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On Non-wellfounded Constructive
Set Theory

Construction of non-wellfounded sets in Explicit Math-
ematics

Sergei Tupailo

‘We analyze the proof-theoretic strength of Constructive Set Theory with-
out Foundation, NCZF ~, with natural numbers as urelements. The up-
per bounds are established by a realizability interpretation into Explicit
Mathematics, which uses the same method as (14). An important feature

is building bisimulation between sets “in stages”, in a way similar to (10).

As a corollary we obtain that [NCZF ™ | is bounded by ¢(eo,0).

1 Constructive Set Theory with Natural Numbers

The language L of Set Theory with natural numbers as urele-
ments is two-sorted with number variables a,b,c,.. ., set variables
A,B,C,..., and two predicate constants = and €. = and € accept
arguments of either sort, that is, we are allowed to write a = b, a = B,
a € B, B € a, etc. Additionally we have the following function con-
stants which act from numbers to numbers: zero 0, successor ’, as well
as countably many fi, fa, ... for primitive recursive functions. Number
terms are built from these in the standard way. The set of free vari-
ables of a formula F' is denoted by FV(F), and by FVo(F) and FV1(F)
we denote correspondingly the sets of free number and set variables
of F.

In free occurrences, we will use o, p, q, r as metavariables for both
sorts. In bound occurrences,
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2 / SERGEI TUPAILO

VpF[p] will denote VXF[X]AVzF[z], and
IpF[p] will denote 3IXF[X]V IzF[z].

As usual, VX € AF[X] and 3X € AF[X] stand for VX(X € A —
F[X]) and 3X (X € AA F[X]), resp., and similarly for Vo € AF|[z] and
3z € AF[z]. By F# we denote the result of replacing each quantifier
QX in F by QX € A. Bounded (or A) formulas of Lc  are those
built from atoms by means of A, V, =, Vz, 3z, VX €A and X € A.

The logic is intuitionistic two-sorted with equality. We take L (fal-
sity) as a propositional constant with standard axioms pertraining to
it.

The axioms of Constructive Set Theory with natural numbers NCZF
are of three groups: ontological ones, axioms for natural numbers and
axioms for sets.

Ontological axioms just express the basic features of the set uni-
verse with urelements: sets and urelements are different things, and
urelements cannot contain anything. These axioms are the following;:
a=A¢e L
A=ae L;
a€b& L
Aebe L.

Arithmetical axioms are the standard axioms of Heyting’s arith-
metic, where Induction schema is taken in the form

G[0] AVz(G[z] = G[z']) = VzG[z], for all formulas G[z].
Set axioms are the following;:

Extensionality:
VXVY (VpeX(peY)AVpeY(pe X) - X =Y);
Foundation:
Vp(YqepGlq] — Gp]) — VpGlp], for all formulas G[p];
Pair:
VpVqaZ(p e Z ANq € Z);
Union:
VXAYVpe XVqgep(q € Y);
Infinity:
AXVz(z € X);
Aqg Separation:
VX3IYVp(p €Y ¢ p € X A F[p]), for all Ag formulas F/p];
Strong Collection:
VX (Vpe X3qGlp, q] — IW (Vpe XIqe WG|p, q|A\Vqe W3pe X Glp, q])),
for all formulas G[p, ¢l;
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NON-WELLFOUNDED CONSTRUCTIVE SET THEORY / 3

Subset Collection:
VXVX'AZ(Vp € X3q € X'Gp,q] - IW € Z(¥p € XIq € WG|p,q] A
VYge W3ape XG|p, q])), for all formulas G[p, ¢].

Definition 1 NCZF~ denotes NCZF without Foundation.

The theory NCZF~ obviously contains Heyting arithmetic, intu-
itionistic II§—CA, and even more. We expect that its strength is
bounded below by ¢(g¢,0).

2 Explicit Mathematics: a reminder

We want to give a realizability interpretation of NCZF ™ in the system
EETJ of Explicit Mathematics, which would imply that NCZF~ has
a pretty low proof-theoretic strength, namely, at most ¢(gg,0) (see
Feferman (8, Ch.V, 1)). As was shown in (14), Explicit Mathematics is
also an appropriate framework for interpreting Constructive Set Theory
(other popular option: Intuitionistic Type Theory, cf. (1; 2), and, most
recently, (6)). We have learned in (14) that Elementary Comprehension
of EM suffices for everything, except Strong Collection and Foundation.
In NCZF ™~ we don’t have Foundation; Strong Collection requires, in
addition to Elementary Comprehension, only the axiom of Join.

Before we can get to the job in Section 3, we fix the formulation
of Explicit Mathematics we prefer to work with. It’s very close to
the original formulation of (7), but takes some small deviations on a
technical level.

Language Lgy. All theories of Explicit Mathematics, considered
in this paper, are formulated in a two-sorted language, containing vari-
ables for operations (individuals) and names, along with operation con-
stants. Names are thought of as a special kind of operations, coding
types (sets) of operations. We use variables a,b,c,...,a,b,¢,... as
ranging over operations, and a, 3,7,... as ranging over names. The
constants are the following: combinators k, s, pairing p and projec-
tions po, p1, zero 0, successor sy and predecessor py, distinction by cases
on natural numbers Ag and join j. As a difference from the canonical
system Tg, we omit the inductive generator i. Additionally we have the
following 9 constants called name generators: nat, id, inv, emp, and,
or, imp, all, ex. Terms are built from variables and constants by the
following application clause: if s and t are terms then s-t is a term, so
that the application function symbol - accepts arguments of both sorts
and returns an operation. Atomic formulas are s = ¢ (s coincides
with t) and set (s belongs to the type named by ¢, s is classified under
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t), where s and ¢ are terms. Formulas are built from atomic formu-

las by A,V,— and two kinds of quantifiers, over operations and over

names, e.g. Va, Ja,Va,da. Finally, expression is a term or a formula.
Syntactical conventions.

1. We use e[z] for an expression e, possibly containing occurrences of

a variable z. In this context by e[t] we mean the result of substituting

expression ¢ for all occurrences of z in e.

2. Parentheses in terms are assumed to be associated to the left: e.g.,

s-t-uisread as (s-t) - u.

3. We adopt the following priority among propositional connectives

and their abbreviations: -, A, V, —, <+. For example, F1 V- Fy A F3 —

Fy & Fj has to be read as ((Fy V ((—~F») A F3)) = Fy) ¢ Fs.
Abbreviations. We use the following shortcuts:

-F o F— 1;

Fy & F o (Fo — Fl) A (Fl — F());

t} o Fz(t =2x);

Nt] & FJa(t = a);

Flt]] & tL A F[t];

t = {s[z1,...,xn] |Fz1,...,25]} & N[]AVz(zet <> Tz1 ... Tz, (z =

[ty .o, @] A Flar, ..o a]));

s~t & (slVt]l) >s=t

sCt & Vres(ret);s=t :& sCtAtCs;

r:s — t for Vee s(rz e t);

rist s tforris—t, r:s™t st for Voes(ro:s™ — t);

Pij.. kt for pk(' o (pj(pit)) . ')7 isjy .- k=0,00

t' for sy -t; 1 for 0'; 2 for 1'; st for s-t; t(s1,...,8,) for (... (ts1)...8n);

(s, t) for pst; s #t for —s = t, etc.

The logic of the theory is intuitionistic 2-sorted logic of partial terms
with equality. See, e.g., (5, Ch.VI, 1) or (11, 1.3).

The axioms of Explicit Mathematics are divided in several groups.
The basic are applicative axioms, induction on natural numbers, explicit
representation, elementary comprehension ECA and join J (see, e.g.,
(14)). EET is the theory containing all the listed axioms except join,
and EETJ is the one containing all of them.

EET will be our default theory for reasoning in Explicit Mathe-
matics.

3 Realization of NCZF™ into EETJ

For each set variable A € L¢ v we assume a name variable a4 € Lrum.
Sets are interpreted as (names of) trees, whose leaves may be labelled
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NON-WELLFOUNDED CONSTRUCTIVE SET THEORY / 5

by natural numbers. To begin, we need to set the stage.

We can define a name seq of the type of sequences so that

ey (1)
{{z,y) | (x=0Ay=0)V (z =1Ay = (poy, P1y) A poy € seq) }.

To do this, by ECA one defines a name seqg s.t.

seqo = {(0,0)}, (2)
and an operation seqg s.t.
seqsa = {(1,{y,2)) |y e a}. 3)
Then by primitive recursion one defines an operation sq s.t.
{ Zg 2'_25523;(5qn). (4)
Finally by J and ECA one sets
seq := {z | Inenat(z esqn)}. (5)
We abbreviate
nil := (0,0). (6)
Now a name Iseq of the type of labelled sequences is defined by
Iseq := {(2,{y,n)) | y € seq A n € nat}. (7
The label of a labelled sequence is defined by
b := Az.p1(p12). (8)

In order to work with (labelled) sequences, we define subsidiary
operations length In and concatenation conc (also written as *) by the
following equations:

In nil ~ 0,
In <1a<aab)> = SN(Ina)a (9)
In(2,{a,n)) ~ Ing;

conc (a, nil) ~ a,
conc (a, (1,{c,d)))
conc (a, (2, (¢, n)))

These operations have expected properties; see (14, Prop. 2.1 & 2.2)
for details. We note that, in order conc (s,t) to be defined, the first
argument s of conc must be a sequence, while the second argument ¢
may be labelled.

(1, {conc(a,c),d)), (10)
(2,{conc (a,c),n)).
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Definition 2 (3J)
By ECA a name 1 is defined so that

0= {{z,y) | (11)
zeseqUlseq AyeseqA JzeseqUlseq(z # nil Ayxz=x)}.

We will use z 1y, © 3y in place of (z,y)e 1 and (z € seq U Iseq A
z=y)Vzx Iy, resp.

A set is a tree, i.e. non-empty type of (labelled) sequences down-
wards closed with respect to J-relation:

Definition 3 (¢ names a set, Set[t])
Set[t] is defined as

N[t]At CseqUlseq A nil et AVzetVy(z Jy = yet). (12)

Note. Sets can be non-wellfounded with respect to 1, i.e. a set
may contain an infinite sequence ... J x1 1 Zo-

Definition 4  (Subtree operation, str)
By ECA we define an operation str in such a way that

Nistr(a, 2)] A (z e str(a, z) > zeseqUlIseq A zxz e ).  (13)

Lemma 1 In EETJ we have
Set[a] A z € a A z € seq — Set[str(a, 2)]. (14)

Proof. Obvious from the definition. O

As usual, equality between sets is interpreted as bisimulation. In
order to stay low in proof-theoretic strength, we build bisimulation “in
stages”, following the way it was done in (10). For any sets o and
we want to have an elementary relation BS[t,«, 8] (“t is a proof that «
and f are bisimulable”) and then to check that BS[t, @, 8] has necessary
properties. First, by ECA we define:

Definition 5  (st, ur)
sta:={z|zcaAzeseqA Inz =1},

ura:={z|zeaAzelseqA Inz = 0}. (15)

Definition 6  (Bisimulation)
Bisimulation is a formula R[t,a, 3] together with an operation § such
that the following holds:

if Set[a] A Set[8] A R[t, a, ] then
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Vz e sta (po(poo(ft)z) e st B A
Rlp1(poo(ft)z), str(a, ), str(B, po(poo(ft)2))]) A
Vx € ur aVs(po1(fe) Ib(z)s) A z £ ur )

A (16)
Vy e st B (po(pro(fr)y) e sta A
R[p1(p1o(fr)y), str(a, po(p1o(fr)y)), str(B,)]) A
Yy € ur BVs(p11(fr) Ib(y)s) Ay e ura).

Remark. As long as we consider only bisimulations given by ele-
mentary (in parameters) formulas, a bisimulation can be defined as a
pair (n,f), where M[n] (meaning: n := {t| R[r,, 3]}) and the shown
condition holds. This in fact suffices for purposes of the present paper.

Now we are interested to build a maximal bisimulation BS. We set
bso := AaAb.n, (17)

where n := {0}. Having in mind that we will have

Set[a] A Set[B] A c:Set? — N,

where c:Set? — N stands for YyV3(Set[y] A Set[d] — N[eyd]), we want
to define a name t[a, 8, ¢] for

{rl
Vz & sta (po(pootz) £ st 8 A
p1(pootz) € ¢ - str(a, z) - str(B, po(pootz))) A

Va e uraVs(poitlb(z)sl Az e ur j3) (18)

Vyestf (po(ploty) esta A
p1(P1oty) € ¢ - str(a, po(poty)) - str(B,y)) A
Vyeur BVs(p11tib(y)sli Ay eura)}.

To do this, first a name t;[a, §] for
{r|Vz e sta(po(poorz) € st ) }
is defined by ECA. Now we consider a function
f = Au.c-str(e, pru) - str(B, po(Poo (Pou) (P1u)))
and form ¢ := j(t1 X sta, f). A name t3[a, §, ] for
{¢| Ve sta(((e, ), pa(poota)) £ )},

defined by ECA, is then also a name for
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{tr|Vz e sta (po(pootz) estB A pi(pootz) € ¢ - str(e, z) - str(B, po(pootz))) }-
The second part,
{t|VzeuraVs(poitlb(z)s] Az eurp)},

has a name t3[a, 5] by ECA.
Symmetrically we construct names t4, t5 and t¢ having to do with
conjuncts Yy €f. .. of 18 and finally build

t:= and(and(tg,t3), and(t5, tﬁ))-
Now we define an operation bsg by
bssc = AaAb.t[a, b, ] (19)
and formally verify in EETJ
¢:Set? —» N — bsse:Set? — N.

By primitive recursion we define an operation bs s.t.

bs0 = bso,
bsn' = AaAb.bss(bsn)ab

and by induction on nat prove

Vn e nat(bsn:Set” = N).

(20)

Now, by primitive recursion, we define projection functions prn by

prOt =0,
{ pro't = (f,9), 1)
where
{f := (Az.{po(pootz), prn(p1(pootz))), Port), (22)
g := (Ay.(po(porty), prn(pi(poity))), p11t),

and by induction on nat prove

Vn e natVaVB(Set[a] A Set[8] = prn: bsn'af — bsnap).

Definition 7  (Maximal bisimulation BS[t,«, (])
A formula BS[r,a, 3] is defined as

Vn e nat((n,tn) € j (nat, Am.bsmaf) A prn(tn') = tn). (23)
An ¢ such that BS[t,a, 5] is called bisimulator for a and 8 and in

this case a and [ are called bisimulable by t.
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We note that if Set[a] A Set[3] then NTj(nat, \m.bsmap)] and
BS|[t,a, f] is elementary in j(nat, Am.bsmaf). Also, in this case,
BS|r, e, B8] is equivalent to

Vnenat(tn € bsnaB A pra(tn') = tn).

Lemma 2 (BS is a bisimulation)
There is an operation exg s.t. (BS,exg) is a bisimulation.

Proof. Assume Set[a] A Set[5] A BS[t, , J].

If € ura, we simply put poi(exet) := poi(trl); symmetrically we
put pii(exet) := p11(tl). Given z € sta, we will find y e st and a
bisimulator for (str(a, z),str(8,y)). A similar construction given yest 3
will determine z ¢ st @ and a bisimulator for (str(e, ), str(8,y)). So let
z € sta. For n e nat let

Yn = po(poo(tn’)z) e st B
and
tn == p1(poo(tn')z) € bsn - str(a, z) - str(B, yn).
Now,
tn' = pra'(xn”),
poo(tn')x = poo( prn'(tn"))z = (24)
{Po(pPoo(tn')x), prn(pi(poo(tn)x))).

From this it follows that y, = y, for all n ¢ nat, and thus y,, = yo
for all nenat. So, t,e bsn-str(a, z)-str(3,yo). Continuing 24, we have

p1(poo(tn')z) = prn(pi(poo(tn”)z)),
1(Poo L prnt:r, 00 (25)

so that BS[An.t,,str(a, z),str(8, yo)].
Summarizing the construction, we set

exp := At.
((Az.(po(pPoo(r1)z), AOn-pl(poo(tn’)ﬂv)), po1(r1)), (26)
(Ay-(po(p10(r1)y), An.p1(p1o(tn’)y)), p11(r1))).

Lemma 3 (BS is a maximal bisimulation)
There is an operation exy s.t. if (R,f) is a bisimulation then

YaVVre(Set[a] A Set[S] A R[t, a, 8] — BS[exift, a, f]).
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Proof. Let (R, f) be a bisimulation and Set[a] A Set[5] A R[t, a, 3]. We
let

J == As.poo(fs), g := As.p1o(fs).

Then, by primitive recursion, we define t as follows:

(Ay-(po(gsy), tnp1(gsy)), p11(fs)))-
By induction on nat we prove

Vn e natV~VoVs(Set[y]ASet[0]AR]s, v, 8] — tnse bsnyd A prn(tn's) = tns).

t0 = Xs.0,
{ tn' = As.((Az.(po(fsz), tnp1(fsz)), por (fs))

Now, let ex; := AfAsAn.{[flns. Then from the previous we have
Vn e nat(exifrn e bsnafB) A prn(exifrn’) = exifen.

Thus, BS[exift, a, [].
O

Lemma 4 There is an operation exy s.t. if Set[a]ASet[3]ABS'[x, a, ],
where BS'[r,a, B8] is a formula

Vz e sta (po(pootz) st A
BS[p1(pootz), str(a, z), str(B, po(pootz))]) A
Ve uraVs(poit Ib(z)s) A z e ur §)
A (27)
Vy e st 3 (po(proty) estar A
BS[p1(p1oty), str(a, po(p1oty)), str(B,y)]) A
Vye ur BVYs(pritlb(y)s) Ay e ura),

then BS[exat,a, (].

Proof. It follows from Lemma 2 that there is an operation ex] s.t. if
Set[v] A Set[§] A BS'[s,~, 8], then

Vz & sty (po(poo(exys)x) € std A

BS'[p1(poo(exps)z), str(7, z), str(d, po(poo(exhs)z))]) A
Ve uryVs(poit Ib(z)s) A z € ur )

(28)
Vy e st & (po(p1o(exps)y) e sty A
BS'[p1(p1o(exp8)y), str(7v, Po(p1o(exgs)y)), str(d, y)]) A
VyeurdVs(piitlb(y)sl Ay eury),
so that (BS',exy) is a bisimulation. By Lemma 3 we have
BSexjexpt, a, f], so we set exy 1= exjexg.
O
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Lemma 5 BS is an equivalence relation, i.e. there are operations eqo,
eq: and eqy s.t. if Set[a] A Set[B] A Set[y] then:

a’) BS[eq07 Q, OA],

b) BS[t,a, f] — BS[An.eqint, 3, a];

¢) BS[t,a, 8] A BS[s, 8,v] = BS[\n.eqants, a, ).

Proof. eqgp, eq; and eqy are defined by primitive recursion and then by
induction on nat necessary properties are proved. Recursive equations
are the following;:

erO = 07
eqon’ = ((Az.{z,eqon), AzAu.0), (A\z.{z, eqon), Az u.0));

(eq10 = At.0,
) At.

eqin’ = ¢ ((Ay-(po(P10(tn)y), eq1n - p1(p1o(tn')y)), AyAu.0),
{ (Az.{po(poo(tn')x),eqin - p1(poo(tn')z)), AxAu.0));

(eq20 = Ats.0,
( Ats.
({Az.{po(Poo(sn’)(Po(Poo(tn’)))),
) eqan - p1(poo(tn')z)) - p1(poo(sn) (Po(Poo(tn’)z)))),
eqon’ = AzAu.0),
(Az-(po(P1o(en’) (po(Pro(sn’)2))),

edan - p1(p1o(sn')2)) - p1(p1o(tn’)(Po(P10(sn')2)))),
AzAu.0)).

\ \

O

Remark. The main distinction of bisimulation defined here from
the ones which are often used within set theory setting (see (9)), based
on the idea of existence of a set ~ s.t.

A~B & VX€EAIWEB(X ~Y)AVY €BIXEA(X ~ V),

where U ~ V means (U,V) € ~, is that we are actually building such
a type ~, not merely requiring its existence. The advantage is that
such a construction requires proof-theoretically only very weak means
(namely, in EM, only elementary comprehension, join, and induction
on natural numbers), while, when standard bisimulation is used, for
such an equality interpretation one needs some additional axioms, e.g.
¥, Foundation (see, for example, (3, S. 4)), which raise proof-theoretic
strength compared to the non-wellfounded version of the theory.
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For each function constant f € L we can define an operation
N(f) representing the same primitive recursive function as f and having
the following property: if n is the arity of f then EET proves

n
/\misnat — N(f)z1 ...z, € nat.
i=1
Now terms of Lc v are translated as follows:
Definition 8 (N(¢))

{N(x) = x;
N(f(t1,-.-,tn)) := N(fIN(t1) ... N(t).

Definition 9 (v realizes F', trn F)

For each formula F € Lcw we define a formula (vrn F) € Lry with
a new free individual variable v. The definition is given by the table
below:

Felen (trn F) € Lem

1L 1

s=t N(s) = N(t)

s=A L

A=s 1

A=B BS[t,a4,aB)

set L

se€A (2, (nil,N(s))) e aa

Aes L

AeB pot e stap A BS[pit,a4,str(ap, pot)]
Fy N Fy potrn Fyp A pitrn Fy

et 08200 )
Fo — Fy Vr(rn Fo =t} Aty Fy)

VzG[z] Vzenat(tzl A vz G[z])

JzG[x] pot € nat A prt rn G[pot]

VXG[X] Va(Set[a] = tal A tarn Gla])
IXG[X] Set[pot] A p1t rn G[pot]
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Remark. According to our notation for substitution, p. 4, in
this definition pitrn G[pot] in the last clause, for example, stands for
(v GIX])[¢/pr][ax /pot]-

Definition 10  (Realization, realizable)

1. A term t € Lgwm s called realization of a formula F € Lc N in a
theory T € LM, iff

FVo(t) C {ala € FVo(F)} A\ FVi(t) C{aa| A€ FV(F)}

and

TF /\ (a e nat) A /\ Set[aq] | = tm F.
a€FVo(F) A€FV1(F)

2. If there exists such a term t then F is called realizable in T.
We call a theory Tg realizable in T iff every theorem of Tg is
realizable in T. Tg is realizable iff it’s realizable in EET.

Theorem 1 FEach theorem of intuitionistic two-sorted predicate calcu-
lus with equality is realizable in EETJ.

Proof is standard except for the case of equality axioms. We have to
analyze three types of equalities: between numbers, between a number
and a set, and between sets. Realizations of equalities between numbers
follow from the law vrn (s = t) :& N(s) = N(¢) (second line of Defini-
tion 9) and equality axioms of logic. In particular, rrn(s = tAs € A) =
N(s) = N({E)A(2,{nil ,N(s)))eaa = (2,{nil,N(t)))eas = rrn(t € A).
Realizations of equalities of the kind s = A follow from the fact that
trn(s = A) is L, and the logical axiom “1 — anything”. Finally, when
considering equalities between sets, the main cases are:

(Eql) A=BANAe€C - BeC(,

(Eq2) A=BACeA—->CeB.

For (Eql), if trna = 8 and srna € +, then s gives us an appropriate
point pes in v, and a bisimulator between 8 and str(vy, pos) is obtained
by commutativity and transitivity (Lemma 5).

For (Eq2),if trna = and sn~y € a, then
posestaA BS[p1s, 7, str(a, pos)]. By t and Lemma 2 we obtain test A
BS|q,str(a, pes), str(3,t)] for some ¢t and g and by transitivity follows
the assertion.

O
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Now we turn to realizing mathematical axioms of NCZF ™ in EETJ.
According to Theorem 1, this is sufficient to claim realizability of every
theorem.

We have to proceed by different groups of axioms of NCZF ™. On-
tological ones are obviously realized by (Az.z,Ay.y), since trn F &
trn L & 1, for F of any of the forms a = A, A=a,a € b, or A € a.
Arithmetical axioms are realized as in (12, Ch.IV, Section 4). We note
that realizing Induction requires induction on natural numbers of Ex-
plicit Mathematics.

What remains are proofs of the set axioms. Those are again realized
exactly as in (14, S. 3); the only thing to note is that since Ag formulas
now may contain quantifiers over urelements, we have to make sure
that we still can provide elementary realization rn® for those formulas.
But this is indeed so, since the clauses for trn V2G[z] and vrn 32G[z]
in the Definition 9 are elementary in trn G[z]:

Definition 11 ¢ elementarily realizes F, t tn F

For each bounded formula F' € Lc v we define an elementary formula
(¢ F) € Ly with a new free individual variable v. The definition is
obtained from the Definition 9 of rn by replacing rn by rn® everywhere
and taking clauses for VX € AG[X] and 3X € AG[X] as follows:

F trnéF
VX € AG[X] Vrzestaa(tz) Atz mfG[str(aa,z)])
3X € AG[X] pot € staq A prrrnf Gstr(ay, pot)]

One establishes correspondence between realizations rn and rnf in
the same way as in Definition 2.11 and Lemma 2.5 of (14):

Lemma 6 Ap-lemma, cf. (14, L. 2.5)

IfF € Lc N is bounded then there is a termeq. € Ly s.t. FV(eq%) C
{ala € FVo(F)} U{aa| A € FVi(F)}, eqf = (poeqf, preas) and the
following holds:

rm F — poeqirm® F (29)
and

prn®F — preqiyrn F. (30)

Extensionality is the main axiom for which bisimulation is respon-
sible. However, everything is already contained in Lemma 4.
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Lemma 7  (Extensionality)
The Extensionality axiom is realizable in EETJ.

Proof. Indeed, given Set[a] A Set[S],
tn (VX ea(X € B) AVzea(z € B)) A (VY €B(Y € a) AVy€B(y € a)))
reads as

Vz e sta (po(pootz) € st 3 A
BS[p1(pootz), str(a, z), str(B, po(pootz))]) A
port méVzea(z € B)
A (31)
Vy e st 3 (po(poty) € sta A
BS[p1(p1oty), str(e, po(p1oty)), str(8,%)]) A
putméVyepB(y € ),

patméVrea(zr € B) =
VzenatVs(srn (z € a) — portzs) o (z € §))
Vz e uraVs(portlb(z)s) A zeur §),

putméVyef(y € a) =
VyenatVs(srn (y € f) — putyslmm (y € a)) =
Yy e ur BVs(pritlb(y)sl Ayeura),

and then a bisimulator between a and S is obtained by Lemma 4.
O
The only axiom which requires a new proof is the axiom of Infinity.
This is given below.

Lemma 8  (Infinity)
Aziom Infinity is realizable in EETJ.

Proof. An infinite tree is constructed as
{z |z = nil V3Inenat(z = (2,(nil,n)))}. (33)
These facts give us

Theorem 2 NCZF ~ is realizable in EETJ; therefore its strength is
bounded above by ¢(go,0).

Proof. Realizability has been shown. The fact about ¢(eq,0) follows
from [EETJ| = ¢(go,0) (8, Ch.V, 1). 0O
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