ð ó ® � ¬¾¨ ó ­;ð*­ÆÐM­ÆÐ ó ® are Ð ó�¤ V ­ÆÐ óc¤ Q ­�Ð ó�¤ V andÐ ó@¤ V , respectively.

Proof of Lemma 4.3
Let � ó ¬á¨�­;ª�­�ÐU® betheformula ¢ � ¬áª�­;¨�­�ÐU® constructedin the
last part of the proof of Lemma4.2 (notice the inversion
of ¨ and ª in ¢ � ). From the propertiesof ¢ � , it immedi-
ately follows that � ó is satisfiedby the truth assignments¬ V ­ V ­ V ® , ¬ V ­ Q ­ Q ® and ¬ Q ­ Q ­ V ® but is not satisfiedby the
truth assignment¬ V ­ Q ­ V ® . To prove the properties(i)–(ii),
we essentiallydo exhaustive caseanalysisfor all the pos-
sible assignmentsto the variables̈ ó ­ÆÐM­;ð . We can imme-
diately checkthat the formula ¨ ó � ¬áð�ÎÜÑCÐ:® is satisfied
by the assignments¬ V ­ V ­ Q ®�­�¬ V ­ Q ­ Q ®�­�¬ V ­ V ­ V ® and ¬ Q ­ Q ­ V ®
(eachbit in eachassignmentis assignedto ¨ ó ­;ð and Ð
in this order),while it is not satisfiedby the assignments¬ Q ­ V ­ Q ®�­�¬ Q ­ Q ­ Q ®�­�¬ Q ­ V ­ V ® and ¬ V ­ Q ­ V ® . Now by plugging
into the formula ¬Ö©0Ð ó ® � ¬¾¨ ó ­ÆðE­�Ð@­�Ð ó ® the latter four assign-
ments,oneafter the other, we cancheckthat they do not
satisfy it. In the sameway we cancheckthat the former
four assignments¬ V ­ V ­ Q ®�­É¬ V ­ Q ­ Q ®�­É¬ V ­ V ­ V ® and ¬ Q ­ Q ­ V ® do
satisfy ¬\©WÐ ó ® � ¬á¨ ó ­;ð*­ÆÐM­ÆÐ ó ® . During thecheckthattheabove
four assignmentsare indeedsatisfying,we alsodetermine
all possibilitiesfor thewitnessÐ ó , in orderto verify thatthe
uniquenesspropertiesrequiredfrom Ð ó areindeedtrue(we
will only needsomeof theseuniquenessproperties).


