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Abstract

Based on previous work, we give a modular correspondence between various categorical universes
and their internal languages in terms of extensional dependent type theories a la Martin-Lof. Starting
from lex categories, through regular ones we provide the internal languages of different kinds of
pretopoi and topoi.

With respect to the internal languages already known for some of these categories like topoi, the
novelty of these calculi is that formulas corresponding to subobjects can be regained as particular
types equipped with proof-terms according to the isomorphism “propositions as mono types”, invis-
ible in the previous languages.
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1 Introduction

Set theory, category theory and type theory provide frameworks to develop mathematics and in particular
constructive mathematics, in the sense that the underlying logic is intuitionistic. We are interested in
relating the frameworks proposed in category theory with those in type theory.

To formalize intuitionistic mathematics in type theory we have Martin-Lof’s Intuitionistic Type
Theory [Mar75, Mar95, NPS90], also called Constructive Set Theory or Constructive Type Theory,
which is predicative and Coquand’s Calculus of Constructions [CG88], which is impredicative.

In category theory topoi or pretopoi can be thought as universes where to develop mathematics
because they provide models for certain kinds of set theory. The main example is the elementary topos,
introduced by Lawvere and Tierney starting from an axiomatization of a Grothendieck topos free of
set-theoretic assumptions. In suitable topoi it is also possible to model fragments of classical set theory,
like bounded Zermelo set theory [Col73, Mit72, MM92].

More recently, Joyal and Moerdijk explored how to provide models for the full Zermelo-Fraenkel set
theory in a categorical setting [JM95] taking an Heyting pretopos with a natural numbers object as
universe.

Particular pretopoi, called arithmetic universes, were introduced by Andre Joyal to give a categorical
proof of Gédel incompleteness theorems, which he performed in the initial one [Wra85]. They are built
through three stages, from a cartesian category with a parameterized natural numbers object, through
a regular category, to a pretopos with parameterized list objects.

To relate the considered frameworks in category theory and type theory we can see at least two ways:
we look either for categorical models of the considered type theories or for the internal type theory of
the categorical universes.

Here, we pursue the second way, namely to look for the internal language of topoi, pretopoi and
related universes in terms of a dependent type theory & la Martin-Lof. To find them we are facilitated
from the fact that the correspondence between dependent type theories and the considered categories
is modular in the sense that we can single out a precise correspondence between universal categorical
properties and type-theoretic constructors.

Internal languages a la Martin-Lof prepare the grounds for a purely type-theoretical comparison
between the considered categories and Martin-Lof’s type theory. The ultimate goal would be to put all
these dependent type theories in a hierarchy and explore translations among them. We also think that
the internal language could be a tool to transfer techniques from type theory to category theory and the
way around.

In the literature connections between categorical universes and logic have been explored especially
in terms of many-sorted logics, where the sorts are simple types.

Makkay and Reyes found that pretopoi can be characterized with respect to logical categories, which
are the necessary structures to interpret many-sorted coherent logic [MR77], but, as far as we know, no
explicit internal calculus for pretopoi has been proposed before ours.

About topoi, it is well known how to associate to any topos its Mitchell-Benabou internal lan-
guage in a way as categorical objects correspond to types, morphisms to typed terms and subobjects
to many-sorted formulas, which are terms of the subobject classifier [MM92, LS86]. One of the main
characteristics of this language is the presence of two kinds of syntactic entities, types and formulas,
both equipped with suitable judgements: about types the judgements for formation of types with cor-
responding terms and equalities and about formulas judgements in the form of usual sequents. There is
no constructor turning formulas into types, namely no isomorphism of the sort “proposition as types”
is visible: propositions are not equipped with proof-terms.

On the contrary, developing internal languages a la Martin-L6f we have only one syntactic entity:
types with corresponding proof-terms and equalities. Nevertheless, to capture all the constructions of



topoi or pretopoi or even lex categories simple types, like those used in Mitchell-Benabou language, do
not suffice and dependent types are crucial for that.

Using dependent types and thanks to the modularity of the correspondence universal categorical
property /type constructor it is possible to get the internal language of various categories, from lex to
regular categories, pretopoi, arithmetic universes, topoi and variations of them.

The link between dependent type theories and categories can be established once we know that
the considered categories provide a complete categorical semantics for their corresponding dependent
type theories. However, this check is only necessary but does not suffice to say that a dependent type
theory provides also their internal language, since this requires to prove a sort of equivalence between
the category of theories and the category of categories under consideration.

The categorical semantics of a dependent typed calculus is more complex than that of a simple typed
calculus where types are interpreted as objects and terms as morphisms. Fixed the category C where
to interpret the calculus, the idea is to interpret a dependent type under a context as a sequence of
morphisms of C and a dependent term as a morphism of a suitable comma category of C. Since we
want to interpret substitution via pullback, then to overcome the well known coherence problems we
use the split fibration associated to the codomain fibration of the category, putting together techniques
developed in [Ben85, Hof94, Car86].

To interpret dependent types according to the above categorical semantics a category C has to satisfy
general conditions:

1. C has to have finite limits

2. The structure of C necessary to interpret the type constructors on closed types has to be local, i.e.
for every object A € ObC the comma category C/A enjoys the same structure of C (for example,
if C is a topos then C/A should be a topos for every A € ObC). This is because a dependent type
is interpreted in a suitable comma category which has to interpret all the type constructors under
the same dependency.

3. The structure of C has to be preserved by the pullback functor f* : C/A — C/B for every morphism
f: B — Aof C. This is because, if we interpret substitution via pullback, then we need the preser-
vation under pullback to make the interpretation of type constructors closed under substitution.

Therefore, these become necessary conditions for a category to enjoy a dependent typed internal lan-
guage.

Having in mind the above categorical semantics we can recognize how a dependent type theory & la
Martin-Lof can describe the structure of subobjects avoiding the use of formulas and sequents. Indeed,
it turns out that a mono type, which is defined as a type with at most one proof, i.e. formally a type
B(z) [I'] for which we can derive

y=z€ B(z) [T,y € B(z),2z € B(z)]

gets interpreted in a sequence of morphisms whose last one (which interprets the type itself, whilst the
rest interprets the context) is mono. Hence, mono types correspond to monomorphisms. This is crucial
to capture the subobject classifier of a topos or the quotients restricted to monic equivalence relations
of a pretopos, only speaking about types.

More in details, universal categorical properties correspond to already known type constructors of
Martin-L6f’s type theory or new ones giving a modular correspondence between categories and depen-
dent type theories. Finite limits correspond to the terminal type, the indexed sum types, the extensional
equality types in [Mar84]. These are the basic module since pullbacks are necessary to interpret sub-
stitution and the equality types are the basic dependent types. Then, the right adjoint to the pullback
functor between comma categories corresponds to the dependent product type in [Mar84, NPS90], the
right adjoint to the pullback functor between subobjects to the dependent product type restricted to
mono types and the left adjoint to the pullback functor between subobjects (or stable images) to the
indexed sum type made mono and restricted to mono types. Stable quotients of mono equivalence
relations correspond to extensional quotient types based only on mono type equivalence relations and
effectiveness is expressed as an axiom. The stable initial object corresponds to the falsum type in



[Mar84, NPS90] and stable binary disjoint coproducts to the disjoint sum types in [Mar84, NPS90] with
the addition of an axiom for disjointness. The parameterized natural numbers object corresponds to the
natural numbers type in [Mar84, NPS90] and parameterized list objects to list types in [Mar84, NPS90].
Finally the subobject classifier corresponds to an extensional universe type encoding mono types up to
equiprovability.

Another difference between internal languages a la Martin-Lof and those in the form of a many-sorted
logic is that with the former we can build a syntactic category taking closed types as objects and terms
as morphisms. In contrast, with the latter, for example in the case of building out the syntactic topos
from Mitchell-Benabou language as in [LS86],[Bel88], closed terms of powersets, i.e. formulas, are taken
as objects, and functional relations are taken as morphisms. But, only looking at the syntactic category
built out from a dependent type theory, we can realize once more how monomorphisms corresponds to
mono types. Indeed, the main advantage of using internal languages a la Martin-Lof is the possibility
of making visible that considering formulas as subobjects yields to follow the isomorphism propositions
as mono types, i.e. types with at most one proof or more generally formulas as mono dependent types,
i.e. dependent types with at most one proof.

This isomorphism provides a key to compare Martin-Lo6f’s Constructive Type Theory with categorical
universes from a type-theoretical point of view.

If we look at these two frameworks only from the type perspective, one of the main difference is that
all the internal dependent type theories of the so far considered categories are extensional according to the
extensional version of Martin-Lo6{’s type theory in [Mar84]. Indeed, for example, the internal dependent
type theory of a topos includes the fragment without universes of Martin-Lof’s type theory in [Mar84]
as a subsystem. Though, what is nowadays considered the correct version of Martin-Lof’s Constructive
Type Theory is the intensional one in [NPS90, Mar75]. This means that, whilst in intensional Martin-
Lof’s Constructive Type Theory the judgemental equality between terms, corresponding to the rewrite
equality, written ¢t = s : A [I'], does not coincide with the propositional equality type, written Id(A, ¢, s),
with the consequence of remaining decidable, in the extensional dependent type theories the judgemental
equality does coincide with the propositional equality type with the consequence of loosing in general its
decidability. For sake of clearness, we must say that the internal language of the considered categories is
necessarily extensional because the equality between morphisms in the syntactic category is defined as
the judgemental equality and not as the propositional equality. However, the latter is not that suitable to
establish a modular correspondence between universal categorical properties and known type-theoretic
constructors, even for lex categories.

Looking at the two frameworks, Martin-Lof’s Constructive Type Theory and categorical universes
through their internal dependent typed languages, from the proposition perspective the things go very
differently: in Martin-Lof’s Constructive Type Theory the isomorphism proposition as types holds, while
in the considered categorical universes, like topoi, propositions as mono types holds, as already said. One
big consequence is soon visible: while Martin-Lof thinking of propositions as types arrives to conceive
a strong existential quantifiers that yields to the propositional axiom of choice, topoi, being governed
by propositions as mono types, admit only the usual existential quantifier with no internal existence
property or witness of which it predicates and hence no propositional axiom of choice. However, in topoi
we can derive the axiom of unique choice and by our internal dependent language we can see why: in
this case the existential quantifier becomes equivalent to the strong one.

There are also constructions that in the presence of proposition as mono types do preserve construc-
tivity, which do not in general with propositions as types:

1. in topoi we can have extensional powersets which does not destroy constructivity, whilst, consid-
ering subsets as general propositional functions we have that extensional powersets, even if added
to an intensional framework, yield classical logic; this is proved mimicking Diaconescu’s argument
that in a topos the propositional axiom of choice implies the principle of excluded middle [MV99];

2. in pretopoi (and also topoi) we can have effective quotients; but effectiveness does not keep con-
structivity [Mai99a] if applied to generic relations instead of only to mono type relations as in the
internal type theory of pretopoi and topoi.

A careful analysis of pros and cons of the two frameworks could also reveal some compromises



to weaken a topos to be constructively coherent with the axiom of choice or to extend Martin-Lof’s
Constructive Type Theory with stronger constructors closer to those of a topos as much as possible.

So far we have discussed how the internal languages & la Martin-Lof prepare the grounds for a type-
theoretic comparison between categories and type theories. We also recall that an obvious use of the
internal language of a category is to perform categorical proofs in a logical way. For example, we intend
to use the internal language of an arithmetic universe to give a type-theoretic version of the proof of
Godel’s incompleteness, done categorically by André Joyal within the initial arithmetic universe.

The work reported here is based on the PhD-thesis [Mai98b]. The internal language of Heyting
pretopoi also appeared in [Mai98a].

2 Categorical universes
We proceed by recalling the definitions of the categorical universes we consider, starting with lex cate-
gories to end with topoi.

Def. 2.1 A lex category is a category with finite limits (or finitely complete category), i.e. with a
terminal object, binary products and equalizers [Mac71].

We recall that for a category having a terminal object and pullbacks is equivalent to being finitely
complete, and that having finite products is equivalent to having a terminal object and binary products.

Def. 2.2 A lex category is said arithmetic if it has a parameterized natural numbers object.
where

Def. 2.3 A parameterized natural numbers object in a category with finite products is an object
N together with maps 0:1 — N,s : N — N such that for every b: B -+ Y and g: Y — Y there is an
unique rec(b, g) making the following diagrams commute

id,0-1 ;
p sy NI BN

\A lrec(b,g) lrec(b,g)

Y<g—Y

with !p : B — 1 the unique map towards the terminal object.

It is worth to recall here that in presence of function spaces (or exponentials), like in a cartesian closed
category (see [MM92, LS86] for a definition), this parameterized version of natural numbers object is
equivalent to the usual natural numbers object.

Def. 2.4 A regular category is a finitely complete category with stable images [Jac99, Tay97].

Def. 2.5 A distributive category is a finitely complete category with stable finite disjoint coproducts
[Coc90].

Def. 2.6 A locos is a distributive category with parameterized list objects [Coc90)].

where parameterized list objects are defined as follows:

Def. 2.7 A finitely complete category C has parameterized list objects if for all objects A € ObC,
there is an object List(A) with maps r2 : 1 — List(A),r{* : List(A) x A — List(A) such that for every
b:B—=Y and g:Y x A=Y there is an unique rec;(b,g) making the following diagrams commute

A

id A
B — =B x List(A) <% B x (List(A) x A)
lTGCl(b,g) l(recz(b,g)xidﬁl)-o

Y 7 Y xA

where o : B x (List(A) x A) — (B x List(A)) x A is the associative isomorphism {{my,m - ma), T - Ta).



In [Coc90] there is an equivalent definition of finitely complete categories with list objects (also called
list-arithmetic lex categories) in terms of recursive objects and preservation of recursive objects by the
pullback functor !5, : C — C/D sending an object B to m : D x B — D. Finally, we recall the categorical
definition of pretopos, locally cartesian closed category, topos and variations of them:

Def. 2.8 A pretopos is a category equipped with finite limits, stable finite disjoint sums and stable
effective quotients of equivalence relations [MR77, JM95].

Def. 2.9 A Heyting pretopos is a pretopos where the pullback functor on subobjects has a right adjoint
[TM95].

Def. 2.10 An arithmetic universe is a pretopos with parameterized list objects [Mai99b].

Def. 2.11 A locally cartesian closed category is a category equipped with finite limits and right
adjoints to pullback functors [Jac99, Tay97].

Def. 2.12 A topos is a category equipped with finite limits, erponentials and a subobject classifier
[MR77, MM92].

Since the aim of this note is to describe the internal dependent type theory of the categories mentioned
so far, we list necessary conditions that a category C has to satisfy to enjoy a dependent typed internal
language:

1. C has to be finitely complete.

2. The structure of C necessary to interpret the type constructors on closed types has to be local, i.e.
for every object A € ObC the comma category C/A enjoys the same structure of C (for example,
if C is a topos then C/A should be a topos for every A € ObC). This is because a dependent type
is interpreted in a suitable comma category which has to interpret all the type constructors under
the same dependency.

3. The structure of C has to be preserved by the pullback functor f* : C/A — C/B for every morphism
f: B — Aof C. This is because, if we interpret substitution via pullback, then we need the preser-
vation under pullback to make the interpretation of type constructors closed under substitution.

The categories mentioned so far satisfy the necessary conditions to enjoy an internal dependent type
theory:

Proposition 2.13 Lez, lex arithmetic, reqular, distributive categories, locoi, pretopoi, arithmetic uni-
verses, Heyting pretopoi, locally cartesian closed categories and topoi are local and their structures are
preserved by pullbacks in the above sense.

Proof. The proof of this statement is modular on the universal categorical properties such categories
enjoy. The local property of a finitely complete category follows from the fact that in C/A the identity
on A is the terminal object and that the forgetful functor U : C/A — C creates pullbacks. Moreover, the
above forgetful functor creates colimits and essentially by definition we have that for every f: A — B
the pullback functor f* : C/B — C/A preserves finite coproducts and quotients considering that, given
an equivalence relation in C/D

R—p>A><DA

r\ 4#1
D

(my - p,ma - p) : R — A X A is also an equivalence relation in C, where m; : A xp A — A for i: 1,2 are
the projections of the pullback of a : A — D along itself in C. These considerations suffice to see that
a pretopos is local. Then, it is easy to check that for every object A of a category C with products, a
parameterized natural numbers object in C/A is 71 : A x N' = A, where A is a natural object of C.
An Heyting pretopos P is local because the subobjects in the comma category correspond to subobjects
in P. Then, to check that right adjoints are stable under pullbacks means that Beck-Chevalley conditions
are satisfied, which also follows.



For list objects the local property is more delicate and we know that lists are local only starting from
locoi (locality of locoi is also stated in [Coc90]). In our proof we assume to know the internal dependent
type theory of a finitely complete distributive category. We get then the internal type theory of a
locos simply adding list types restricted to closed types, which are interpreted as parameterized list
objects. By means of this internal language we show how to build list types on arbitrary dependent
types, corresponding to list-objects in a slice category, and that in the suitable slice syntactic category
they are stable under pullbacks.

Finally, the proof that a topos is local can be found in [MM92] or [Joh77].

[

We stress that in order to be able to interpret a typed calculus a given choice of the considered categorical
constructors needs to be made since they are usually defined up to isomorphism. However, for dependent
typed calculi this is not enough to give a direct interpretation in the category, since we need further
properties that the choice made has to satisfy and canonical choices satisfying such properties are in
general not known. For example, interpreting substitution via pullback we need some functoriality of
pullbacks and even for the category of sets and functions Set we do not know any canonical functorial
choice of pullbacks. To overcome this difficulty we will make use of the machinery of fibred functors
[Jac99].

3 Extensional dependent type theories

We start with the description of extensional dependent typed calculi following Martin-Lof’s extensional
type theory [Mar84]

Any typed system is equipped with types, which should be thought of as sets or data types, and
with typed terms which represent proofs of the types to which they belong. To speak about them in the
style of Martin-Lo6f’s type theory, we have four kinds of judgements [NPS90]:

Atype A=B a€A a=becA

that is the judgements about type formation and their terms, the equality between types and the equality
between terms of the same type.

The contexts of these judgements are telescopic [dB91], since types are allowed to depend on variables
of other types. The contexts are generated by the following rules

' cont  Atype [T
e A cont

1C) 0 cont  2C) (xre AgT)

plus the rules of equality between contexts [Str91], [Pit95]. In the following, we present the inference
rules to construct type judgements and term judgements with their equality judgements by recursion.
One should also add all the inference rules that express reflexivity, symmetry and transitivity of the
equality between types and terms and the set equality rule

a€ Al A=BI
a € B [I]

conw)

Moreover, by the following rule we assume typed variables

Fze A,A cont
ze Al x € A A]

var)

We can derive the structural rules of weakening, substitution and of a suitable exchange.

Now, we give the formation rule for types specific to the various calculi and then the introduction,
elimination and conversion rules of their terms. Beside them we should add the corresponding formation
equality rules for types and introduction and elimination equality rules for terms as in [Mar84], but to
be short we omit them.

We adopt the usual definitions of bound and free occurrences of variables and we identify two terms
under a-conversion.



Remark 3.1 In the following, the piece of context common to all judgements involved in a rule will be

omitted. The typed variables appearing in a context are meant to be added to the implicit context as
the last one.

The calculus for lex categories 7.,

Terminal type

teT
T type Tr *x€T I-Tr t=%x€T C-Tr

Indexed Sum type

C(z) type [z € B] beB ceC(b)
Y.eC(x) type (b,¢) € XpepC(x)

I-X

M(z) type [z € Y,epC(x)]
d € £,e50(z) m(z,y) € M({(z,y)) [z € B,y € C(x)]
split(d,m) € M(d)

E-X

M (z) type [z € ToepC()]
beB ceC() m(z,y) € M({z,y)) [z € B,y € C(z)]

split({(b, c),m) = m(b,c) € M({b,c))

C-X

Extensional Equality type

Ctype ceC deC ceC I
Eq(C, ¢, d) type d eqc(c) € Eq(C,¢,c)

-Eq

E € Eq(C,¢,d
pEEACoed) oo pekaCed)  p

c=deC p=eqc(c) € Eq(C,c,d)




The calculus of arithmetic lex categories Tyex

Lex calculus

+

Natural Numbers type

neN
Il -nat S(TL)

at Ir-nat

N type n 0eN eN
L(z) type [z € N

ne€N ae€L0) l(z,y) € L(s(z)) [x € N,y € L(x)]

Rec(a,1,n) € L(n) E-nat
L(z) type [z € N]
a € L(0) U(z,y) € L(s(x)) [z € N,y € L(z)] ot
Rec(a,l,0) = a € L(0) 1ha
L(z) type [z € N]
ne€N ae€L(0) Il(z,y) € L(s(z)) [z € N,y € L(z)]
C2—nat

Rec(a,l,s(n)) = l(n,Rec(a,l,n)) € L(s(n))




The calculus of regular categories 7,

Lex calculus

+

Mono Existential type

EImEBCV(x) type

C@HweheB]y=zeamme3ﬂeowﬂecwna beB ceC(b)
3avEBCV(x) type (ba C) € E*aveBCf(w)
3:cEBC((m) type
beB ceC(b) deB te(C(d) .
(0,0) = (d,9) € 3oe5C(@) &
M(z) type [z € F,e5C(2)] y=2 € M(w) [w € FpepC(2),y € M(w),z € M(w)]
d € 3e0(x) m(z,y) € M((z,y)) [z € B,y € C(z)] B

Ex(d, m) € M(d)

+

Quotient types on terminal type

A type

A/T type Qtr
ac A a€A beAd
ea/T T o plea/T ovQn

L(z) type [z € A/T]
peA/T Uz)e L([z]) [z € A] U(z) =Uy) € L([z]) [z € A,y € 4]

Ql.0) € L) ran
L(z) type [z € A/ T
a€eA l(z)e L([z]) [z € 4] I(z) =1(y) € L([z]) [x € A,y € 4] C-Qtr
Q(l, [a]) = I(a) € L([a])

10
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The calculus of distributive categories 7g;s

Lex calculus

+
Disjoint Sum type

Ctype D type ceC_ 1. deD
C + D type inllc)eC+D ! inflc)eC+D
A(z) type [z € C + D]
we€C+D ac(x)€ A(inl(z)) [x € C] ap(y) € A(inr(y)) [y € D]

D(w,ac,ap) € A(w)

A(z) type [z € C + D]
ceC aco(z) € A(inl(z)) [z € C] ap(y) € A(inr(y)) [y € D]

D(inl(0), ac, ap) = ac(c) € A(inl(c)) Crot
A(z) type [z € C + D]

deD ac(z) € A(inl(z)) [z € C] ap(y) € A(inr(y)) [y € D] Ot

D(inr(d),ac,ap) = ap(d) € A(inr(d)) 2

False type
a€ Ll Atype
1 type Fs ro(a) € A E-Fs
Disjointness

ceC deD inllc)y=inr(d)e C+D
m(c,d) € L

11




The calculus of locoi 7.

Distributive calculus

+
List type

C type s € List(C) ceC

i —————— I;-list
List(C) type list e € List(C) " ' cons(s,c) € List(C)

Ig—list

L(z) type [z € List(C)]
s € List(C) a€ L(e) l(z,y,z) € L(cons(z,y)) [z € List(C),y € C,z € L(z)]

Rec(a,l,s) € L(s) E-list
L(z) type [z € List(C)]
s € List(C) a€ L(e) I(z,y,2) € L(cons(z,y)) [z € List(C),y € C,z € L(x)] _—
1-11

Reci(a,l,€) = a € L(e)

L(z) type [z € List(C)]

s € List(C) ceC a€ L(e) l(x,y,2) € L(cons(z,y)) [x € List(C),y € C,z € L(z)] Colist
-lis
) 2

Rec(a,l, cons(s, c)) = I(s,c,Rec(a,l, s)) € L(cons(s,c))

12




The calculus of pretopoi Tptop

Distributive calculus

+

Quotient type

R(z,y) type [t € A,y € A], z=we€ R(z,y)[r € A,y € A,z € R(x,y),w € R(z,y)]

c1 € R(z,z)[z € 4], ¢ € R(y,z)[z € A,ye A,z € R(z,y)
c3s € R(z,2)[xr € A,y A,z € A,w € R(z,y),w' € R(y,z)]
A/R type Q
aGAA/RtypeI a€A beA de R(a,bd)
e A/R [l =[] € A/R A/ type 4
L(z) type [z € A/R]
p€A/R I(z) € L([z]) [z € A] Uz) =1(y) € L([z]) [z € A,y € A,d € R(z,y)] EQ
Q(l,p) € L(p)
L(z) type [z € A/R]
a€A l(z) € L([z]) [z € A] Uz)=1(y) € L([z]) [z € A,y € A,d € R(z,y)] G
QU [a]) = (@ € L([a) «
Effectiveness

a€A beA [a)=[b€ A/R
f(a,b) € R(a,b)

13




The calculus of Heyting pretopoi 7ppiop

Pretopos calculus

+
Forall type

C(z) typelr € B] y=z€ C(z) [z € B,y € C(x),z € C(x)]
szBC(m) type

v

ceC(x)[xreB] y=2z€C(z) [z € B,y € C(x),z € C(x)]
AzB.c € Ve C(x)

v

beB f€VyenC(x)
Ap(f,b) € C(b)

E-V

f € szBC(x)
AzP Ap(f,2) = f € YoepC(2)

nC-vY

In the n-equality for the forall type the variable z” does not appear free in f. Note also that its -
equality rule becomes derivable for the forall type, since the argument type is inhabitated with at most
one proof.

The calculus of arithmetic universes 7,
(or pretopoi with parameterized list objects)

Pretopos calculus

+
List type
Ct € List(C eC
_Otype 0 pag  SSLENO) c€O
List(C) type € € List(C) cons(s,c) € List(C)

L(z) type [z € List(C)]
s € List(C) a€ L(e) I(z,y,2) € L(cons(z,y)) [z € List(C),y € C,z € L(z)]

Rec(a,l,s) € L(s) E-list
L(z) type [z € List(C)]
s € List(C) a€ L(e) Uz,y,2) € L(cons(z,y)) [z € List(C),y € C,z € L(z)] C;-list

Reci(a,l,€) = a € L(e)

L(z) type [z € List(C)]
s€ List(C) ce€C a€L(e) l(z,y,2) € L(cons(z,y)) [x € List(C),y € C,z € L(z)]

Reci(a,l, cons(s,c)) = I(s, ¢, Reci(a,l, s)) € L(cons(s,c))

X
) Co-list

14



The calculus of locally cartesian closed categories 7j..

The first order fragment of Martin-Lof’s extensional type theory

Lex calculus

+

Product type

C(z) type [z € B
I.epC(x) type

c € C(z)[z € B] b€ B f€lepC(a)
AzB.c € M,epC(x) i Ap(f,b) € C(b) Bl

be B ceC(x)[z € B] f € epC(x)
BC-II
Ap(AzB.c,b) = c(b) € C(b) Az Ap(f,z) = f € M,epC(x)

nC-11

The calculus of topoi iy

Locally cartesian closed calculus

+
Omega type

Btype y=z€ By€ B,z € B]
QtypeQ {B} €

I-Q

B type y=2€B[y€ B,z € B]
C type y=2€ClyeC,zeC
feB&C

(B} ={C} e

eq-Q

B type y:zeB[yEB,zEB]/BC_Q ge N
(rg,rp') € Eq(Q,{B},{T}) & B {Ea(2,¢,{TH}=qe

nC-Q2

From now on we shall often omit the word type in the type judgements.
In the following, given a judgement b(z) € B(x)[z € A] by the expression

(z)b(z)
we mean the equivalence class of b(z) € B(z)[z € A] under the following relation:
b(z) € B(z)[z € A] ~ b(y) € B(y)[y € A]

Moreover, we write b for (z)b(z). Actually, in order to have such expressions we should pass to the type
theory with higher ariety [NPS90], with the warning that what is called a type here, in [NPS90] is called
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a set. By adding the so called function type, given b(z) € B(z)[z € A] we have the abstraction, that is
(x)b € (z € A)B(z), the application, the S-conversion and the n-conversion, that is (z)b(z) =b € (z €
A)B(z).

In the previous calculi the types and corresponding terms coming from extensional Martin-Lo6f’s type
theory [Mar84] are those in the calculus for locally cartesian closed categories together with the disjoint
sum types (but without the disjointness axiom). The extensional quotient types on any (equivalence)
relations - hence not restricted to mono equivalence relations as we do here - and without effectiveness
axiom, appeared in Nuprl [Con86].

Equivalent formulation of elimination rule for Indexed Sum types. Actually, from now on, we
will refer to an equivalent formulation of the lex calculus where the elimination and conversion rules for
the indexed sum type are replaced by the following rules:

de EzeBC(Z')
mB(d) € B

de EweBC(.fL')
ms "D (d) € C(mi(d))

E.-Y) E,-Y)

beB ceC(b)
P ((b,c)) =be B

beB ceC(b)
7SO ((b,c)) = c € C(b)
de ¥,esC(x)
7P (d), 75 ™D (d)) = d € TaepC(x)

The two existential quantifiers: strong and weak. One of the main point of Martin-Lo6f’s type
theory is the validity of the isomorphisms propositions as types. As a consequence the existential quan-
tifier is put in correspondence with the indexed sum type as presented in the lex calculus. This means
that we can define the two projections, as seen just before, with the consequence of having the existence
property internalized in the calculus. This is stronger than the usual formalization of the intuitionistic
existential quantifier, also present in topos theory, which corresponds to the weak indexed sum type
according to the isomorphism propositions as types:

B£1C-X)

B2C-X)

C-x
7 )<

Weak Indexed Sum type

C(z) type [z € B] beB ceCl)
su oC@) type " (be) €S9 zCa)
M type
de XY gC(x) m(z,y) € M [x € B,y € C(x)]
E-wX

split,, (d,m) € M

M type
beB ceC(®) m(z,y) € M [z € B,y € C(x)]

split,, ({b,c),m) =m(b,c) € M

C-wX

where the difference with the indexed sum is that the type M must not depend on ¥,cpC(z). This
difference in the elimination rules gives rise to the fact that while in the presence of the product type
the indexed sum type allows to prove the axiom of choice [Mar84]

((IIz € A)(Zy € B) C(z,y)) - (IIf € A — B)(Ilz € A) C(z, f(z)))

this axiom does not follow from the weak one [Swa91, Swa92].

About the calculus of regular categories. In order to make a valid interpretation of the rules
for the mono existential type in 7., it would be useful to note first that the mono existential type is
actually mono, by using the elimination rule on the mono type Eq(3,c5C(z) 2z, w) for z € 3,cC(x),w €
HzeBC(m).
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Moreover, the rules of the mono existential type as formulated in 7., are equivalent to the following

rules: C(x) type [re B] y=z2€C(z) [z € B,y € C(x),z € C(x)]

H:EEBC(:L.) type
beB ceC(b) F.esC(x) type e € I;epC(z) d € JpepC(x)

md

_ -m3
(b,¢) € Fc5C (@) m e=de 3,e50(x) earm
M type y=2z€ M [w € JpcpC(z),y € M,z € M]
de EIwEBC(:E) m(x,y) eM ['T € Bay € C(m)] Eem3
-m

Exnm(d,m) € M(d)

Of course the above rule are valid for the formulation of the mono existential type in 7;.,. To prove
that from them we can derive the elimination rule on a mono dependent type M(z) [z € JzeC(2)]
with m(z,y) € M((z,y)) [z € A,y € C(z)] then apply the elimination rule E-m3 on ¥¢3, ()M (2),
which is mono since both 3,cpC(x) and M(z) are mono. Then, use the second projection to define
Ex(z,m) € M(z). This is well defined since 71 (Exn (2, (2)(w){(z,v),m(z,y)))) = z for z € FeC(x)
being 3,epC(z) mono.

However, from the elimination rule of the mono existential type we can derive the following stronger
elimination on general types and corresponding -conversion:

M(2) type [z € FzepC(2)] m(z,y) € M((z,y)) [z € B,y € C(x)]
d € FoepC(z) mlz,y) =m(z,w) € M((2,y)) [z € B,z € B,y € C(z),w € C(2)]

Ex, (d,m) € M(d) E-g3

M(2) type [z € J2eBC(2)] m(z,y) € M((z,y)) [z € B,y € C(z)]
ace A ceCb) m(z,y) =m(z,w) € M((z,y)) [x € B,z € B,y € C(z),w € C(2)]

Exg ((b,¢),m) = m(b,c) € M((b,c))

To prove that the elimination rule E-g3 is valid, we apply the elimination rule E-3 of the mono existential
type in Tr.y on the following mono type

C-g3

EweM(z) ElwEBElyEC(:c) Eq(M(z),w,m(w,y))

for z € 3,e5C(x). Then, we use the first projection of the indexed sum type to define the elimination
rule, i.e.

Exg (d, m) = m (Ex(d, (z)(y)(m(z,y), (z, (y,€q))))) € M(d)
The conversion rule C-g3 follows since
m( Ex((a,b), () (y)(m(z,y), (2, (y,€q)))) ) = m1( (m(a,b), (a, (b,eq))) ) = m(a,b)

being ¥y (z) FreBIyec(z) EA(M(2), w, m(z,y)) a mono type.
After noting this it is immediate to prove that from the existential type we can define

A/T =d,caT
Viceversa, from the quotient type A/ T we can define the existential type putting
FoeC(2) = (Z2esC(2))/T

Finally, we note that the quotient of a kernel pair, that we would define as A/Eq(B, f(x), f(y)) for
f(z) € B [z € A], can be defined as

A/Eq(Ba f(.flf), f(y)) = z:yEB (EIwEAEq(Bv f(.fL’), y))

In [ABO1] there is an equivalent formulation of the calculus for regular categories with bracket types [A]
for a type A corresponding to our quotients on terminal type, i.e. [A] = A/T or better [A] = J,c4T. The
formulation of elimination rule for bracket types, which acts on non-dependent types, can be enforced
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to act on dependent types and - once done this - the equality rule can be weaken to the equality rule
only on canonical elements, as in our different formulations of rule for 3,4 T or A/T. The proof of this
follows from what just said about the existential type, since the rules of bracket types make the rules
m3 valid.

About the calculus for distributive categories and pretopoi. Note that in the calculi for dis-
tributive categories, locoi, pretopoi, Heyting pretopoi and arithmetic universes, the disjointness axiom
is not derivable from the other rules. Indeed, we can obtain a model for each calculus that falsifies
disjointness by using a domain with only one element (see [Smi88]), where the quotient type A/R is
interpreted as A).

Mono types. We call mono every type for which we can prove

B(z) type [z € A
y=z2€ B(z) [z € A,y € B(z),z € B(z)]

also called proof-irrelevant, for example in [Hof95]. These are dependent types that can be inhabitated
with at most one proof. This is the central concept to characterize the structure of subobjects of a
category, like stable images of a regular category - captured by the mono existential types - or the right
adjoints restricted to subobjects of an Heyting pretopos - captured by the forall types -. We can prove
that the mono existential type and the forall type are mono respectively in 7.y and in Trptop-
Remark on how to weaken the elimination rules on dependent types. In 7., we can restrict
the elimination rule of the quotient type to types not depending on the quotient type itself by adding an
extra n-conversion rule. The same can be done for disjoint sum types, list types and natural numbers
object type, as soon as they are together with the indexed sum type and the extensional equality type
in order to make the n-conversion rule valid. We sketch the proof only in the case of the quotient type,
since for the other types is analogous.

In Tptop the elimination and conversion rules of the quotient type are derivable, by using the indexed
sum type, from the following restricted elimination rule of the quotient type for types not depending on

A/R,
Es'Q
M type
de AJR m(z)eM[ze Al m(z)=m(y)e M [z € A,ye A,de R(z,y)]
Qs(m,d) e M

together with the following two conversion rules, also derivable in 7., : one is the S-conversion
IBSC'Q
M type
a€A m(z)eMze Al m(z)=m(y) e M [ze Aye A,de R(z,y))
Qs(m, [a]) = m(a) e M
and the other one is the n-conversion stating the uniqueness of Qs:
nsC'Q

t(z) € M [z € A/R]
Qs((2)t([z]), 2) = t(z) € M [z € A/R]
Indeed, given the judgements I(z) € L([z])[z € C] and I(z) = I(y) € L([z]) [z € A,y € A,d € R(z,y)],
we use the E;-Q rule on ([z],I(z)) € ¥.ca/rL(2) [x € A]. Then we define Q(I,p) € L(p) for p € A/R
as the second projection of the indexed sum type applied to Qs((z)([z],I(z)),p). It turns out to be well
defined since by s and 7, conversion rules we can prove that

™ (Qs((2)([z],1(2)),2)) = 2 € A/R [z € A/R]

Similarly, in 74, the elimination and the conversion rules of the natural numbers type are derivable,
by using the indexed sum type, from the following restricted elimination rule of the natural numbers
type for types not depending on N

E,-Nat

L type
neN a€lL Ily)eLlyel]
Recs(a,l,n) € L
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together with the following three conversion rules, also derivable in T, two are the S-conversions
ﬂsC1-Nat
L type
a€Ll Il(y)eLlyel]

Recs(a,l,0) =a € L

,83 Cg-Nat
L type
neN a€lL Ily)eL[yel]
Recs(a,l,s(n)) = l(Recs(a,l,n)) € L
and the other one is the n-conversion stating the uniqueness of Rec,:
15 C-Nat

a€L Ltype lly)eLyeL] t(n)€L[néeN]
n€N t(0)=a€L t(s(n)) =1(t(n)) € L
Rec;(a,l,n) =t(n) € L

Analogously, in Tj,. the elimination and conversion rules of the list type are derivable, by using the
indexed sum type, from the following restricted elimination rule of the list type for types not depending
on List(C)

E,-list

L type
seList(C) a€L Il(z,z)eL[z€ L,z €C]
Recs(a,l,s) € L

together with the following three conversion rules, also derivable in Tj,.: two are the S-conversions
,68 Cl-liSt

L type
a€Ll lzz)eL[z€L,ze(]
Recs(a,l,0) =a€ L

ﬂ8C2-1iSt
L type
s€ List(C) ceC a€elLl lzy) eLlzeL,yeC
Rec,(a,l,cons(s,c)) = I(Rec,(a,l,s),c) € L
and the other one is the 5-conversion stating the uniqueness of Rec,
s C-list

Litype a€L l(z,y)eL[zeL,yeC] t(z) €L [z€ List(C)]
s € List(C) te)=a€L t(cons(z,y)) = l(t(z),y) € L [x € List(C),y € C]
Recs(a,l,s) =t(s) € L

Finally, also in 74;s the elimination and conversion rules of the disjoint sum type are derivable, by using
the indexed sum type, from the following restricted elimination rule of the quotient type for types not
depending on A + B
Es'+
A type
weC+D ac(x) e AzeC] ap(y) € Alye€ D]

Ds(waaC;aD) €A

and from the conversion rules:

Cls'+
A type
ceC ac(x)e Az eC] aply) € Aly€ D]

Ds(inl(c),ac,ap) = ac(c) € A
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C2s'+
A type
deD ac(z)e Az eC] ap(y)€ Ay e D]

Ds(inr(d),ac,ap) = CLD(d) e A

n-+
te Az e C+ D]

Ds(z, (z)t(inl(z)), (y)t(inr(z)) = t(z) € A
Axiom of choice in the calculus for locally cartesian closed categories and topoi. Note that

in the calculus for locally cartesian closed categories and topoi we can easily derive the following axiom
of choice (see [Mar84])

((IIz € A)(Zy € B) C(z,y)) - (IIf € A - B)(Ilz € A) C(z, f(z)))

where we recall that A - B = (Ilz € A)B.
However, note that this is not the usual propositional axiom of choice as in the internal language of
topoi [LS86, MM92]. Indeed, in the formulation below we consider predicates as dependent types as in
Martin-Lo6f’s type theory. But in topoi, since the logic is described by the structure of subobjects, then
we have that the isomorphism predicates as mono dependent types holds, since mono types correspond
to monomorphism, as we will see in the next.

Hence, the propositional axiom of choice according to predicates as mono dependent types or propo-
sitions as closed mono types should be expressed in the type theory of an Heyting pretopos as

((Vz € A)(3y € B) C(z,y)) = (Bf € A= B)(Vx € 4) C(x, f(2)))

supposing C(z,y) a mono type and considering the existential type 3 as defined in the calculus for
regular categories. This type in a pretopos, which is also a regular category, can be regained as

(1) FeBCly) =(EyeBCWy)/T

A topos is also an Heyting pretopos. There the forall type is just a restriction of the dependent product
type and the existential quantifier can be regained as follows:

Jy € B C(y) = Mpea (Myes(Cy) = Eq(Q,{T},p))) — Ea(Q,{T},p)

and the quotient type on the terminal type can be obtained as A/T =3z € A T.
In conclusion, writing the existential quantifier as in (1), the propositional axiom of choice in a topos
becomes

(Vz € A)((Zy € B C(z,9))/T) = (f € A= B)(Vz € A) C(z, f(2)))/T

We recall that this axiom can not be derived generally in a topos. Indeed, following Diaconescu’s proof
[Dia75] (see also [LS86, MM92]) this axiom makes the logic of a topos classical. Here, we can realize
why this axiom can not be derived in a generic topos, because of the impossibility of accessing to a proof
of Xy € B C(z,y) from (Xy € B C(z,y))/T, unless we have a choice operator from the quotient A/T
to A.

Instead, in a topos (and also in a Heyting pretopos) we can derive the axiom of unique choice written as

(Ve e A) (((By e BC(z,y)/T) A VyeB Vze B Clz,y) ANC(z,2) - Eq(B,y,2) )
- (Bf e A— B)(Vz € A) C(z, f(2)))/T

where AA B = A x B with A, B mono types. Indeed, in this case ¥y € B C(z,y) [z € A] is a mono
type and then the above type becomes isomorphic to its copy without the quotient

(Xy € BC(=,y))/T ~ Xy € BC(z,y)

and then we can prove the axiom of unique choice as we prove the axiom of choice in Martin-Lof’s type
theory.
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Omega type of topos calculus seen as a quotient type. The novelty of the typed calculus for topoi
with respect to already known internal languages of topoi, for example in [LS86], is the Omega type
corresponding to the subobject classifier that encodes propositions represented as closed mono types.
Hence, the impredicativity of a topos is restricted to mono types but the Omega type is not necessarily
itself a mono type.

In the Omega type mono types are encoded up to equiprovability. To make this clearer we can see how
the Omega type is actually the quotient of an intensional classifier over the equiprovability relation.
Before we explain why in the formulation of the Omega type an elimination rule is not present and
where the f-conversion comes from, looking at the following alternative formulation of the rules for the
Omega type:

Alternative formulation of the Omega type
Q type F
B type y=z2€B[y€B,ze€ B
C type y=z2€ClyeC,ze (]
B type y:zGB[yEB,zGB]I f€EB«C eq
{B} e {B}={C}en
qgen g€ ceT(q) deT(q)
eq-E
T(q) type c=deT(g)
Btype y=z€BlyeB,ze B X0
— [ lpc a2 [7-C
(rg,rg’) € T({B}) & B {T(@}=qe

In the above alternative formulation of the Omega type its elimination rule is explicit. However, adding
the above rules to Tj.. for every ¢ €  we can derive a proof term of

T(q) <> Eq(Q,q¢,{T})

Hence, we can put
T(q) = Ea(Q,¢,{T})

and simply keep only the corresponding 8 and 7 conversion rules after the above substitution to obtain
the rules of T¢op.
We can also weaken the 3-conversion of the Omega type in Ty, to the following

Btype y=z2€Blye€B,z¢€ B
rp € Eq(Qa{B}a{T}) - B

/BTC'Q)

since we can always prove that
r5' = A\z.eq € B = Eq(Q,{B},{T})

We conclude showing that the rules of 7¢,, can be derived inside an extension of 7j.. with extensional
effective quotients restricted to mono equivalence relations, as in the type theory of pretopoi Tpiop, and
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with an intensional Omega type encoding mono types as follows:

The intensional Omega type

- F
QF type

Btype y=z2€ Bly€ B,z € B
Ctype y=2€ClyeC,z€ ]
B type yzzeB[yeB,zeB]I B=C

«(B) € Qi o(B) = ¢(C) € O o
p e N peQ ceD(p) de D(p) B
D(p) type c=de D(p) ed
Btype y=z2€ B[y€ B,z € B] 8.C p e Q -
D(c(B)) = B ¢(D(p)) =p€ X

In this extension we can prove that .
N=0"/+

Then we can see how the equality rule is the usual rule of equality for canonical terms of a quotient type
and that the (B-conversion rule of the Omega type in 7p.p corresponds to effectiveness of the Omega
type seen as a quotient.

Intensional and extensional type theories. We recall that the extensional type theory is charac-
terized by the extensional equality type

Ctype ceC deC ceC LE
Eq(C, ¢, d) type d eqc(c) € Eq(C,¢c,c) 4
Eq(C,c,d
peEACed) oo pekaCoed) o
c=deC p=-eqc(c) € Eq(C,¢,d)

Instead, the intensional type theory [NPS90] is characterized by the fact that all the type constructors
have only 8-conversions and the equality type is intensional:

Intensional equality type

Atype a€ A bEAId ac A L1d
Id(4, a,b) type id(a) € Id(4,a,a) ~

C(z,y,2) [r € Ay € A,z € 1d(A, z,y)]
deld(4,a,b) c(z) € C(z,z,id(z))) [z : A]

idpeel(d, c) € C(a,b,d) E-1d
C(z,y,2) [z € A,y € A,z €d(A, z,y)]
a€A c(z)€C(z,r,id(x)) [z: A] oL

idpeel(id(a), c) = c(a) € C(a,a,id(a))

A big difference between intensional and extensional versions of type theory is that decidability of
definitional equality a = b € A follows in the intensional version, while this is no longer the case for the
extensional version (see for example [Hof95] for discussions about this). Moreover, in general n-equalities
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for the constructors are not valid in an intensional framework, and they are generally derivable if the
extensional equality is added to the intensional version.

However, even in an intensional framework with fragments of Martin-Lo6f’s type theory Diaconescu’s
proof still can be reproduced to see the incompatibility of extensional constructors, like extensional
powersets or effective quotient types, with constructivity of Martin-Lof’s type theory and its isomor-
phism propositions as types (see [MV99, Mai99a]). In other terms the restriction to mono types in the
formulation of Omega type and effective quotient types is crucial to avoid classical logic.

Why categories correspond to extensional type theories. In our correspondence between cate-
gories and dependent typed languages the internal dependent type theories we show as internal languages
of the considered categories are all extensional. The reason is that in the syntactic category with closed
types as objects and terms as morphisms, the equality between morphisms is taken to be the definitional
equality. Hence, equalizers correspond exactly to extensional equality types according to our categorical
semantics. As far as we know, no alternative choice of equality between morphisms of the syntactic
categories with closed types and terms can be put to establish a link between categories and (possibly)
dependent typed calculi.

4 The modular correspondence categorical property/type con-
structor

Here, we describe the correspondence between universal categorical properties and type constructors.
It is worth to recall that the correspondence between typed calculi and categories we derive is not only
based on validity and completeness theorems but on the stronger link that the dependent type theories
provide the internal languages of the corresponding categories in which they are modelled.

Categorical properties Type-theoretic constructors
terminal type
Finite limits extensional equality type

indexed sum types

+ +

disjoint sum types
falsum type
disjointness axiom

stable finite disjoint sums

stable images mono existential type restricted to mono types

stable quotients of kernel pairs extensional quotient types on the terminal type

extensional quotient types

stable effective quotients of mono equivalence relations . .
effectiveness axiom

parameterized natural numbers object natural numbers type
parameterized list objects list types
right adjoint to pullback functor extensional dependent product types

right adjoint to pullback functor
restricted to subobjects

dependent product types restricted to mono types

subobject classifier omega type

23



Other calculi for other categories. Since the above correspondence is modular on lex categories,
then we can deduce the dependent type theory of other lex categories enjoying a combination of the
above categorical properties by combining the corresponding type constructors. For example, the type
theory of locally cartesian closed pretopoi is the calculus of pretopoi with the product type, or the
type theory of locally cartesian closed categories with stable finite coproducts is the calculus of locally
cartesian closed categories with the falsum type and the disjoint sum type.

5 The syntactic categories out of the type theories

The aim of this section is to show how every typed calculus proposed in the previous sections gives rise
to a syntactic category with the categorical properties it intends to capture, modularly as in the table
of section 4. We start showing how to build a lex category out of the calculus 7., to end with the
syntactic topos out of the calculus T;op. These categories are of course useful to prove a completeness
theorem between a calculus and the class of categories we mean to describe with it.

It is worth noting that contrary to the syntactic topos in [LS86], using dependent types we build a
proof-relevant topos. Indeed, here morphisms are terms instead of functional relations there. The same
can be said for our syntactic lex and regular categories with respect to those built with the calculi in
terms of many-sorted logic already known in the literature.

From now on we refer to C1 as the syntactic category built from the dependent typed calculus 7.

We define the syntactic category Cr as follows:

Def. 5.1 The objects of Cy are the closed types of 7, A, B,C'... and the morphisms between two types,
A and B, are the expressions (z)b(z) (see [NPS90]) corresponding to

b(z) € B [z € 4]

where the type B does not depend on A. The composition in Cr is defined by substitution, that
is given (z)b(z) € Cr(A,B) and (y)c(y) € Cr(B,C) their composition is (z)c(b(xz)). We state that
(z)b(z) € P(A,B) and (z)b'(z) € P(A, B) are equal iff we can derive

b(z) = b'(z) € B[z € 4]
The identity is (z)z € P(A, A) obtained by z € A[z € A].
As already said, the choice of definitional equality as equality of morphisms is crucial to make a corre-
spondence between categories and extensional dependent type theories.
5.1 Lex category
In this section we are going to prove that
Proposition 5.2 The category Cr,,, is finitely complete.
The terminal object is T and from any object A the morphism towards T is

(z)x € C7,,.. (A, T)

which is unique by the conversion rule for T.
Given c € Cr,__ (A,C) and d € C7;,, (B, C) the pullback is given by

z::CEAEyGB Eq(C7 C(.’E), d(y))

where the first projection to A is

(2)71' (2) € C,.., (SzeaZyepEa(C, c(z), d(y)), A)

and the second projection to B is
(2)7f (15'(2)) € Cri...(ZaeaSyeBEQ(C, ¢(x), d(y)), B)

In the following, we will often write a =4 b to mean Eq(A,a,b) and eq,, instead of eq(c).
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5.2 The disjoint coproduct
In C7,,, the coproduct of A and B is defined by A + B, where the injections are
() inl(@) € Cry, (A, A+ B) and (y) ine(y) € Cry, (B, A+ B)

Given c € Cr,,,(A,C) and d € Cr,,, (B, C) the mediating morphism c¢®d from A+ B to C is (w)D(w, ¢, d).
Coproducts are disjoint by the rule of disjointness. Moreover, coproducts are stable under pullback. For
this purpose, we prove that

Lemma 5.3 A + B is isomorphic in Cr,,, to
Ywea+B(Zzea inl(@) =4 w) + (Zyep inr(y) =5 w)
and in particular (2)m,(2) € Cryp. (BwearBA(w) + B(w) , A+ B) has got an inverse
8 €Cr,..(A+ B, SuecarpA(w) + B(w))
where A(w) = Xyea inl(z) =a1p w  B(w) = Zyep inr(y) =ayp w.
and hence we can prove

Proposition 5.4 In Ct,,, coproducts are stable under pullbacks.

Proof.
Given the following pullbacks
T 7'I'2 7'I'P
W}l la wfl lb wfl la@b
D—=(C D—==C D——"—=C

we have to show that in Cr,,, /D

W}G}ﬂ'fzﬂ'f)

For this purpose we define
v P+P =P

as v = (w)D(w, dy,ds) where d; corresponds to
(m1(w1), (inl(my (m2(w1))), eac)) € P [wy € Py

and dy corresponds to
(m1(w2), (inr(m1(m2(w2))),eq¢c)) € P [wa € P]

We can notice that 7f - v = 7} @ #} and that 7 - = (inl - 7d) @ (inr - 73).

Moreover, we want to define
“l.ps P+ P

First of all, we consider that, given w € P, we get w1 (ma(w)) € A+ B, hence, by § defined in the above

lemma we deduce ~
ma((my (w2 (w))) € A(my(m2(w))) + (m2(w)))

(1
Now, we use the elimination rule with respect to A(my (w2 (w))) + B(mi (ma(w))) and we define
dl ’

)
7*1 = (w)D(WQ((S(ﬂ'l(WQ( ) ))

d)
where d| corresponds to

inl((my (w), (m1 (z'),eq0))) € PL + Py [w € P,z' € A(my (m2(w)))]
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Indeed, from w € P and 2’ € A(m; (ma(w))) we get
m(mi(w)) = (a & b)(m (m2(w))) and m(m3(w)) = inl(m (2'))
therefore m(m1(w)) = a(m1(z")). In an analogous way, we define d} as
inr({m1 (w), (m1(y'), edc)) € PL+ Py [w € Py’ € B(mi(ma(w)))]
We can prove that y~! is the inverse morphism of v by the elimination rule of the disjoint sum type.

5.3 The natural numbers object

The natural numbers object in Cr,,,_ is the closed type N. Given a closed type Y the zero map is

lex

(z)(z,0) € C7,,.. (V,Y X N)

and the successor map corresponds to s(n) [n € N]. We put id x s = (w){ma(w), s(m2(w))). Given the
morphisms f € Cr,,..(B,Y) and g € Cr,,..(Y,Y), we can prove that there exists an unique morphism
t € Cr,.. (B x N,Y) such that the following diagram commutes in all its parts:

id,0 ;
B NS By N

NN,

Y—y Y

By hypothesis we get
fy)eY [yeB] and g({y,2)) €Y [y€ B,z € N]
By the elimination rule of the natural numbers type we derive
Recs(f(y),9,2) €Y [y € B,z € N|

So, we put t = (w)Recs(f(m(w)), g, ma(w)), which is the required morphism to make the diagram
commute by the conversion rules for the natural numbers type.

5.4 The list object
The syntactic category Cr;,, is equipped with list-objects. The empty map is

(z)e € Cr,.. (B, List(A))

and the list-constructor map is (z)cons(my(2), m2(z)) € Cr;,.(List(A) x A, List(A)). Then, given a closed
type Y and the morphisms f € Cr,__(B,Y) and g € C7;,_(Y x A,Y) we can prove that there exists a
unique morphism ¢ € C;, (B x List(A),Y) such that the following diagram commutes in all its parts:

idXx((x)e id X cons
P }32<Lz'st(,4) <O (List(A)x A)

\ lt l(txid)-a

Y<— VXA
9

Indeed by the elimination rule of the list type we can define
t = (2)Recs(f(m1(2)), 9, m2(2)) € Cr,,.(B x List(A),Y)

which is the unique map making the diagrams commute by S5 and 5y C-list conversion rules.
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5.5 The image
In C7,,, given a morphism f € Cr,,, (A, B), the image of f is

Imf=m €Cr,,(SyepIecaba(B, f(z),y) , B)

and for short we put I(f) = ZycpIrcaEq(B, f(x),y). Indeed, we can define

q9(2) = (f(2), (z,eq)) € I(f) [z € 4]

and f =Zmf -q.
Moreover, given another factorization f = ¢ - p with i € Pr

-.,(D, B) mono, then we can define for
Z € EyEBazGAEq(B;f(m)ay)

t(2) = Exy(ma(2), (z)(y)p(x)) € D

This is well defined since if f(z) = m1(2) = f(z') then i(p(x)) = f(z) = f(z') = i(p(z')) and since i is
mono we conclude p(xz) = p(z'). Finally, we get that i-¢t = m; by elimination rule of the mono existential
type on the equality type

i(Exg(w, (z)(y)p(2))) =B m1(2) X m2(2) =3,c4Ea(B,f(2),m(2) W
since for a € A,b € B such that f(a) = b we have that i(¢({b, (a,eq))) = i(p(a)) = f(a) = b.
Proposition 5.5 In C7,,, the image of any f € Cr,,,(A, B)

S C’neg(EyEBEIwEAEq(Ba f(x)7y) ) B)

is stable under pullbacks.

Proof. Given h € C7,,,(C,B) we need to show that the image of x4 s WIDXI(f)

pullback squares

in the following

7r2DxA 71_2D><I(_f)
P——A Q EyEBameAEQ(Baf(w)ay)
7r1DXAl f wfo(f)l llmf
h
D—>B D L B

where P = ZyEDZweAEq(Cfa h(y)a f(.’E)) and Q = z]yEDE:CGI(f) EQ(C, Imf(x), h(y))
It is sufficient to prove that there is an isomorphism between ) and

YyenIwerEq(B, 7 A (w),y)

such that ZmwP*4 is isomorphic to 71 ') in Cr._ /D.
We define

(5(2) € Q [Z € EyEDEwEPEq(Baﬂ-PXA(w)ay)]
as follows

8(2) = (m1(2), Exg(ma(2), (w)(w){{f(mi (m2(w))), (m1 (m2(w)), q)), eq)) )

Viceversa, we define
d_l(w) € EyEDEIwGPEq(Banf)XA(w)Jy) ['Ll) € Q]

as follows

07 (w) = (mi(w), Exg(ma(m (m2(w))), (@) (y) ({11 (w), (x,eq)), eq)) )

We can prove that § and 6! are well defined and that they are inverse each other by the elimination
rule of the existential type and the fact that it is mono.
]
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5.6 The quotient of an equivalence relation

In C7,,,, given an equivalence relation
R—>Ax A

we consider the following mono type:
R(z,2') = Zyer 9(y) =axa (@,2') [z € Az’ € 4]

It is easy to check that the categorical definition of equivalence relation implies that R(z, z')[z € A, 2" € A]
is an equivalence relation from the type-theoretical point of view. Let A/R be the quotient with re-
spect to R(x,z')[r € A,z' € A]. We can prove that (z)[z] € Cr,,,,(A,A/R) is the coequalizer of
m-9 € Cr,,,,(R,A) and 13 - g € C7,,,, (R, A) by the elimination and conversion rules of the quotient
type. The uniqueness property of the coequalizer follows from the 7,C-quotient rule.

In Cr,,,, the categorical equivalence relations are effective, that is 7 - g and 73 - g are projections (or
kernel pair) for the pullback of (z)[2] along itself. The existence of a morphism towards the pullback
vertex is guaranteed by the effectiveness axiom and its uniqueness follows from the fact that equivalence
relations are monic.

Moreover, we prove stability of quotients for equivalence relations.

Proposition 5.6 In Cr,,,, equivalence relations are stable effective.

top

Proof.

In the following we write 7r;4XD for the i’th projection from the vertex of the pullback of suitable arrows
A — -+ D. We will omit to label the projections when their domains and codomains are clear from
the context.

Given m € Cr,,,,(D, A/R) let us consider the following pullbacks:

top

DXR
o

DX A
KLy

2—>A DxR A

l(znz] l(z)[z]
/

P
D——A/R D_m A/'R

where
P =YyenZreaEq(A/R, m(w),[z]) and Q= ZuepZyerEq(A/R, m(w),[(m1 - 9)(y)])

Moreover, let us consider these two pullbacks:

ﬂ_DXR 7,l_D><R
(Tré’“)*(m-g)l i’fl'g (Trg“)*(m-g)l l”?'y
P4 P4
where
(3 4)* (w1 - g) = (w)(m (w), (w1 (g(m1 (m2(w)))), eq))
and

(my )" (2 - g)

We must show that in P/Cr,,,,

(w)(m (w), (m2(9(m1 (m2(w)))), eq))

4 = coeq((n3)* (w1 - g), (73')* (w2 - 9))
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We recall that the objects of the category P/Cr,,,, are the morphisms b : P — B of C, and the morphisms
of P/Cr,,,, from b: P = B tod': P — B’ are the morphisms ¢t : B — B’ of C such that t-b = b'. We
can observe that the pullback given by the effectiveness

To-
LN

R
Wl'gl l(Z)[Z]
A (2)[2] /

P A

D
can be completed in a cube of pullbacks and hence

(w5')* (m2-g)
- >

(m3')* (m1-g)

P
|7|_1D><A

DxA D
™

v<—9

is a pullback. Therefore (3 (my - g), 75 (w2 - g)) is an equivalence relation as kernel pair of 72*4.

Then let us consider the coequalizer of 73 (7 - g) and 75 (72 - g)
[-]p: P — P/m*(R)

where P/m*(R) is the quotient type with respect to the equivalence relation {7} (1 - g), 75 (72 - 9)).

Since >4 . 75 (my - g) = 7P*A . 1% (ma - g) there exists a map

QF : P/m*(R) = D

such that QF - [-]p = wP*4.
Now we want to prove that Q¥ is an isomorphism in P/Cr,, .
In order to define the inverse of QF we need the following lemma:

Lemma 5.7 For every equivalence relation R on A we prove that A/R is isomorphic to

L.ea/r (Zeea(lz] =a/r 2))/T

Proof.
We define in Tpiop
¢:A/R = %.ca/r (Zeeallz] =a/r 2))/T

as ¢(z) = (z,Q(z, (z)[{z,eq)])) for z € A/R and
¢ :S.car Cocallz] =a/r 2))/T = A/R

as ¢~ (2') = m(2') for 2' € L,ca/rE0ea([z] =a/r 2)/T. It is immediate to see ¢~' - ¢ = id and
¢- ¢! =id follows from the fact that X,c4([z] =a/g 2)/T is a mono type for every fixed z € A/R.

]

Now we go back to prove that QF is an isomorphism by finding its inverse. By means of ¢ defined in
the above lemma we define: for d € D

Q"™ (d) = Qma(9(m(d)), () (d, (1w, eq))])

where the elimination constant Q is referred to the type (X;ca([z] =a/r m(d)))/T. This term is well
typed by effectiveness.
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Then by the elimination rule on the quotient type P/m*(R) it is easy to prove that QF - QF =id.
Moreover, note that Q% ~! is mono by the elimination rule on the quotient type and effectiveness. Hence
QP - QP™" = id also follows. This concludes the proof that m; P is a coequalizer of (m54)*(m - g) and

(m2?)* (2 - g).
| |

5.7 Right adjoints on subobjects

In order to show that in Cr, ,,, each pullback functor on subobjects has a right adjoint we first note
that the pullback functor on subobjects is isomorphic to the functor Prop(—) : C7¥ — Cat defined in
the following.

Def. 5.8 For any object A € ObCr;,,,,, the objects of the category Prop(A) are the equivalence classes
of mono types depending on A, B(z) [z € A], under the relation of equiprovability, and the morphisms
are the terms f € B(x) — C(z) where B(z) — C(x) = Vp(,)(C(z)), since C(zx) is mono. The identity
is Ay.y € B(z) — B(z). The composition of f € B(z) — C(z) and g € C'(z) — D(z), supposing
that C'(z) is equivalent to C'(x) and in particular that there exists s € C(z) — C'(z), is given by
Ay.Ap(g,Ap(s,Ap(f,y))) € B(z) = D(z).

Therefore, we can define the above functor Prop(—) : C7 oo, > Cat

Def. 5.9 For any object A € ObCr,,,.,, Prop(A) is the above defined category and given a morphism
m € Cr,,_,., (D, A) we define Prop(m) as the following functor: for any B(z) [z € A]

Prop(m)(B(x) [z € A)) = B(m(2)) [z € D]
and for every ¢ € B(z) — C(x), given z € D, we define

Prop(m)(t) = Aw € B(m(z)).Ap(t[z := m(z)],w)
which is a term of type B(m(z)) = C(m(2)).

We can easily check that Prop(—) is a well defined functor. Then, we recall that the functor Sub(—) :
cr o, — Cat is defined as follows: for every A € OWCr,,,,,, Sub(A) is the poset category Sub(A) of
subobjects of Cr, ,,., and for every morphism ¢ : A — B, Sub(t) is the restriction of pullback functor
on subobjects. Then we can prove that

Proposition 5.10 The functor Sub(—) : Cf}fpmp — Cat is naturally isomorphic to the functor Prop(—) :
C;-’:pmp — Cat

and also

Proposition 5.11 For every morphism m(y) € A [y € D] in Cy,_,,,, there exists the right adjoint of

m*.

m*

Sub(A) _ T~ Sub(D)
Vom

Proof. By the previous proposition, it is enough to show that Prop(m) has a right adjoint. For every
mono type B(y) [y € D] we put

Vm(B(y) [y € D]) =Vyen(z =4 m(y)) = B(y) [z € A]
whose value at a mono type is indeed a mono type. Then we define a bijection
Y1

Prop(D)(Prop(m)(C(x)), B(y)) <¢:> Prop(A)(C(x),Vm(B(y)))
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as follows: for any ¢t € C(m(y)) — B(y) [y € D] we put for any z € A
1 (t) = Az g w.Ap(t, 2)
and for any s € C(z) = V,u(B(y)) [z € A] and any y € D we put
a(s) = Az Ap(Ap(Ap(s[w := m(y)], 2),y),eq)

It is easy to see that i, and - are inverse to each other and that they are natural on the first variable.
[

5.8 The right adjoint to the pullback functor

In C7,,. right adjoint to the pullback functor is described as in [See84]. For every morphism m : D — A
of Cr,.., for every object b: B — D of Ct;,../D, we put

Vi (b) =71 : BpealClz) —» A
where for x € A
C(z) = Vyep(z =4 m(y)) = Z:e8b(2) =D y

5.9 The subobject classifier

In the syntactic category Cr;,, the subobject classifier is (2.
The true map is
{T}eQ[zeT]

Moreover, given a monomorphism B=L'> A its characteristic map is
{ZyeBt(y) =a z} € Q [z € A]

It is easy to prove that the pullback of the characteristic map with the True map is isomorphic to t.

B——~ —>%c4%. eT({Zyent(y)=a2}=a{T})
X /
A

By the equality on Q and the 1-C conversion rule of €2, the characteristic map is unique.
Indeed, for every g(z) € Q[z € A] such that

B——~—>%:caX.e7(9(z)={T})
X /
A
by n-C conversion rule of 2 and by the equality on

q(z) = {Eq(2,q(z),{TH} = {ZyeBt(y) =a 7}

6 The categorical semantics

The idea of the semantics that goes back to [See84] is to interpret the calculus using the codomain
fibration [Jac99].

Our notion of model for the dependent typed calculi described in the previous section combines the
notion of categorical semantics based on display maps [See84, HP89], together with the tools provided
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by contextual categories to interpret substitution correctly [Car86]. This is the same notion used in
[Mai98b] to provide the semantics for the typed calculi of Heyting pretopoi and topoi.

Our models correspond to particular contextual categories, namely only those arising from the split
fibration associated to the codomain fibration (see [Jac99] for definitions), where the category of contexts
is equivalent to the category under consideration. The use of split fibrations is required to interpret
substitution correctly, since the natural use of the codomain fibration as in [See84] gives rise to coherence
problems first solved by [Hof94].

While the validity and completeness theorem is straightforward for contextual categories in general,
the same theorem with respect to our contextual categories requires more care. However, we want to
point out that it holds, hence it is sufficient to use the split fibration associated to the codomain fibration
to prove validity and completeness theorems between a dependent type theory and corresponding categories
and this is necessary to see that the calculi even provide the internal languages of the corresponding
categories modelling them.

Now to explain in more detail, suppose to want to interpret the dependent typed calculus 7 in the
category C, which is at least lex. Then, the idea is to interpret the judgement B [I'] as a suitable sequence
of morphisms of C to the terminal object 1 and the judgement b € B[I'] as a section of the last morphism
of the sequence representing the dependent type B.

To this purpose we define the following category of paths of C:

Def. 6.1 Given a category C with terminal object 1, the objects of the category Pgr(C) are finite
sequences ay,Qs, ..., a, of morphisms of C

N\ ¥
1< A < An_1 bn
14 An—
1

provided n =m and a; =b; fori=1,...n— 1.

However, since we would like to interpret substitution by means of pullback and the natural choice of the
reindexing pullback pseudofunctor to interpret substitution brings coherence problems (due to the fact
this is not a functor), we need to use fibred functors, as in [Hof94], to interpret substitution correctly. In
other categorical terms this means to pass from the codomain fibration to its split one. To this purpose
we define a category of paths of fibred functors corresponding to Pgr(C).

Before doing it, we recall that a fibred functor o : ObF'ib(C/A,C™) is a functor o : C/A — C which is
fibred (see [Jac99]) from the fibration dom¢ to the fibration codc, i.e. it sends cartesian morphisms of
dome to cartesian morphisms of codc.

Def. 6.2 Given a lex category C, the objects of the category Pgf(C) are finite sequences 1,02, ...,0p
of fibred functors o; : ObFib(C/A;,C™) for i = 1,...,n such that 01(ida,),02(ida,), ...,on(ida,) is an
object of Pgr(C). The morphisms of Pgf(C) from 01,02, ...,00 t0 T1,T2, ..., Ty are defined only if n =m
ando; =1; fori=1,...,n—1 and oy, 7, € ObFib(C/A,,C™) and they are natural transformations from
the functor o, to T, such that for every b : B — A,, the second member of p(b) is the identity (recall

b
that p(b) is a morphism of C™ ), that is the triangle 0 commutes.

i 5 e

The use of fibred functors to interpret substitution correctly in some sense forces us to define a prein-
terpretation 5
IC‘ T — ng(C)

on the type and term judgements derivable in the typed calculus 7 towards the paths of fibred functors.
The preinterpretation essentially says how to interpret a dependent type and a typed term after any
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possible substitution. Then the interpretation of type and term judgements corresponds to evaluate
their preinterpretations on the identical substitution.
Hence, we define a valuation V : Pgf(C) — Pgr(C) in this manner: for every object of Pgf(C)
01,02,...,0p,

V(01,02,...s0p) = 01(id4,),02(id4,), .., 00 (idA4,)

where A; = I(o;) for i = 1,...,n, and for every morphism p of Pgf(C) between oy,02,...,0, and
T1,T25---5Tp

V(p) = plida,)
and finally the interpretation Zg : T — Pgr(C) is defined as Zp =V -fc‘

Zc
Au - ¢ Pgr(C)

N

el pgs(0)
More precisely, a dependent type judgement of T
B(z1, ..y Tp) [#1 € A1y ey € Ap_1(21, ey Tne1)]
will be preinterpreted as the object of Pgf(C)

Q1,02 ..., Qp, B

and then interpreted as
R WL N
The equality between types will be preinterpreted as equality between objects of Pgf(C) and hence
interpreted as the equality between objects of Pgr(C).
At this point we want to remark that to correctly interpret equality between types as equality between
functors we assume that this equality between functors is well defined and hence, it follows that equality
between categorical objects has to be defined, too. A simple way out would be to assume that all our
categories are small.
A term judgement of T
b€ B(x1,....,zn) [[n]

will be preinterpreted as a natural transformation b! from aj,as,...,Qn,i4,, t0 a1,Q2,...,an, 3, and
then interpreted as b’ (id), that is a section of 3(id)

b(id)
Agn — B =

X A

1 <— AEI ........... Sn
lagy an (zd)

d (id id
provided that the type judgement B(z1,...,2,) [['n] is interpreted as 1a<£ 2121 ------- (i—(zzzznﬁg—) By

The equality between terms will be preinterpreted as equality between natural transformations and hence
interpreted as the equality between morphisms of Pgr(C).

To be short, we do not proceed in giving the definition of the interpretation of the various depen-
dent typed calculi of section 3 in the corresponding categories. However, the interpretation follows the
correspondence in the table in section 4 (see for example [Mai98b] or [Mai98a] for details on the inter-
pretation of some of the calculi presented here and proofs of the corresponding validity and completeness
theorems).

However, we point out that a mono type B(z) [z € A] will turn out to be interpreted in a sequence
of morphisms whose last one §(id) is a monomorphism, thanks to the fact that the valid interpretation
of the judgement

y=2z€ B(z) [z € A,y € B(z),z € B(z)]

says that the kernel pair of §(id) is the identity relation.
Now, we just state the validity and completeness for lex categories with respect to Ties:

33



Theorem 6.3 (Validity and completeness) If A type [I'y] is derivable in Tie, then Zc(A type [T'y])
is well defined for any lex category C. If a € A [I',] is derivable in Tjen then Ic(a € A [[y)]) is well
defined for any lex category C.

Suppose that A type [T'y] and B type [T'y] are derivable in Tiey, then A = B [T'y] is derivable in Ties iff
we have Z¢(A type [[]) = Ze(B type [Ty)]) for every lex category C.

Suppose that a € A [T'y] and b € A [T')] are derivable in Tie, then a =b € A [I'y,] is derivable in Tiey iff
we have I¢(a € A [Iy]) = Ze(b € A [T'y)) for every lex category C .

The same validity and completeness theorem holds

- for Tgie. With respect to arithmetic lex categories,

- for Ty with respect to regular categories,

- for Tg;s with respect to distributive categories,

- for T;o. with respect to locoi,

- for Tpeop With respect to pretopos,

- for Thptop With respect to Heyting pretopos,

- for 74, with respect to arithmetic universes,

- for Tj.. with respect to locally cartesian closed categories,

- for Tiop with respect to topoi.

7 Dependent type theory as internal language.

Given any of the considered category in section 2, for example a lex category C, we can describe its
internal dependent type theory as a theory T'(C) of the corresponding calculus it models, in this case
Tiez- We recall that a validity and completeness theorem of a calculus 7 with respect to lex categories is
not in general enough to guarantee that the internal language of a lex category is a theory of T (where
with theory we mean an extension of the calculus 7" with axioms). However, in the correspondence so
far described the type theoretic constructors provide the internal language for the categorical properties
in the table of section 4. The proof of this just relies on the fact that completeness holds even with
respect to models described only via the codomain fibration as seen above.

Here, we just briefly mention the theorems about the internal language without many details, taking lex
categories and T, as a leading sample. The same can be stated and proved also for the other calculi
with respect to the corresponding categories modelling them, following the same technique developed in
[Mai98a] for Heyting pretopoi (see also [Mai98b]).

The internal type theory of a lex category C is based on the initial type theory 7., augmented with the
specific type and term judgements of C. As in the interpretation of a typed calculus in the categorical
semantics adopted here, the idea is that a type judgement corresponds to an object of Pgr(C) obtained
as the evaluation on the identical substitution of an object of Pgf(C), which represents a dependent type
with all its possible substitutions. Analogously a term judgement corresponds to a morphism of Pgr(C)
obtained as the evaluation on the identical substitution of a morphism of Pgf(C), which represents a
dependent term with all its possible substitutions.

To be clearer, for any sequence of fibred functors ay, as, ..., a,, 8 of Pgf(C), we define

Bz, ) [T1 € T, oy € @) (21, ey Tp1)]
as the type judgement corresponding to

DD,
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by thinking of the fibers of the morphism £(id).
And for a suitable morphism b of Pgf(C) from a1, a1, ...,Qp, %4, t0 1,0, ...,an, 3, the term judgement

b€ B @1,y Tn)[Tn)

b(id)

corresponds to a section of 5(id) An —7—> B
N
1< Aq o < A ﬁ(’d)
!Al Qn

There is a biequivalence between the internal type theories of 7., and lex categories. To express it we
need to define the following categories:

1. Th(Ti) whose objects are type theories that are extensions of Tj.; with axioms (called lex type
theories) and whose morphisms are translations: they send types to types so as to preserve the
type and term constructors; we call Th(T)™ the category whose objects are those of Th(Te), but
whose morphisms are translations preserving type and term constructors up to isomorphisms;

2. Lexs; whose objects are lex categories with a fixed choice of lex structure and whose morphisms
are strict logical functors, that is functors preserving the lex structure with respect to the fixed
choices; we call Lez the category whose objects are those of Lezs; but whose morphisms are functors
preserving the lex structure up to isomorphisms.

Now, we define a functor from lex categories to lex type theories
T : Lexss — Th(Tiez)

that associates to a lex category C the candidate internal type theory T'(C) and it is defined on morphisms
of Lexs as in [Mai98a).
Moreover, we can define a functor from lex type theories to lex categories

P : Th(Tiew) — Lexs

that associates to every type theory 7 the category C+ whose objects are closed types A, B,C,... and
whose morphisms are the expressions (x)b(z) corresponding to b(z) € B[z € A], where the type B does
not depend on A. We can prove that C7 is a lex category by fixing a choice of its structure as in section
5. The functor P is defined on morphisms of Th(Te,) as in [Mai98a]. Note that in the next we will
need to think of 7 as a category and a categorical structure can be assigned to it quite naturally. Now,
we are ready to state the internal language theorem linking lex categories and Tiez:

Theorem 7.1 Let T : Lexst — Th(Tiez) and P : Th(Tier) — Lexs: be the functors defined above. There
are two natural transformations: n from ID to T - P thought as functors from Th(Tiez) to Th(Tiez)™,
and € from P-T to ID thought as functors from Lexs to Lex, such that for every lex type theory T and
for every lex category C, n: T — T(Ct) and ec : Cr(cy — C are equivalences.

This theorem says that Th(Tje,) and Lezs; are in a sort of equivalence, which is the mathematical way
we adopt to express - in the case of dependent type theory! - that 7;., provides the internal dependent
type theory for lex categories.

Analogously we can prove that

- Tatex provides the internal dependent type theory for arithmetic lex categories,
- Treg provides the internal dependent type theory for regular categories,

- 7Tais provides the internal dependent type theory for distributive categories,

- Tioc provides the internal dependent type theory for locoi,

- Tptop Provides the internal dependent type theory for pretopoi,

Tn the case of non dependent type theories, like simply typed lambda calculus, it is possible to prove an equivalence.
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- Thptop Provides the internal dependent type theory for Heyting pretopos,

- Taw provides the internal dependent type theory for arithmetic universes,

- Tice provides the internal dependent type theory for locally cartesian closed categories,
- Tiop provides the internal dependent type theory for topo:.

We can establish an analogous correspondence “internal type theory/category” also between a calculus
obtained as combination of the type constructors in the table of section 4 with respect to the categories
enjoying the corresponding combination of categorical properties. Of course the correspondence “internal
type theory/category” implies that of “type theory/category as model” via a validity and completeness
theorem as shown in this section.

8 Conclusions

In the future work we intend to proceed with applying the correspondence between categories and
dependent type theories so far obtained:

- to reason within the categories by using logical proofs,

- viceversa, to import in type theory categorical proofs.
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