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1 Introduction

A central theme running through proof theory is the classification of theories by
means of ordinals. This is manifest in the assignment of ‘proof theoretic ordinals’
to theories, gauging their ‘consistency strength’ and ‘computational power’. To put
it roughly, such ordinal analyses attach ordinals in a given representation system to
formal theories.

The present paper gathers together results which explain the nature of the con-
nection between ordinal representation systems and theories established in ordinal
analyses by a more semantical approach in that it characterizes these ordinals in
terms of familiar notions from model theory, set theory, and generalized recursion
theory.

2 Measures in proof theory

2.1 Gentzen’s result

Gentzen showed that transfinite induction up to the ordinal
g0 = sup{w,w”,w*",...} = least . w® = «

suffices to prove the consistency of Peano Arithmetic, PA. To appreciate Gentzen’s
result it is pivotal to note that he applied transfinite induction up to £, solely to prim-
itive recursive predicates and besides that his proof used only finitistically justified
means. Hence, a more precise rendering of Gentzen’s result is

F + PR-TI(gg) - Con(PA), (1)

where F signifies a theory that is acceptable in finitism (e.g. F = PRA = Primitive
Recursive Arithmetic) and PR-TI(gy) stands for transfinite induction up to &, for

*The author is grateful for an invitation to the Mittag-Leffler Institute, where this paper has been
prepared.



primitive recursive predicates. Gentzen also showed that his result is best possible in
that PA proves transfinite induction up to « for arithmetic predicates for any a < &y.
The compelling picture conjured up by the above is that the non-finitist part of PA
is encapsulated in PR-TI(gy) and therefore “measured” by ey, thereby tempting one
to adopt the following definition of proof-theoretic ordinal of a theory T"

T|con = least a. PRA + PR-TI(a) - Con(T). 2)

The foregoing definition of |T|c,y, is, however, inherently vague because the following
issues have not been addressed:

e How are ordinals to be represented in PRA?

e (2) is definitive only with regard to a prior choice of ordinal representation
system.

e Different ordinal representation systems may provide different answers to (2).

Notwithstanding that, for “natural” theories 7" and with regard to a “natural” ordinal
representation system, the ordinal |T'|c,, encapsulates important information about
the proof strength of 7.

The next section will introduce a notion of proof-theoretic ordinal, |7'|syp, which
does not hinge on the choice of a particular ordinal representation system.

3 The general form of an ordinal analysis

In this section I attempt to say something general about all ordinal analyses that
have been carried out thus far. One has to bear in mind that these concern “natural”
theories. Also, to circumvent countless and rather boring counter examples, I will only
address theories that have at least the strength of Primitive Recursive Arithmetic,
PRA.

3.1 Theories

Ordinal analysis is concerned with theories serving as frameworks for formalising
parts of mathematics. It is known that virtually all of ordinary mathematics can be
formalized in Zermelo-Fraenkel set theory with the axiom of choice, ZFC. Hilbert and
Bernays [11] showed that large chunks of mathematics can already be formalized in
second order arithmetic. Owing to these observations, proof theory has been focusing
on set theories and subsystems of second order arithmetic.

3.1.1 Subsystems of second order arithmetic

The language L, of second-order arithmetic contains (free and bound) number vari-
ables a,b,¢c,...,z,y,2,..., (free and bound) set variables A, B,C,... , X, Y, Z, ...,
the constant 0, function symbols Suc, +, -, and relation symbols =, <, €. Suc stands
for the successor function.

Terms are built up as usual. For neN, let n be the canonical term denoting
n. Formulae are built from the prime formulae s = ¢, s < t, and s € A using
A, V,—, Vo, dx, VX and 4X where s, ¢ are terms.



Note that equality in L5 is only a relation on numbers. However, equality of sets
will be considered a defined notion, namely

A=B iff Vz[z€A < z€B].

As usual, number quantifiers are called bounded if they occur in the context Vz(x <
s — ...)or dz(x < sA...) for a term s which does not contain . The Af-
formulae are those formulae in which all quantifiers are bounded number quantifiers,
Eg—formulae are formulae of the form dzVz, ... QziF, where F' is Ag, Hg—formulae
are those of the form Vz,dz,...QxzF. The union of all Hg— and Eg—formulae for all
k € N is the class of arithmetical or II2 -formulae. The X;-formulae (IT;-formulae)
are the formulae 3X VX, ... QX F (resp. VX13Xs ... QuxpF) for arithmetical F.

The basic axioms in all theories of second-order arithmetic are the defining axioms
of 0,1, 4, -, < and the induction axiom

VX0e XAVz(z e X w2 +1€ X) = Ve(x € X)),
respectively the schema of induction
IND F(0)AVz(F(z) = F(x + 1)) = V2 F(z),

where F'is an arbitrary Lo-formula.

We consider the axiom schema of C-comprehension for formula classes C which is

given by
C—-CA AXVu(u € X < F(u))
for all formulae F' € C in which X does not occur.

For each axiom schema Ax we denote by (Ax) the theory consisting of the basic
arithmetical axioms, the schema Hgo — CA, the schema of induction and the schema
Ax. If we replace the schema of induction by the induction axiom, we denote the
resulting theory by (Ax) [ .

An example for these notations is the theory (IT} — CA) which contains the in-
duction schema, whereas (II} — CA) | only contains the induction axiom in addition
to the comprehension schema for ITi-formulae.

In the framework of these theories one can introduce defined symbols for all prim-
itive recursive functions. Especially, let (,) : N x N — N be a primitive recursive
and bijective pairing function.

The z'" section of U is defined by U, := {y: (z,y)€U}. Observe that a set U is
uniquely determined by its sections on account of (,)’s bijectivity.

Any set R gives rise to a binary relation < defined by y <z z := (y,z)€R.

Using the latter coding, we can formulate the axiom of choice for formulae F' in C
by

C—AC VzdYF(z,Y) — IYVzF(z,Y,).

A special form of comprehension is A}L—comprehension, that is
A, —CA  Vu[p(u) ¢ I(u)] = IXVu(ueX + ¢(u))

for all IT} -formula ¢ and X, -formula ¥.
Bar induction is the schema

BI  VX[WF(<x) A Vu(Vv <x ug(v) = ¢(u)) — Vud(u)]

for all formulae ¢, where WF(<x) expresses that <x is well-founded (see Definition
3.2).



3.1.2 Subsystems of set theory

The axiom systems for set theory considered in this paper are formulated in the
usual language of set theory (called L¢ hereafter) containing € as the only non-logical
symbol besides =. Formulae are built from prime formulae a € b and a = b by use of
propositional connectives and quantifiers Vz, 3z. Bounded quantifiers Vz € a, 9z € a
are defined as usual. Ay-formulae are the formulae wherein all quantifiers are bounded;
Y.;-formulae are those of the form Jzp(x) where ¢(a) is a Ag-formula. For n > 0,
I1,,-formulae (¥, -formulae) are the formulae with a prefix of n alternating unbounded
quantifiers starting with a universal (existential) one followed by a Aj-formula. The
class of ¥-formulae is the smallest class of formulae containing the Ay-formulae which
is closed under A, V, bounded quantification and unbounded existential quantification.

One of the set theories which is amenable to ordinal analysis is Kripke-Platek set
theory, KP. Its standard models are called admissible sets. One of the reasons that
this is a truly remarkable theory is that a great deal of set theory requires only the
axioms of KP. An even more important reason is that admissible sets have been a
major source of interaction between model theory, recursion theory and set theory (cf.
[2]). KP arises from ZF by completely omitting the power set axiom and restricting
separation and collection to absolute predicates (cf. [2]), i.e. Ag formulas. These
alterations are suggested by the informal notion of ‘predicative’.

Definition 3.1 The axioms of KP are:

Extensionality: Vr(z€a <> z€b) — a =b.
Foundation: VJJ[(VyE:U)G( ) — G(z)] = VoG (x) for all formulae G.
Pair: Az (z = {a, b}).
Union: dz (zr =a).
Infinity: Jz [z #0 A (Vyer)(3zen)(yer)].!
Ay Separation: Jz (z ={y€a: F(y)})? for all Ayformulas F
in which z does not occur free.
Ay Collection: (Vzea)IyG(z,y) — Fz(Vx€a)(Ty€2)G(z,y)

for all Ay—formulas G.

L,, the ath level of Gddel’s constructible hierarchy L, is defined by Ly = 0, Lg1 =
{X : X C Lg; X definable over (Lg,€)} and Ly = J{Ls : B < A} for limits A. So
any element of L of level « is definable from elements of L with levels < @ and L.

A transitive set A such that (A, €) is a model of KP is called an admissible set.
An ordinal « is admissible if the structure (L,, €) is a model of KP.

Some systems of set theories will be used later for illustrative purposes. KPi is an
extension of KP via the axiom

(Lim) Vzdy[z€y A y is an admissible set].

1 This contrasts with [2] where Infinity is not included in KP.
2z = {y€a: F(y)} stands for the Ag—formula (Vy€z)jyca A F(y)] A (Vy€a)[F(y) = yex].



KPI denotes the system KPi without Ay Collection. KP1" and KPi" arise from
KPI and KPi, respectively, by restricting the scheme of Foundation to Ay formulae
G. KPi” is obtained from KPi" by adding the schema

IND, Vzew(Vy€azF(y)— F(z)) — Vr € wF(z)

of induction on w for all formulae ¢.

The foregoing set theories are closely related to well studied subsystems of second
order arithmetic. KP1", KP1, KPi“, and KPi prove the same sentences of second
order arithmetic as (IT} —CA) |, (II} —CA) +BI, (A} —CA), and (A} —CA)+BI,
respectively.

3.2 |T|sup

Before delineating the general form of an ordinal analysis, we need several definitions.

Definition 3.2 Let T be a framework for formalizing a certain part of mathematics.
T should be a true theory which contains a modicum of arithmetic.

Let A be a subset of N ordered by < such that A and < are both definable in
the language of T'. If the language of T allows for quantification over subsets of N,
like that of second order arithmetic or set theory, well-foundedness of (A, <) will be
formally expressed by

WF(A4,<) = VX CN[VueA(Vv < uveX —ueX) — YucAueX.| (3)

If, however, the language of T" does not provide for quantification over arbitrary subsets
of N, like e.g. that of Peano arithmetic, we shall assume that it contains a new unary
predicate U. U acts like a free set variable, in that no special properties of it will ever
be assumed. We will then resort to the following formalization of well-foundedness:

WF(4,<) = YueA(Vv < uU(v) = U(u)) — VueAU(u), (4)
where Vv < w ... is short for Vo(v < u — ...). We shall use WF (<) as an abbreviation
for WF(N, <). We also set

WO(A, <) := LO(A4,<) A WF(4,<). (5)

If (A, <) is well-founded, we use |<| to signify its set-theoretic order-type. For a€A,
the ordering <[ a denotes the restriction of < to {z€A: = < a}.
The ordering (A, <) is said to be provably well-founded in T if

THF WO(A, <). (6)
The supremum of the provable well-orderings of T, |T\Sup, is defined as follows:
Ty, = sup {a : « provably recursive in T} (7)

where an ordinal « is said to be provably recursive in T if there is a recursive well—
ordering (A, <) with order-type a such that

THF WO(4, <)

with A and < being provably recursive in 7. Note that, by definition, ||, < w{*,
where w¢X is the supremum of the order-types of all recursive well-orderings on N.
Another characterization of w®X is that it is the least admissible ordinal > w.

Agreement. From now on the proof-theoretic ordinal of a theory 7' is taken to be
|T|SUP'



3.3 The robustness of |7'|,

This subsection gathers together several results which show that there is a lot of leeway
in defining |T'|syp. Instead of recursive well-orderings we could have restricted ourselves
to primitive recursive or even elementary recursive well-orderings. On the other hand
it is also possible to go into the other direction by allowing for well-orderings of greater
complexity.

The statements below involve certain well known subsystems of PA and second
order arithmetic. IX; denotes the fragment of PA obtained by restricting induction to
Y, formulas. WKLy is a fragment of second order arithmetic whose main set existence
axiom is a version of Konig’s lemma restricted to binary trees. WKLg is proof-
theoretically of the same strength as I¥;, and thus weaker than PA. For an excact
definition and the role of of these theories in the program of Reverse Mathematics see
[30].

Proposition 3.3 (i) Suppose that for every elementary well-ordering
(A, <), whenever T+ WO(A, <), then

THFYu[A(u) = (Vv < uP(v)) = P(u)] = Yu[A(u) = P(u)]
holds for all provably recursive predicates P of T. Then

T = sup {oz : « is provably elementary in T} (8)

sup

= sup {oz .« 18 provably X% in T}.

Moreover, if T = WO(A, <) and A, < are provably recursive in T, then one can
find an elementary well-ordering (B, <) and a recursive function f such that
T+ WO(B, <), f is provably recursive in T, and T proves that f supplies an
order isomorphism between (B, <) and (A, <).

Ezamples for (i) are the theories 131, WKLq and PA.
(i) If T comprises (II2, — CA)|, then
T = sup{a: «a is provably arithmetic in T}. 9)

sup
(iii) If T comprises (X1 — AC)[, then

T = sup{a: « is provably analytic in T}, (10)

sup
where a relation on N is called analytic if it is lightface 1.
Proof: [24], Proposition 2.19. O
A theory is said to be IT}-faithful if all of its theorems of complexity II} are true.
Theorem 3.4 Let T be a ¥} aziomatizable theory.
(i) If T is I1i-faithful, then |T|syp < wEE.

(i5) If (I, — CA)[ C T and |T|sup < wCE, then T is I}-faithful.



(ii) There are consistent primitive recursive theories T such that |T|sp = wX.

Proof: See [24], Theorem 2.4. 0

Another feature of of |T'|s,, is that this ordinal does not change when one augments
T by true ¥ statements.

Proposition 3.5 Let T be a primitive recursive, 113 -faithful theory of second order
arithmetic such that PA C T. Let < be a primitive recursive well-ordering such that
T |sup = || and

PA + TI(<) F Proofp("F7) — F (11)

holds for all arithmetic formulae F' which may contain free second order set variables
but no free number variables. Then, for any true ¥} statement B,

‘T|SUP |T + B|sup

Proof: See [24], Proposition 2.6. O

Remark 3.6 In all the examples I know, if 7" is a subsystem of classical second
order arithmetic for which an ordinal analysis has been carried out via an ordinal
representation system (A, <), (11) is satisfied.

4 Model-theoretic characterizations

This first part of this section shows that |T|s,, can be couched in terms of partial
models in the constructible hierarchy. The second part presents Carlson’s approach
of obtaining ordinal representations from finite structures.

4.1 Partial models

Recall that L,, the ath level of Godel’s constructible hierarchy L, is defined by Ly = 0,
Lgi1 = {X : X C Lg; X definable over (Lg,€)} and Ly = [J{Lg : 8 < A} for limits
A. So any element of L of level « is definable from elements of L with levels < a and
L,.

Definition 4.1 For a collection of sentences (in the language of set theory), F, we
say that L, is an F-model of T if for all B € F, whenever T B, then L, = B. Let

|T|7 := min{a: L, is an F-model of T'}.

Definition 4.2 Let F be a collection of sentences. A set theory 7 is said to be
F-sound if for every F theorem ¢ of T', L = ¢ holds.

For a collection of formulae F, let F(L,) consist of all formulae A" with A € F.

The system PRST (for Primitive Recursive Set Theory) is formulated in the
language of set theory augmented by symbols for all primitive recursive set func-
tions in the sense of Jensen and Karp [15]. The azioms of PRST are Extension-
ality, Pair, Union, Infinity, Ay-Separation, the Foundation Axiom (i.e. = # 0 —
(Jyezx)(Vzey) z¢x) and the defining equations for the primitive recursive set func-
tions.



In the following we shall assume that all set theories contain PRST either directly
or via interpretation.

The next theorem gives a characterization of the proof-theoretic ordinal of 7" in
terms of |T| for two classes of formulae. It requires, however, that T proves the
existence of w¢X. Recall that w“X stands for the least admissible ordinal > w. There
is a canonical IT3-sentence 6 of set theory such that for every o > 0, L, = 0 iff L,
is an admissible set (cf. [25]). We will say that T proves the existence of w{K if
TF 3o > whle.

Theorem 4.3 If T is Ily-sound and and T proves the existence of WS, then

Tlsup = |T |5, (£g)) = 1Ty (e

Proof: The equality |T[sup = [T'|5,(1(¢x)) follows from [19], Theorem 7.14.
Tl nwery = |T|nyrwexy) is an immediate consequence of the proof of [20],
Theorem 2.1. O

An ordinal analysis of 7" also allows one to determine the ordinals |T'|y, and |7'|p,.
This will be addressed in more detail in the last section. In point of fact, these ordinals
are the same if 7" satisfies some mild requirements.

Proposition 4.4 Suppose T is 11y sound and comprises Ag-collection. Furthermore,
suppose that T+ B implies T + Ja3x(x = L, A B*) for all ¥1-sentences B. If T has
a Y1-model then T has a Ily-model and

Tlzr = T, (12)

Proof: [20]. Theorem 2.1. O

There are theories where |T|g, and |T'|syp coincide. A prominent example is KP.
The ordinal ¥q(eq+1) is known as the Bachmann-Howard ordinal.

Theorem 4.5 |KP|y,, = |[KP|s, = |KP|n, = ¢¥o(cqt1)-

Proof: See [13] and [20]. O

4.2 Patterns of resemblance

An intriguing new way of defining ordinal representation systems has been pursued
by Tim Carlson (cf. [6], [7]). In this approach the class of ordinals gets furnished
with a relation of J; elementary substructurehood and the ordinal representations
correspond to finite substructures of this class structure.

Definition 4.6 Suppose A = (ORD,...,<) is a (class) structure whose universe is
the class of ordinals ORD, with the ordering < of ordinals. A finite substructure §
of 2 is said to be isominimal if there is no finite substructure §’ of 2 such that

e =%
e F#TF



* 3 <pu S,

where <,,, denotes the pointwise partial ordering of finite sets of ordinals, i.e. F' <, &
iff both structures have the same number of elements and if «y, ... , a,_1 enumerates
the elements of §' in increasing order and fy, ... , 5,1 enumerates the elements of §
in increasing order then o; < ; for i < n.

Since the definition of 3; formula in the usual set-theoretic sense allows arbitrary
bounded quantifiers inside the initial existential quantifiers, we specify that a J; for-
mula is a quantifier-free formula prefixed by a string of existential quantifications.

The core of A is the union of the isominimal substructures of 2.

[6] introduces a structure Ry whose core turns out to be the ubiquitous ordinal &.

Definition 4.7 <{ is the partial ordering on the class of ordinals defined by induction
so that

a=?p iff (,0,<,=<% is a J;-elementary substructure of (3,0, <, <9).

To be more precise, by induction on 3 we define the set of a such that o <? 8 (note
that we have taken some liberty in writing (o, <, <9) where we should have restricted
the relations to «).

Theorem 4.8 (Carlson [6]) The core of Ry is the ordinal €.

Augmenting the ordinals by the function of addition, [7] introduces a richer structure
R1 whose core turns out to be the proof-theoretic ordinal of (II} — CA) [ .

Definition 4.9 <! is the partial ordering on the class of ordinals defined by induction
so that

a =<1 B iff (a,0,+, <, <})is a 3;-elementary substructure of (3,0, +, <, <9).

It should be pointed out that contrary to standard practice, one allows structures to
interpret + as a partial operation on the universe, e.g. If 3,7 < a but S+ > « then
+ is not defined for the arguments 3, in the structure (o, 0, +, <, <1).

Theorem 4.10 (Carlson [7]) The core of Ry is ¥q,Q (in the notation of [3]), the
proof-theoretic ordinal of (TI; — CA) | .

To give an idea of how the core of R, gives rise to a recursive ordinal representation
system we need some notions. A substructure B of R, is closed if 0 € B and whenever
w4 w® isin B with oy > ... > «, then w, ... w* € B and w* +---+wW* €
B for 1 = 1,...,m. Notice that every finite set of ordinals is contained in a finite set
of ordinals which is closed.

It can be shown that for a fixed finite closed substructure § of R, there is a unique
isominimal substructure §* of R; which is isomorphic to §. Moreover, §* is closed.
This provides a system of ordinal representations for the ordinals which occur in the
core of R;: if o appears as the nth element of some closed isominimal substructure
§* of Ry we can use the pair (7,7m) as a notation for & where 7 is the isomorphism
type of §*. These notations allow one to show that the core of R is isomorphic to a
recursive structure.



Remark 4.11 At first glance, the difference between the structures Ry and R, seems
only tiny as the operation of addition on ordinals appears to be innocent enough. A
similar effect, however, has also been unearthed in a paper by Schiitte and Simpson
[29] wherein they show that omitting the operation + from the ordinal representation
system for the proof-theoretic ordinal of (TII} — CA) | has a dramatic effect in that
the order-type drops to &¢.

Remark 4.12 Carlson has also considered richer structures than R, whose cores are
conjectured to provide ordinal representations for very strong subsystems of second
order arithmetic.

5 Characterizations via E-recursion

A particular interesting measure that can be assigned to a set theory T is |T'|¥, where
the superscript E signifies E-recursion, also termed set recursion. E-recursion theory
extends the notion of computation from the natural numbers to arbitrary sets. For
details see [26].

Definition 5.1 The intent is to assign meaning to {e}(x) for every set z via an
appropriate notion of computation. The definition of {e}(z) is in terms of schemes
introduced by Norman [18], and subsequently and independently by Moschovakis [17].
The first three schemes are projection, difference and pairing. The fifth is composition,
and the sixth is enumeration. Bounding with union, the fourth scheme, is the sole
source of infinitely long computations. To be precise, E-recursion is defined by the
following schemes:

1. e=(1,n,1),
{eHz1,. .. ,2q) = 2.
2. e=(2,n,1,7),
{e}(z1,... ,zn) = z;\x;.
3. e=(3,n,1,7),
{e}(z1,... ,z,) = {zi,z;}.
4. e=({4,n,c),
{e}(@1,...,zn) = U{{c}(y, 22, ... ,xn) : y€x1}.

The left side is not defined unless {c}(y, z, ... ,z,) is defined for all yex;.

5. e=(5,n,m,e,e1,...,en),
{eH(z1, ... ,zn) 2 {e}{er} (@1, .. s xn), .o s {em}(z1, ... 20)).
6. e = (6,n,m),

{e}(e1, Z1, o s Ty Y1y - s Ym) = {e1 @1, 2p).

10



~ is Kleene’s symbol for strong equality. If ¢ and f are partial functions, then
f(z) =~ g(z) iff neither f(z) nor g(z) is defined, or f(x) and g(x) are defined and
equal.

To some, enumeration is a theorem, not a scheme. Casting it as a scheme makes
it possible to omit the least number operator and primitive recursion, two schemes
well abandoned when there is no underlying effective wellordering of the sets.

Definition 5.2 A partial function from V, the class of all sets, into V' is partial E-
recursive if it belongs to the least class of partial functions closed under the Normann
schemes. The graph of such a function is 3; (in the language of set theory), the con-
verse, however, does not hold. An example is O(z), Gédel’s order of constructibility
function

O(z) =~ pylz€Lyn\L,].

O(z) is X, but not partial E-recursive. If z€L then O(z) is found by an unbounded
search devoid of effective content.

A theorem of van de Wiele [31] explains the gap between 3; definability and partial
FE-recursiveness.

Definition 5.3 Let f : V — V be a total function. F'is uniformly ¥, definable on
every admissible set if there is a 3 formula ¢(z,y) (which contains at most the free
variables exhibited) such that for every admissible set A:

o (VzeA) f(z)eA;
L4 f[A = {(CL, b) : <A, E) |: (15(0,, b)}

Theorem 5.4 (van de Wiele, [31]) For every total function f :V — V the following
are equivalent:

(i) f is E-recursive.
(i) f is uniformly ¥, definable on every admissible set.
Definition 5.5 The next notions are due to A. Schliiter [27].
IT|§, := min{a: foralle € w, T+ {e}(w) | implies {e}(w) € Ly}
‘T|H§ =
min{a > w: for all e € w, T+ Vz{e}(z) | implies Vz€L,{e}(z) € L,}.
For the remainder of this subsection it is assumed that all set theories comprise PRST.
Theorem 5.6 (Schliiter [27]) If T is a Iy sound theory, then
TE = |TEE, (13)

Proof: (13) is stated and proved in [27], 6.14. O

11



Theorem 5.7 (Schliiter [27]) If T is Ily-sound, then
|T|sup = |T|gl = |T|ﬁz

Proof: A detailed proof of |T|£ = |T|s can be found in [27], Satz 6.15. O
In point of fact, the proof of Theorem 5.6 also yields the following result.

Theorem 5.8 IfT is a lly sound theory, then

Tlsup = {or: Jecwla = {e}(w) A T+ {e}(w) I]}-

6 The XY spectrum of a theory

The extraction of classifications of provable functions from ordinal analyses is not
confined to recursive functions on natural numbers. In the case of fragments of second
order arithmetic, one may also classify the provable hyperarithmetical as well as the
provable A} functions on N. In the case of set theories one may classify several kinds
of provable set functions and ordinals.

In the following we will be concerned with norms that can be assigned to set
theories. In general, they can also be extracted from an ordinal analysis of a set theory
T. Among other results, they lead to a classification of the provable set functions of
T.

Definition 6.1 Another notion that is closely related to the the norm |T'|y, is the
notion of good ¥i-definition from admissible set theory (see [2], I1.5.13). Given a
set theory 7T, we say that an ordinal « has a good Yi-definition in T if there is a
¥;-formula ¢(u) such that

L & ¢la] and T - 3EH(E).

Let
specy, := {a: « has a good X; definition in T'}.

One obviously has sup(specy; ) = |T'|s,. In many cases the set specy, bears interesting
connections to the ordinals of the representation system that has been used to ana-
lyze T'. Ordinal representation systems that have been developed via a detour through
large cardinals allow for an alternative interpretation wherein the large cardinals are
replaced by their recursively large counterparts. The latter interpretation gives rise to
a canonical interpretation of the ordinal terms of the representation system in specy, .
In general, however, the ordinals of specy, stemming from the ordinal representation
form a proper subset of specy, with many ‘holes’” as will be shown in the last section.
It would be very desirable to find a ‘natural’ property which could distinguish the
ordinals of the representation system within specy, so as to illuminate their natural-
ness. I consider this to be one of the most important problems in the area of strong
ordinal representation systems. A more thorough discussion will follow in section 4.
We will show that under very weak assumptions on T that the spectrum of T is an
initial segment of the ordinals. Let T be a theory such that T F ¢ implies L = ¢ for
all ;- and II;-sentences ¢. We shall require that T contains a modicum of primitive
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recursive set theory, where by primitive recursive set theory we mean that all primitive
recursive set function are provable in T. In particular, we assume that the function
n + L, is provable in T. Moreover, we shall assume that T F Vo 3\ > o[ is a limit].
Then the following holds.

Theorem 6.2 (Mollerfeld, Rathjen [16])
specy, (T) is an ordinal, that is an initial segment of the ordinals.

Proof: The proof makes use of the notion of stable ordinal. For an introduction
to stable ordinals the reader is referred to Barwise’s textbook, [2]. An ordinal 7 is
B-stable if n < B and L, is a Y-elementary substructure of Lg.

Set or := sup(specy, (T)). For each n € specy, (T) we pick a ¥;-formula ¢, such
that

TH3EG,(E) and L = ¢,[n). (14)

We shall proof, by induction on « < o, that a € specy, (T).
For this assume o C specy, (T).
For each limit ordinal A € specy, (T) with A > max(w, «), define

Ay :={a € L, | there is a ¥;-definition of a in L, using parameters < a.}

Let py be the least ordinal not in Ay. By the proof of Theorem 7.8. in chap. V of [2],
we get

Ay =1L, and p, is the least A-stable ordinal > c. (15)

In actuality, this proof assumes that A is admissible. However, ruminating on the
proof, it turns out that all which is required is that the predicate x € Ls (of 2 and §)
and the constructible ordering <;, are absolute for L. Therefore it suffices to assume
that A is a limit > w (for more details see [8], II, Theorem 5.2).

Note that a < py < A

Case 1: o < py for some A € specy, (T), where A is a limit > max(w, «).
Then « has a X¢-definition in Ly using parameters 31, ... , 5, < a. Let ¥(z, b1, .. , Bn)
be the defining formula. Put

0(x) ::[L,\)zﬂ!fv,b(f,ﬁl,... ,Bn) Nz €Ly N LyEY(z,[b,... ,ﬁn)} \% "
T

[Lx = -3E6(& By, Ba) A w=)].

¢ is a ¥;-formula with parameters A, 3y, ..., 3, all of which are in specy, (T). Using
the formulae ¢y, ¢g,, ... , ¢s, (see (14)), we can rewrite 6 to an equivalent ¥;-formula
such that T F 3!né(n). Moreover, L = 0[a]. Therefore a € specy (T).

Case 2: For all limits A € specy, (T) with A > max(a, w), it holds a = pj.
By (15), « is A-stable for all such A. Therefore « is op-stable, as o is the limit of

all these ordinals. However, from T F 3£ 4(§) with ¢ 3, we get L, = € ¥(€) and
hence L, = 3¢ (&), which yields specy, (T) C «, contradicting o < or. O

A quick glance at the preceding proof reveals that the proof utilizes that 7" is a
classical theory at every turn. Therefore one might expect a different behaviour for
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intuitionistic set theories. Up till now, however, no intuitionistic set theory int-7°
has been found where specy, (int-7") contains holes. On the other hand, for several
intuitionistic theories it has been shown that their spectrum yields a segment like in
the classical case. If T is a classical set theory let int-7T" be the theory with the same
axioms but based on intuitionistic logic.

Theorem 6.3 If T denotes any of the theories KP1, KP1", or KPi", then
specy, (T) = specy, (int-T).

Proof: This has been shown by K. Thiel. The results will be presented in his
forthcoming PhD thesis. O

7 Recursively large ordinals and ordinal represen-
tation systems

It is probably not widely known that an ordinal analysis of a theory 7' not only
characterises the provably recursive ordinals of 7" but also provides information about
provable sets of higher complexity. For instance the first T-stable ordinal, o7, that is
the first ordinal p such that all 3; definable ordinals of 7" are < p can be obtained
from an ordinal analysis of T" as well. o7 can also be characterised as the first ordinal
which is closed under all co-functions on ordinals which are provably total in T (cf.
[12], VIII), or in the case of subsystems of second order arithmetic as the supremum
of its provable A} ordinals. To illustrate these more subtle features by means of a
simple example (which nevertheless encapsulates the generic case) the last section
of this paper introduces an ordinal representation system that has been employed
in the ordinal analysis of the subsystem of second order arithmetic, based on A}
comprehension and bar induction or equivalently the set theory KPi..

7.1 Ordinal functions based on a weakly inaccessible cardinal

Recall that KP1i is a set theory which originates from Kripke-Platek set theory and
in addition has an axiom which says that any set is contained in an admissible set.
Thus the standard models of KPi in L are the segments L, with x being recursively
inaccessible. The ordinal analysis for KPi (cf. [14]) used an ordinal representa-
tion system built from ordinal functions, so-called collapsing functions, which have
originally been defined with the help of a weakly inaccessible cardinal. This subsection
expounds on the development of this particular ordinal representation system with
an eye towards the role of cardinals therein. Let

I := “first weakly inaccessible cardinal” (16)
that enumerates the cardinals below I. Further let
R = {1} U {Qey1: E<T). (17)

Variables «, 7 will range over R!.
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Definition 7.1 An ordinal representation system for the analysis of KPi can be
derived from the following functions and Skolem hulls of ordinals defined by recursion
on o

closure of U {0,1I}

under:
CHa,B) = { + (E— ) (18)
(€= Qe)eaa
(Em— ¥r(£))e<a
Yr(2) ~ min{p<7: CHa,p)Nm=p A T1€C (e, p)}. (19)

Note that if p = 1, (), then ¥, (a) < 7 and [p,7) N CYa, p) = O, thus the order-
type of the ordinals below 7 which belong to the Skolem hull C¥(c, p) is p . In more
pictorial terms, p is the a'® collapse of 7.

Lemma 7.2 If 7 € CYa,7), then ¢, () is defined; in particular 1, (a) < .

Proof: Note first that for a limit ordinal A,

Cle,)) = [N, 9)

E<A

since the right hand side is easily shown to be closed under the clauses that define
CYa, \). Thus we can pick w < n < 7 such that 7 € C*(a, n). Now define

m = supCle,n) N7 (20)
M+l = SUPCI(%%)HW
nt = Ssupm,.
n<w

Since the cardinality of C!(«,n) is the same as that of 7 and therefore less than 7,
the regularity of 7 implies that 7y < w. By repetition of this argument one obtains
N, < 7, and consequently n* < w. The definition of n* then ensures

CHa,nNm = UC’I(a,nn) Nt =n'<m.

Therefore, 1, (o) < 7. 0

Let €11 be the least ordinal o > I such that w® = «. The next definition singles
out a subset 7 (I) of C(er;1,0) which gives rise to an ordinal representation system,
i.e., there is an elementary ordinal representation system (OR, <, R, ,...), so that

(TA),<,R,¥,...) = (OR,<,R,¥,...). (21)

“...” is supposed to indicate that more structure carries over to the ordinal represen-

tation system.
Definition 7.3 7 (I) is defined inductively as follows:

1. 0,IeT(I).
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2. fay,...,ap € T(I) and oy > ... > ay, then w® + - -+ w* € T(I).
3. faeT(I),0<a<Iand a<,, then Q, € T(I).
4. f a,m € T(I), 7 € CYa, ) and o € CY (e, ¥ (), then ¥, () € T(I).

The side conditions in 7.3.2, 7.3.3 are easily explained by the desire to have unique
representations in 7 (I). The requirement o € C'(a, ¥r(x)) in 7.3.4 also serves the
purpose of unique representations (and more) but is probably a bit harder to explain.
The idea here is that from v, («) one should be able to retrieve the stage (namely «)
where it was generated. This is reflected by o € C(a, ¥, (c)).

It can be shown that the foregoing definition of 7 (I) is deterministic, that is to
say every ordinal in 7 (I) is generated by the inductive clauses of 7.3 in exactly one
way. As a result, every v € T(I) has a unique representation in terms of symbols
for 0,1 and function symbols for +, (o — Q,), (o, 7 — 1, (a). Thus, by taking some
primitive recursive (injective) coding function [---| on finite sequences of natural
numbers, we can code T (I) as a set of natural numbers as follows:

[0, 0] if =0
[1,0] ifa=1

la) =1 [2,l(ar), -, l(ay)] Ifa=w*+---+w*
[4,£(8), £(m)] if o = ¢ (8),

where the distinction by cases refers to the unique representation of 7.3. With the aid
of ¢, the ordinal representation system of (21) can be defined by letting OR be the
image of £ and setting < := {(£(7),£(d)) : v < A 6,7 € T(I)} etc. However, for a
proof that this definition of (OR, <1, R,1),...) in point of fact furnishes an elementary
ordinal representation system, we have to refer to the literature (cf. [3, 5, 23]).

7.1.1 Recursively large ordinals

The large cardinal hypothesis that I is the first weakly inaccessible cardinal is out-
rageous when compared with the strength of KPi. However, it enters the definition
procedure of the collapsing function 1, which is then employed in the shape of terms
to “name” a countable set of ordinals. As one succeeds in establishing recursion re-
lations for the ordering between those terms, the set of terms gives rise to an ordinal
representation system. It has long been suggested that, instead, one should be able
to interpret the collapsing functions as operating directly on the recursively large
counterparts of those cardinals. To give an example, the ordinal notations used in
the determination of the ordinals |ID,,| for theories of n—-iterated inductive definitions
(cf. [4]) embody collapsing functions vq,, ... ,%q,, which are contingent upon the
cardinals Ny, ... ,N,,. The conceptual problem here is that the definition procedure of
these functions makes essential use of the set—theoretical universe, whilst the resulting
notation system corresponds to a countable, indeed recursive ordinal. Feferman wrote
(cf. 9], p. 436):

"It has been suggested that, instead, one should be able to interpret the long hierar-
chies as operating directly on the (Kripke—Platek) admissible number classes 1o, where
71 = wi®. However, no theory of such classes currently available allows one to 'name’
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higher admussibles in the definition of a function and have a given admissible such as
71 closed under it.”

For example, taking such an approach in Definition 7.1 would consist in letting
I := first recursively inaccessible ordinal

and setting R := {7 < I: 7 admissible, 7 > w}. The difficulties with this approach
arise with the proof of Lemma 7.2. One wants to show that, for all «, ¥1(a) < I
However, the arguments of the cardinal setting no longer work here. To get a similar
result for a recursively inaccessible ordinal x one would have to work solely with x-
recursive operations. In addition, the functions 1, : €.,.1 — 7 would have to be
defined for admissible ordinals 7 with w < 7 < k. In the cardinal setting this comes
down to a simple cardinality argument. To get a similar result for an admissible 7 one
would have to work solely with m-recursive operations. How this can be accomplished
is far from being clear as the definition of C!(c, p) for p < 7 usually refers to higher
admissibles than just m. Notwithstanding that, the admissible approach is workable
as was shown in [21, 22, 28]. A key idea therein is that the higher admissibles which
figure in the definition of ¢, («) can be mimicked via names within the structure L,
in a m-recursive manner.

The drawback of the admissible approach is that it involves quite horrendous
definition procedures and computations, which when taken as the first approach are
at the limit of human tolerance.

On the other hand, the admissible approach provides a natural semantics for the
terms in the ordinal representation systems. Recalling the notion of good X1 -definition
from Definition 6.1, it turns out that all the ordinals of 7(I) NI possess a good -
definition in KPi (cf. [22]) under the interpretation which takes I to be the first
recursively inaccessible ordinal and lets the functions ¢, operate on admissible ordinals
7 instead of regular cardinals.

Unlike in the case of KP, 7(I) NI only forms a proper subset of specy, (KPi)
with many ‘holes’.? To illuminate the nature of the ordinals in 7(I) N I, it would
be desirable to find another property which distinguishes them among the ordinals of
specy, (KPi).
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